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∫
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d ˙̄d
M

� � � � �



� � � � � 
 � 
 � � � � � � 
 
 � 
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 � � � � � � � � 
 � � � � � � � � � 
 � � � 
 � � � � � �

� � � � 
 � � � � � � � � � � � � 
 � � � � � � � � � � � � � " � � 
 � � � � � ' � � � � � � � � � � � � � � � � � � � � � � � � � � � " � � �
q̇# � � ˙̄d

, 
 �
� � � � . � � � � � � � � 4 � � � � � � � � � �

[t1, t2] ∈]0, T ]
5 6

⎧⎪⎪⎨⎪⎪⎩
∫ t2

t1

dq̇# = q̇#(t+2 ) − q̇#(t−1 ) ,∫ t2

t1

d ˙̄d = ˙̄d(t+2 ) − ˙̄d(t−1 ) .

7 9 : ; : > ?

@ � 
 � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � " � � I � " � � � , 
 � � � � " � � � � � � � 4 � � � � � � � � � L � � M " � � � ' � � � � � � � �
7 9 : ; : N ? P � � 
 � � � � � � L � � � � 
 S � � � � � 
 S T � � � � " � � � � 
 S � � W � � � � 
 7 ; [ \ ^ P ; [ ` ` ? :

� � � � � � � 
 � � � � 
 � � � 
 � � � � � � � � �

a 4 � � � � c � � � � � � � � 7 9 : ; : N � ? � � 7 9 : ; : N d ? � � � 4 � � � � c � � � � � � � " � � � � � � � � �
u# � �

d̄
� 
 � 
 � � � � � � � � � � �

]ti, ti+1]� � � � � c 
 � 
 �
hi

� 4 � � � � � 6

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ ti+1

ti

M (q#, t) · dq̇# +

∫ ti+1

ti

N(q#, t) · d ˙̄d =

∫ ti+1

ti

F (q#, q̇#, d̄, ˙̄d, t)dt +

∫
]ti,ti+1]

rdν ,∫ ti+1

ti

G(q#, q̇#, d̄, ˙̄d, t)dt =

∫ ti+1

ti

H(t)dt ,

q(ti+1) = q(ti) +

∫ ti+1

ti

q̇(τ)dτ ,

d̄(ti+1) = d̄(ti) +

∫ ti+1

ti

˙̄d(τ)dτ .
7 9 : ; : ^ ?

� � � 
 � � � � � , 
 � � � � " � � � � � � � � 4 � � � � � � � �
M(q#, t)

� �
N(q#, t)

� � � � � � � � � � � � " � � � � � � �
q# : a 4 � � � � c � �

�

� � � � � � � 
 � � � I � " � � " � � � � � � � � � � � 
 � � � 6

∫ ti+1

ti

M(q#, t) · dq̇ +

∫ ti+1

ti

N(q#, t) · d ˙̄d

= M(q#
i+1, ti+1) · (q̇#(t+i+1) − q̇#(t−i )) + N(q#

i+1, ti+1) · ( ˙̄d(t+i+1) − ˙̄d(t−i )) .

7 9 : ; : 9 ?

� 
 " � � � , 
 � " � � � P � � � � � � � � d � � � � � � � � � � � � � , 
 4 
 � � � � � � 
 � � 
 � � � � � � " � � � � � � � � : n � � � � � � 
 � � � P � �
� � � � � � 6

q̇#(t+i+1) := q̇#(ti+1)
P
q̇#(t−i ) := q̇#(ti)

P ˙̄d(t+i+1) = ˙̄d(ti+1)
� � ˙̄d(t−i ) = ˙̄d(ti)

:
a � " � � I � � � � 4 � � � � c � � � � � � � I � � � � � P � � � � � � � � � � � � � � � I � � � � � 7 W � � � � 
 P ; [ ` 9 ? P � � � 
 � �

θ �

" � � I � � � � � � �

θ ≥ 1/2
6
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∫ ti+1

ti

F (q#, q̇#, d̄, ˙̄d, t)dt = hi{(1 − θ)F (q#
i , q̇#

i , d̄i,
˙̄di, ti) + θF (q#

i+1, q̇
#
i+1, d̄i+1,

˙̄di+1, ti+1)} ,∫ ti+1

ti

G(q#, q̇#, d̄, ˙̄d, t)dt = hi{(1 − θ)G(q#
i , q̇#

i , d̄i,
˙̄di, ti) + θG(q#

i+1, q̇
#
i+1, d̄i+1,

˙̄di+1, ti+1)} ,∫ ti+1

ti

H(t)dt = hi{(1 − θ)H(ti) + θH(ti+1)} ,

q
#
i+1 = q

#
i + hi{(1 − θ)q̇#

i + θq̇#
i+1} ,

d̄i+1 = d̄i + hi{(1 − θ) ˙̄di + θ ˙̄di+1} ,
7 9 : ; : � ?
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 � � � 
 � � � � � � � � � � � � 
 � � � � 
 ! � " � 
 � � # � �

� � � � 
 � � � � � � 

i

� �
i + 1

� � � � � 
 � � � � � � � � 
 � � � � � � � ! � � � � � 
 � & � � ( � 
 � � 
 � & � � & + � � 
 & ( , � � ! � 

ti

� �
ti+1

/

0 2 � ! � ( � 
 � � � ! � 6 � � � �
hiri+1

� 
 � � � � 
 � � � � � � � ! ! � � & � � & + � � � � � � � � � & � � ;

∫
]ti,ti+1]

rdν = hiri+1 .
< > / ? / @ A

B � ( � � � � 
 & � � � & � � � & � � � �
F i := F (qi, q̇i, d̄i,

˙̄di, ti)
D � � 
 � F � ! & � ( ! � � � H ( � 
 2 � � � � � ;

M(q#
i+1, ti+1) · (q̇#

i+1 − q̇
#
i ) + N(q#

i+1, ti+1) · ( ˙̄di+1 − ˙̄di) = hi{(1 − θ)F i + θF i+1} + hiri+1 ,

< > / ? / M & A

hi{(1 − θ)Gi + θGi+1} = hi{(1 − θ)H i + θHi+1} ,
< > / ? / M + A

� �

q
#
i+1 = q

#
i + hi{(1 − θ)q̇#

i + θq̇#
i+1} ,

< > / ? / O & A

d̄i+1 = d̄i + hi{(1 − θ) ˙̄di + θ ˙̄di+1} .
< > / ? / O + A

0 � 
 � � � � � � ( � 
 � ( � � � + � S ! � 
 � � � � � 
 & � � � � , � ! & � � � � 
 � � � & � � � � 
 
 � � � � � � � � H ( �
q̇

#
i+1

D � & � � � � � � � � � ! � �
�

� � � � � � � � & ! � 6 � � � � � ( X � & � � � � � � � � & � � & � 
 Z � � ! & � � � � ˙̄di+1
� � � 2 � ! � ( � 
 � � �

hiri+1
/ 0 � 
 � � � � & � � ! � � � 


q
#
i+1

� � � & ! � 6 � � � � � ( X � & � � � � � � � � & � � & � 
 Z � � ! & � � � �
d̄i+1


 � � � � � � � � 
 � � � � � 
 � � ! ! � � � 
 � & � � & + � � 


 � � � � � & � � � 
 /

	 � � � 	 � � 
 � � 
 � 
 � � � � � � � � � � � � � � 
 � 
 � �

0 & � � 
 � � ( � � � � � ( � � � + � S ! � � � � � � � � & � � � � 
 � � � & � � 
 � � � & � ( � & � X � � � � F ! � � � � � � � � �
�

e & � F 
 � � / 0 � 

� H ( & � � � � 
 < > / ? / M A 
 � � � & � � 
 � � � Z � � ! ( � � � 
 
 � ( 
 Z � � ! � � � � � 
 � � ( 
 � � � � � � 
 � & � � � � 
 
 � � � 
 � � ( � � � � 
 � (

� � � + � S ! � / g � � � � � � � 
 � � 
 � � ( 
 
 ( � � & � � 
 ;

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F(q̇#

i+1,
˙̄di+1, ri+1) := M(q#

i+1, ti+1) · (q̇#
i+1 − q̇

#
i )

+ N(q#
i+1, ti+1) · ( ˙̄di+1 − ˙̄di) − hi{(1 − θ)F i + θF i+1} − hiri+1 ,

G(q̇#
i+1,

˙̄di+1) := hi{(1 − θ)Gi + θGi+1} − hi{(1 − θ)H i + θHi+1} .

< > / ? / ? h A

0 & � � � � 
 
 � � � � � � � � H ( �
q̇

#
i+1

D � & � � � � � � � � � ! � � � � � � � � � � & ! � 6 � � � � � ( X � & � � � � � � � � & � � & � 
 Z � � ! & � � � �

˙̄di+1
� � � 2 � ! � ( � 
 � � �

hiri+1

 � � � 
 � � ( � � � � 
 � ( 
 6 
 � S ! � � � �

�

� � � � & � � � ;

{
F(q̇#

i+1,
˙̄di+1, ri+1) = 0 ,

G(q̇#
i+1,

˙̄di+1) = 0 .

< > / ? / ? ? A

0 2 & � � � � � & � � � � � � � 2 & � X � � � � F ! � � � � � � � � �
�

e & � F 
 � � � � ( 
 & ! S � � j � � 
 � ( � � � D j � 2 � � � � & � � � �
k + 1

D � �

 6 
 � S ! � � � � � & � � � 
 ( � � & � � ;

� � �
� �
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 � 
 � 
 � � � � � � � � 
 � � � � � � � � � 
 � � � 
 � � � � � �

J((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1) ·

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(q̇#
i+1)

k+1 − (q̇#
i+1)

k

˙̄dk+1
i+1 − ˙̄dk

i+1

rk+1
i+1 − rk

i+1

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
= −

⎧⎪⎨⎪⎩
F((q̇#

i+1)
k, ˙̄dk

i+1, r
k
i+1)

G((q̇#
i+1)

k, ˙̄dk
i+1)

⎫⎪⎬⎪⎭ ,
� � � 	 � 	 � �

� � � � � � � � � � � � �  � # � � � � � ' � � # F := F(q̇#, ˙̄d, r)
� � G := G(q̇#, ˙̄d, r)

�  � � � ) � * ' � � � �
J

� # � � - / � ' � � � 2 4

J((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂F
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂F
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,
∂F
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂F
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,
∂F
∂r

∣∣∣∣
rk

i+1

∂G
∂q̇#

∣∣∣∣
(q̇#

i+1)
k

+
∂G
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,
∂G
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂G
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,
∂G
∂r

∣∣∣∣
rk

i+1

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

� � � 	 � 	 5 �

6 � � - 2 ' 9 � � ' � � � � # - ; < � � ' � � # � � � 	 � ? � � � � 2 � B � � 4

∂q#

∂q̇#
= hi

� � ∂d̄

∂ ˙̄d
= hi ,

� � � 	 � 	 C �

� F � � � � � � � � � � �
F := F (q#, q̇#, d̄, ˙̄d, t)

� �
G := G(q#, q̇#, d̄, ˙̄d, t)

� � � � < � '  ' # � � �  F L M � � � L P # � � �  �
9 � 2 ' � � ' � �  � � � � � �

M(q#, t)
� � � �

N(q#, t)
� 9 � )

q# 4
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∂F
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂F
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

= M(q#
i+1, ti+1) − hiθ

∂F

∂q̇#

∣∣∣∣
(q̇#

i+1)k

− h2
i θ

2 ∂F

∂q#

∣∣∣∣
(q#

i+1)k

,

∂F
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂F
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

= N(q#
i+1, ti+1) − hiθ

∂F

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

− h2
i θ

2 ∂F

∂d̄

∣∣∣∣
d̄k

i+1

,

∂F
∂r

∣∣∣∣
rk

i+1

= −hi ,

� � � 	 � 	 � �

� �
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∂G
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂G
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

= −hiθ
∂G

∂q̇#

∣∣∣∣
(q̇#

i+1)k

− h2
i θ

2 ∂G

∂q#

∣∣∣∣
(q#

i+1)k

,

∂G
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂G
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

= −hiθ
∂G

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

− h2
i θ

2 ∂G

∂d̄

∣∣∣∣
d̄k

i+1

,

∂G
∂r

∣∣∣∣
rk

i+1

= 0 .
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
wk

q#q# =
(
Mk + hiθC

k
F + h2

i θ
2Kk

F

)−1
, wk

q# ˙̄d
=

(
Nk + hiθL

k
F + h2

i θ
2Dk

F

)−1
,

wk
˙̄dq#

=
(
hiθC

k
G + h2

i θ
2Kk

G

)−1
, wk

˙̄d ˙̄d
=

(
hiθL

k
G + h2

i θ
2Dk

G

)−1
,

� � � 
 � 
 
 �
� � � � �
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Mk = M((q#
i+1)

k, ti+1) ,

Kk
F = − ∂F

∂q#

∣∣∣∣
(q#

i+1)
k

,

Ck
F = − ∂F

∂q̇#

∣∣∣∣
(q̇#

i+1)
k

,

Dk
F = − ∂F

∂d̄

∣∣∣∣
d̄k

i+1

,

Lk
F = − ∂F

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,

� �
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R(%)�
6.19 × 10−3 1.35�
6.37 × 10−3 1.36�
6.20 × 10−3 1.35�

� 6.20 × 10−3 1.34

� � � � � � �
6.24 × 10−3 1.35

� � 
 � � ! � � $ �
� � & 
 � � � � � � 1.39 0.69

� � � � ) � � �
R̂ � = 0.45 R̂ � � � f � = 1.6%
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 � � � � � tot(J) (Fxx)R
� � �

�
4.53 × 10−3 1.12�
3.58 × 10−3 0.89�
3.79 × 10−3 1.14<
3.77 × 10−3 1.11�
5.13 × 10−3 1.26�
5.41 × 10−3 1.32�

� 4.09 × 10−3 1.22

� � � � � � �
4.33 × 10−3 1.15

� � 
 � � ! � � $ �
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 � � � � � � 16.5 12.1
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R̂ � = 0.45 R̂ � � � f � = 3.2%
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
3.24 × 10−3 0.85�
2.80 × 10−3 0.71�
2.84 × 10−3 0.81�
3.63 × 10−3 1.10�
3.85 × 10−3 1.14�
4.31 × 10−3 1.16�

� 3.29 × 10−3 0.94

� � � � � � �
3.42 × 10−3 0.96

�  
 � � " � � % �
� � ' 
 � � � � � � 15.9 18.5

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 4.8%
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MPa
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
2.35 × 10−3 0.69�
2.24 × 10−3 0.64�
2.21 × 10−3 0.63�

� 3.25 × 10−3 0.65

� � � � � � �
2.26 × 10−3 0.65

�  
 � � " � � % �
� � ' 
 � � � � � � 2.82 4.03

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 9.5%
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 � � � , �
MPa
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
1.68 × 10−3 0.56�
1.76 × 10−3 0.57�
1.80 × 10−3 0.61

� � � � � � �
1.75 × 10−3 0.58

�  
 � � " � � % �
� � ' 
 � � � � � � 3.45 4.56

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 20.7%
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 � � � � � � �
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 � � � � � tot(J) (Fxx)R
� � �

�
1.48 × 10−3 0.53�
1.49 × 10−3 0.53

� � � � � � �
1.49 × 10−3 0.53

�  
 � � " � � % �
� � ' 
 � � � � � � 0.43 0.00

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 30.2%
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 � � � � � tot(J) (Fxx)R
� � �

�
1.33 × 10−3 0.51�
1.34 × 10−3 0.52�
1.35 × 10−3 0.52

� � � � � � �
1.34 × 10−3 0.52

�  
 � � " � � % �
� � ' 
 � � � � � � 0.61 0.11

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 39.7%
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 � � � � � tot(J) (Fxx)R
� � �

�
1.15 × 10−3 0.49�
1.18 × 10−3 0.50

� � � � � � �
1.16 × 10−3 0.50
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 � � " � � % �
� � ' 
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 � � � � � tot(J) (Fxx)R
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�
0.98 × 10−3 0.46�
1.05 × 10−3 0.50�
1.05 × 10−3 0.49�
1.07 × 10−3 0.50

� � � � � � �
1.04 × 10−3 0.48
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 � � � � � � 3.60 3.88

� � � � * � �
�

�
R̂ � = 0.45 R̂ � � � f � = 60.5%

� � � , � ' � 
 � � � , �
MPa

� � � � � �  � � � � 2 � ' 
 2 � � � � 	 
 � � � � � � � �� � � � 4 � � , � � � � � 2 � � � � 	 
 � � � � , � � � % � � � � � � � % � � � 2 � ; � � � � � , � � � 
 4 � , �

� � � �
� � � �

� 	� �

� ��

� 
�
�� �

	

� M
P

a




� � � � � 	 
 � � � � � � �

� Zr
tot = 8.4 × 10−4J

(Fxx)R = 0.27%
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R̂ � = 0.45 R̂ � � � f � = 100%
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 � � � � � tot(J) (Fxx)R
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�
1.25 × 10−2 2.15�
1.25 × 10−2 2.03

� � � � � � �
1.25 × 10−2 2.09
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 � � � � � tot(J) (Fxx)R
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1.05 × 10−2 1.88�
9.40 × 10−3 1.48�
9.42 × 10−3 1.49�
1.41 × 10−2 2.35
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 � � � � � tot(J) (Fxx)R
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�
8.67 × 10−3 1.41�
8.39 × 10−3 1.37�
8.56 × 10−3 1.40�
9.74 × 10−3 1.60
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8.84 × 10−3 1.45

� � 
 � � ! � � $ �
� � & 
 � � � � � � 6.93 7.25

� � � � ) � � * �
R̂ � = 1.3 R̂ � � � f � = 4.8%
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�
8.76 × 10−3 1.20�
7.39 × 10−3 1.19
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