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brèche circuit primaire

cuve

coeur

brèche cuve

corium

béton
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béton

phase oxyde

phase
métallique

2 à 6 m

8 à 10 m
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D
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D
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d’échelle
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directe
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Σ = (Σ1,Σ2,Σ3) ∈ R
3 � �3� � !"�'����

Σ > 0
���<� �<-�� ���"-6� � ��- �

n ≥ 1

∀(ξ1, ξ2, ξ3) ∈ (Rn)3 ,
8"���3� B>�"
��

ξ1 + ξ2 + ξ3 = 0

Σ1|ξ1|2 + Σ2|ξ2|2+Σ3|ξ3|2 ≥ Σ
(
|ξ1|2 + |ξ2|2 + |ξ3|2

)
,

( g_S�� � )

3�>�<� ?��- �7�<4A�<
�� 3� � �3�����- ! +2�"
����������"
�.3- �'8 ��
����3&<�"
�� <� ���1��?�"�����3

Σ1Σ2 + Σ1Σ3 + Σ2Σ3 > 0,
( g_S�� � )

Σi + Σj > 0, ∀i 6= j.
( g�S��/��)

� Z�^HY*E2^ �
" (+*<����o�� ( g�S�� � ) D:#�6-���"� L ����%5�5�O� L ��%��

(ξ1, ξ2, ξ3)
�_*<%5���ivw6-$/% 3∑

i=1

ξi = 0
D:6-$ �G��4�%9���?�����5%5�����O$7,.���e*<4 #)*-�

n = 2
S:b *<$7�W�G���5%��?,���HXP�$7P�� * L �O%�P��)D:6-$ �G��4�%"*<47���5�@�54����G6I������EC47�

ξ1 =

(
x
0

) ��%
ξ2 =

(
y
z

) S x1�O$7�5� L *
����6-���5��P�%�P'( g�S�� � ) ���5%ZRCP��5��[fP��M�5�]��%�����4 L ���"��$/%1�5� L *mvw6-�5�"�ME/4f*-,.� *<%5��EC47�s�54��OR-*<$&%��

Q(x, y, z) = Σ1x
2 + Σ2(y

2 + z2) + Σ3

(
(x+ y)2 + z2

)
,
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Q
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Q
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Q =




Σ1 + Σ3 Σ3 0
Σ3 Σ2 + Σ3 0
0 0 Σ2 + Σ3


 .

�:$ 4�%5� L ��� *<$/% L ��#)* L #�4 L ,����K,�P�%����5���O$f*<$/% �W,����K���O$7��4����K���5�O$7#��O�f*<4.t ,��
Q

DF� L R&����$/%mEC47� L *^�9*<%5�5��#��{���5%
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Σ1 + Σ3 > 0,

(Σ1 + Σ3)(Σ2 + Σ3) − Σ2
3 = Σ1Σ2 + Σ1Σ3 + Σ2Σ3 > 0,

Σ2 + Σ3 > 0.

8�6-4���[7$��O� L *W,�P��"6-$7��%5� *<%5��6-$]Df6-$^$76-%��ME/47�

Σ1 + Σ2 =
Σ2

1 + (Σ1Σ2 + Σ1Σ3 + Σ2Σ3)

Σ1 + Σ3
.

�|$�4�%5� L ��� *<$/% L *?��� 6-�G6I�5�O%5��6-$ g�S��.S � ��%K��$}� ���9*<� EC4f*<$/%mEC4f� 3∑

i=1

∇ci = 0
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c ∈ H
1
S(Ω)
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∫

Ω

[
3

8
εΣ1|∇c1|2 +

3

8
εΣ2|∇c2|2 +

3

8
εΣ3|∇c3|2

]
dx > 0
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Σ = (Σ1,Σ2,Σ3) ∈ R
3 ����� �<-$� ( g�S�� � ) �<� ( g�S��/��) <�"
���8:����� B �2�3 � �3� � !��1<���

Σ ≥ 0
���<� �<-$�

���"-6� � ��- �
n ≥ 1

�?�>� �"-/�
(ξ1, ξ2, ξ3) ∈ (Rn)3

=>�"
 �

Σ1|ξ1|2 + Σ2|ξ2|2 + Σ3|ξ3|2 ≥ −Σ|ξ1 + ξ2 + ξ3|2.

� Z�^HY*E2^ �g $/%5��6/,.4�����6-$7�
ξm =

1

3
(ξ1 + ξ2 + ξ3),

��%��G6I��6-$7�
ξi = ξi − ξm

S �36-���"� L *W� 6-���"�M,����
ξi

���5%Z$/4 LOL �IDf6-$j�G��4�%1*<��� L ��E/47��� L *W����6-�G6I�5�O%5��6-$ g�S��.S �

Σ1

∣∣ξ1
∣∣2 + Σ2

∣∣ξ2
∣∣2 + Σ3

∣∣ξ3
∣∣2 ≥ Σ(

∣∣ξ1
∣∣2 +

∣∣ξ2
∣∣2 +

∣∣ξ3
∣∣2). ( g_S��/��)

g�L R/����$/%
Σ1|ξ1|2 + Σ2|ξ2|2 + Σ3|ξ3|2 = Σ1

∣∣ξ1 + ξm
∣∣2 + Σ2

∣∣ξ2 + ξm
∣∣2 + Σ3

∣∣ξ3 + ξm
∣∣2

= Σ1

∣∣ξ1
∣∣2 + Σ2

∣∣ξ2
∣∣2 + Σ3

∣∣ξ3
∣∣2 + 2

(
ξm,Σ1ξ1 + Σ2ξ2 + Σ3ξ3

)
+ (Σ1 + Σ2 + Σ3)|ξm|2.
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K

%�� LOL �sEC47�
∣∣2
(
ξm,Σ1ξ1 + Σ2ξ2 + Σ3ξ3

)∣∣ ≤ Σ(
∣∣ξ1
∣∣2 +

∣∣ξ2
∣∣2 +

∣∣ξ3
∣∣2) +K|ξm|2,

��%!��$j4�%5� L ���_*<$/% L ( �O$7P�HC* L �O%�P'( g�S��/��) D�� L R&����$/%

Σ1|ξ1|2 + Σ2|ξ2|2 + Σ3|ξ3|2 ≥ (Σ1 + Σ2 + Σ2 −K)|ξm|2 ≥ −Σ|ξ1 + ξ2 + ξ3|2.
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F (c) ≥ 0, ∀c ∈ S;
( g�S��*!�)

� #���6-�����_*<$7#��Q�G6 L A/$ �-���;* L �9��� L ��t.���5%��
B1, B2 > 0

%�� LOL ���!EC47�

|F (c)| ≤ B1|c|p +B2, ∀c ∈ S, ( g_S��/��)
|DF (c)| ≤ B1|c|p−1 +B2, ∀c ∈ S, ( g_S��/&�)
∣∣D2F (c)

∣∣ ≤ B1|c|p−2 +B2, ∀c ∈ S, ( g_S�� � )
6$%

p = 6
�5�
d = 3

D7��%
2 ≤ p < +∞ �5�

d = 2
&
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F
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D1 ≥ 0
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(
D2F (c)ξ, ξ

)
≥ −D1 (1 + |c|q) |ξ|2, ∀c ∈ S, ∀ξ ∈ R

3,
( g_S����*)

6$%
0 ≤ q < 4

�5�
d = 3

��%
0 ≤ q < +∞ �5�

d = 2
S
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q
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�|$.[7$]D76-$q�54����G6I� �QE/47� L *m�"6-N7� L �O%�P
M0

���5%�,��M# L *-����� C1 ��%�E/4]( � L ��t.���5%��
M1,M2,M3 > 0

%�� L E/47�

M1 ≤M0(c) ≤M2, ∀c ∈ S, ( g_S�����)

|DM0(c)| ≤M3, ∀c ∈ S. ( g_S�� � )
b �
d = 3

D L *m�"6-N�� L �O%�Ps���5%���4����G6I��P��M#�6-$7�5% *<$/%��

M0(c) = M, ∀c ∈ S. ( g�S�� � )
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Ω
-6
 � �"4A�"��
;� �	� ��-6�0���<� �	�"��
;�.� �"
�

R
d = �"8:�	+ d = 2
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��-,���/�:,� �<-�� �7�3 +	��
��"�������"
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( g_S�� � ) = ( g�S��/��) �<� �7��A!�#3�/� ��! �3?�� ( g�S��*!�) # ( g_S����*) 3- �

F
�<�-( g�S�����) # ( g_S�� � ) 3-6�

M0
?�"
���8:����� B��	�� �

� -$��� �<-$�&<�����
c0 ∈ H

1
S(Ω)

= �'�*��!"�1<����-6
;��- 
$���?-��&?�"��-/�����"
 �<�"� ��� �
(c,µ)

��� ( g�S�� � ) 3- �
[0,+∞[8:����� B �"
�� �7�� +2�"
����������"
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c0 �3<� �7� � �"
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;�2� �'
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c ∈ L∞(0,+∞; H1
S(Ω)) ∩ L2

loc(0,+∞; (H3(Ω))3) ∩ C0([0,+∞[; H1
S(Ω)),

µ ∈ L2(0,+∞; (H1(Ω))3).
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F 
��� ���Σ,ε (c, 1 − c, 0) = F �  ���σ12,ε(c), ∀c ∈ H1(Ω),

F 
��� ���Σ,ε (c, 0, 1 − c) = F �  ���σ13,ε(c), ∀c ∈ H1(Ω),

F 
��� ���Σ,ε (0, c, 1 − c) = F �  ���σ23,ε(c), ∀c ∈ H1(Ω).
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σ23
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Σi = σij + σik − σjk, ∀i ∈ {1, 2, 3}, ( g_S�����)
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F (c) = σ12c
2
1c

2
2 + σ13c

2
1c

2
3 + σ23c

2
2c

2
3 + c1c2c3(Σ1c1 + Σ2c2 + Σ3c3)

+ c21c
2
2c

2
3G(c) + (c1 + c2 + c3 − 1)H(c), ∀c ∈ R

3.

( g_S�����)

r ^H��fhZ�GY[^ {�� � � ���
� �5+	� � � +?����
��

Si = −Σi
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$� ���"� ( g�S�����) = �3<� �3� �$���7�V�f*<� *<�"o�%5���m,r(dP�% * L ���"��$/%���� �7� ��! �:,�

i�"- ! ��
������ �<��+2�� �"8:�	+�� �3 ��! �:,�3
j
�?�
k
��� ��� � � �

Si
�3<� ���:������ � �� ��� �

Σi < 0 � = ��� �<� ���7��4 �<
��.�3��%�6-% * L �<�C3�
Si

�3��>
;� ������� �3=C��� �3��F�f*<�5%5��� L �

� Z^@Y E2^ �
1/

�F*W����6-���5��P�%�P 
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�O��� L ��EC47�

F �����
	�Σ,ε (0, c, 1 − c) = F �	��
	�σ23,ε(c), ∀c ∈ H1(Ω),

#��MEC4��F��$&%5� *���$7�IDf��$^4�%5� L ��� *<$/%#( g_S��*) ��% ( g�S���) D
∫

Ω

[
12

ε
F (0, c, 1 − c) +

3

8
ε(Σ2 + Σ3)|∇c|2

]
dx =

∫

Ω

[
12
σ23

ε
c2(1 − c)2 +

3

4
σ23ε|∇c|2

]
dx.
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Σ2 + Σ3

2
= σ23,

��%
F (0, c, 1 − c) = σ23c

2(1 − c)2, ∀c ∈ R.
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Σ1 + Σ2

2
= σ12,

Σ1 + Σ3

2
= σ13,

Σ2 + Σ3

2
= σ23,
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F (c, 1 − c, 0) = σ12c
2(1 − c)2,

F (c, 0, 1 − c) = σ13c
2(1 − c)2,

F (0, c, 1 − c) = σ23c
2(1 − c)2.

( g_S�����)

8:4����BD�6-$^RCP��5��[f�MEC47� ( g�S���!�) ���5%�P�E/4��OR-* L ��$/%10 ( g_S�����)�S
��*<�O$/%���$f*<$/%1# n7����# n76-$7�

F
RCP��5��[\*<$/% ( g�S�����) � 6-47� L *Kv~6-�5�"�

F (c) = σ12c
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2
2 + σ13c

2
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2
3 + σ23c

2
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3 + J(c),
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J(c, 1 − c, 0) = J(c, 0, 1 − c) = J(0, c, 1 − c) = 0, ∀c ∈ R.
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f(c, 1 − c, 0) = f(c, 0, 1 − c) = f(0, c, 1 − c) = 0

= ���"-6��� �"- �
c ∈ R
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f(c1, c2, c3) = c1c2c3 g(c1, c2, c3) + (c1 + c2 + c3 − 1)h(c1, c2, c3).

" 4 L �����"� g�S � S���� ��%|,�� L (dP�E/4f*<%5��6-$ ( g�S ��� ) DI6-$",�P�,.47��%cE/4]( � L ��t.���5%��Z,����
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J(c) = c1c2c3Q(c) + (c1 + c2 + c3 − 1)H1(c), ∀c ∈ R
3.
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(∂iF − ∂jF ) +
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Σk

(∂iF − ∂kF )

)
∣∣ci=0,ck=1−cj

= 0, ∀{i, j, k} = {1, 2, 3}, ∀cj ∈ R.
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1

Σ2
(∂1J − ∂2J) +

1

Σ3
(∂1J − ∂3J)

)
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1
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1

Σ3
c
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)
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(
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(
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(
1
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1
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c

)
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(
1
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(∂1J − ∂2J) +
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Σ3
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)
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Q(0, c, 1 − c) = Σ2c+ Σ3(1 − c), ∀c ∈ R,

Q(c, 1 − c, 0) = Σ1c+ Σ2(1 − c), ∀c ∈ R,

Q(c, 0, 1 − c) = Σ1c+ Σ3(1 − c), ∀c ∈ R.
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R(c) = c1c2c3G(c) + (c1 + c2 + c3 − 1)H2(c), ∀c ∈ R
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∂t

= ∆µ1,
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2 + (1 − c1 − c2)
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Λ > 0#��QE/4��r%����5���O$7� L *W������4�RX�M,.4^%5n7P�6-��o��"� g_S � S�� �

�'6-47��,�6-$�$76-$7�!�9*<�O$/%���$f*<$/% L *W������4�RX�M,�� L *W����6-�G6I�5�O%5��6-$ g_S � S��/�.S
� Z^@Y E2^ �
� $}�54����G6I� �m�f*<�M��t.����� L ��E/47�

Σ1 < 0
S �36-���"��%�6-47� L ���M#�6/���9#�����$/% �

σij
��6-$/%V�G6I�5�O%5��v~�)Dz6-$},�P�,.4��O%

,�������� L *<%5��6-$7� ( g�S���!�) D7#I(d���5%iy�0 yh,.�O���
Σi + Σj = 2σij > 0

E/47�V$7P�#������ *<�O�����"��$/%
Σ2 > 0

��%
Σ3 > 0

S
1/

�:$^4�%5� L ��� *<$/% L *W,�P�[7$��O%5��6-$e,��
F0

( g_S � � ) D�6-$e*m�G6-4���%�6-4�%
c ∈ S

FΛ,α(c) ≥ −|Σ1|
2
c21(c2 + c3)

2 + Λc21c
2
2c

2
3

(
ϕα(c1) + ϕα(c2) + ϕα(c3)

)

≥ −|Σ1|
2
c21(c2 + c3)

2 + Λc21
(
Φα(c2)c

2
3 + Φα(c3)c

2
2

)
.

� $^�G6I���
MΛ,α = Φ−1

α

( |Σ1|
Λ

)
.

( g_S����*)
� $q#�6-$7�5��,�o����M%�6-4�%!,r(+*<NG6-��,

c ∈ S %�� L E/47� |c2| ≥MΛ,α
��% |c3| ≥MΛ,α

S 8
*<�!#�6-$7��P�E/47��$/%)D�� L R/����$/%

FΛ,α(c) ≥ −|Σ1|
2
c21(c2 + c3)

2 + ΛΦα(MΛ,α)c21(c
2
3 + c22)

≥ −|Σ1|
2
c21(c2 + c3)

2 +
Λ

2
Φα(MΛ,α)c21(c2 + c3)

2 = 0,

,r(+*<����o�� L *�,�P�[7$��O%5��6-$�,��
MΛ,α

S x1�O$7�5�TD|6-$�*��"6-$/%5��PqE/47�
FΛ,α(c)

���5%"�G6I�5�O%5�ORC�^,�o��"E/47�
c ∈ S *)RX��#

|c2| ≥MΛ,α
��% |c3| ≥MΛ,α

S
2/

� $^#�6-$7�5��,�o����Q�9*<�O$/%���$f*<$/%
c ∈ S %�� L EC47� |c2| ≤MΛ,α

D.�f*<����t.����� L � S �F*W�"���"�MP�%547,��Q�G��4�%���%5���
vT*<�O%��V�G6-4�� |c3| ≤MΛ,α

S �:$^4�%5� L ��� *<$/% L (d��t.���������5��6-$ ( g�S � �*) ,��
F0

��%!#�6-���"�
Λ > 0

��%
Σ2 > 0

D�6-$q*

FΛ,α(c) ≥ Σ1

2
c21(1 − c1)

2 +
Σ3

2
(1 − c1 − c2)

2(c1 + c2)
2.

b �F6-$j$76-%��
G(c1, c2)

L �Q����#�6-$7,j�"���KN����s,��M#���%5%��Q�O$7P�HC* L �O%�PIDf6-$^�G��4�%!P�#��5�O���

G(c1, c2) =
Σ1

2
c21(1 − c1)

2 +
Σ3

2
c21(1 − c1)

2 +
Σ3

2
H(c1, c2),

( g_S�����)

� �



	 ������ �������� ����� ������� ���	
� � � � ���������
�� � � ��� � � ����� � � ���	
� ��� ��� ���� � � � � � ���

*)RC��#
H(c1, c2) = c2

(
(1 − c1)

2(2c1 + c2) − 2(1 − c1)(c1 + c2)
2 + c2(c1 + c2)

2
)
.�:$^4�%5� L ���_*<$/%!EC4f� |c2|

���5%ZNG6-�5$fP��M�f*<�
MΛ,α

D�� L R&����$/%
∣∣∣∣
Σ3

2
H(c1, c2)

∣∣∣∣ ≤ KMΛ,α(1 +M3
Λ,α)(1 + |c1|3)

6$%
K

,�P��G��$7,�����4 L ���"��$/%3,�� |Σ3|
S �|${*<��� L ��EC4f*<$/% L ( �O$7P�HC* L �O%�P1,�� �c6-47$�H7DX6-${*M* L 6-���c�G6-4��c%�6-4�%

0 < δ < 1
∣∣∣∣
Σ3

2
H(c1, c2)

∣∣∣∣ ≤ KMΛ,α(1 +M3
Λ,α) +

δσ13

2
c41 +

K

δ3
M4

Λ,α(1 +M12
Λ,α).

8:4����BD�6-$^4�%5� L ����� L �Q��P��54 L % *<%!�54��ORI*<$/%�,�6-$&% L *W������4�RC�M���5%�,�6-$�$7P��s,7*<$7� L (+*<$�$7��t��M2 S
u ^H����^ {�� � � ���

� �"- � � �"-/�
0 < δ < 1

=>�"
 �

x2(1 − x)2 ≥ δ

2
x4 − 1

2

δ

(1 − δ)2
, ∀x ∈ R.

x1�O$7�5�],�� L *W,�P�[7$��O%5��6-$ ( g�S�����) ,��
G

D.� L R/����$/%

G(c1, c2) ≥ σ13c
2
1(1 − c1)

2 −
∣∣∣∣
Σ3

2
H(c1, c2)

∣∣∣∣

≥ −KMΛ,α(1 +M3
Λ,α) − K

δ3
M4

Λ,α(1 +M12
Λ,α) − 1

2

δσ13

(1 − δ)2
,

#��!EC4��7����6-4�RC�!EC47�
G

(w��%`,�6-$7#!*<4f���5�
FΛ,α

) ���5%|���O$76-��P����G6-4��`#����cR-* L ��4����`,��
c
S x1�O$7�5� L *Q����������o����!�f*<�5%5���

,�� L *m����6-�G6I���O%5��6-$q����%�,�P��"6-$/%5��P�� S
=��O$f* L ���"��$/%)Df�G6-4��

Λ
*-�������QHI� *<$7,rDf6-$^�G��4�%!RX6-�O�!EC47�

MΛ,α
D�,�P�[7$��F�f*<� ( g�S����*) D7���5%�� L 47���G��%5�O%!E/47�

1
D

��%!,�6-$7#M6-$j�G��4�%!������$7,.���
δ = MΛ,α

,7*<$7� L ( �O$7P�HC* L �O%�PM����P�#�P�,���$/%��s#��ME/4��r�O��� L ��EC47�

inf
S
FΛ,α(c) ≥ −KMΛ,α(1 +M3

Λ,α) −KMΛ,α(1 +M12
Λ,α) − 1

2

MΛ,ασ13

(1 −MΛ,α)2
.

( g_S�� � )
�]�1�"���KN����V,��1,.��6-�O%��V,��#( g�S�� � ) %���$7,�RC�����

0
E/4f*<$7,

Λ
%���$7,�RC����� L ( �O$.[7$��G��4�����E/47�16-$j*

lim
Λ→+∞

MΛ,α = 0
S

{�� � �   � \ � X7��`']�`'E�`']��eg�^ FΛ,α

� $M�"6-$&%5���:��#��X4�$7�:����6-���5��P�%�Pc��4���� L P��"��$/% *<�O���`�54�� L *3vw6-$7#�%5��6-$
FΛ,α

SBb 6-47�F,����F#�6-$7,.�O%5��6-$7��#�6-$/RC��$f*<N L ���
��%Z�G6-4��

Λ
*-�������VHI� *<$7,rD L �'�G6-%���$/%5��� L ,��s�@*<n�$.yh�1� LOL �;*<��,

FΛ,α
���5%@�G6I���O%5��v���% L ���@%5�5�O� L ��%��

(1, 0, 0)
D
(0, 1, 0)��%

(0, 0, 1)
��6-$/% L ���V����4 L �1�G6-�O$&%��V6$% L *"v~6-$7#�%5��6-$�����%1���O$��O�9* L ��,��KR-* L ��4��

0
�54�� S S � $�*�,�6-$7#KN�����$�4�$

�G6-%���$/%5��� L ��$�Y�%5�5�O� L �Q��4��O%�� Y S
� Z�X7W.X>��`']�`cX>_ {� � � � �

� �"���
α
8:����� B>�"
�� ( g�S � ��) � �3� � !"�'����

Λ0 > 0
����� �<-$�

inf
S
FΛ,α = 0

���"-6� � ��- �
Λ ≥ Λ0

3�>�<�C,��-6� ��4 ��
�� 3� �"
 �

Σ1Σ2 + Σ1Σ3 + Σ2Σ3 > 0.
( g_S�� � )

� �



������� �������
	 ��� �������� ��� ����� ����� ����� � � ��� ����� ������� ����
��

x $76-%����!E/47� L (d6-$^����%5��6-4�RC� L *�#�6-$f,.�O%5��6-$ ( g_S�� � ) �54�� L ���!#�6/���9#�����$/%��1,��Q#)*<��� LOL *<�5�O%�P
Σi

S
� Z^@Y E2^ �
1/

� 6-4�%V,r(+*<NG6-��,rDz�5� L *�#�6-$7,.�O%5��6-$ ( g�S�� � ) $](d����%1�f*-�V� *<%5���ivT*<�O%��m* L 6-���
inf
S
FΛ,α < 0

�G6-4��'%�6-4�%
Λ ≥ 0

S
�:$q� �r��%)D7�54����G6I��6-$7��%�6-4�%!,r(+*<NG6-��,^E/47�

Σ1Σ2 + Σ1Σ3 + Σ2Σ3 < 0.

�3��#��]�O��� L ��E/47�M��$^����������$f*<$/% L *W������4�RX�M,�� L *m����6-�G6I�5�O%5��6-$ g�S��.S � D7EC47� L *m�9*<%5�5��#��
Q

Q =




Σ1 + Σ3 Σ3 0
Σ3 Σ2 + Σ3 0
0 0 Σ2 + Σ3


 .

*"4�$7�sRI* L ��4��1����6-�����K$7P�HC*<%5�ORX� S " �M� L 47�BDf#�6-���"�
Q

���5%',.�;*<HX6-$f* L �K�f*<�1N L 6/#ID L �MRC��#�%���4��1����6-�7���m*-��� 6/#���P
0�#���%5% �QR-* L ��4�������6-�����s���5%�,�� L *Kv~6-�5�"�

(a, b, 0)
S x1�O$7�5�TD.� L ��t&����%��

(a, b) 6= (0, 0)
%�� L �!EC47�

Σ1a
2 + Σ2b

2 + Σ3(a+ b)2 < 0.

� $e*�* L 6-�����G6-4���%�6-4�%
α

��%Z�G6-4���%�6-4�%
Λ

FΛ,α(ax, bx, 1 − (ax+ bx)) ∼
x→0

(
Σ1a

2 + Σ2b
2 + Σ3(a+ b)2

)
x2,

��%!,�6-$7#
FΛ,α

������$7,^,�����R-* L ��4�����$7P�HC*<%5�ORX���1�54�� S ,7*<$7��4�$^RX6-���5�O$f*<HX�M,��
(0, 0, 1)

S
� $q�54��7�G6I���V�9*<�O$/%���$f*<$/%'EC47�

Σ1Σ2 + Σ1Σ3 + Σ2Σ3 = 0.
( g_S�����)

� 6-4�%m,r(+*<NG6-��,rD��5�|�\*<�K��t.����� L ��6-$ *
Σ1 = 0

DF* L 6-��� ( g�S�����) �O��� L ��E/47�
Σ2Σ3 = 0

#I(d���5%iy�0 yh,.�O����4�$ *<4�%5���
#�6/���9#�����$/%

Σj
���5%'$/4 L #��WEC4���$](d���5%V�f*-�'�G6I�����ON L �K��4�����E/47� L *{��6-���"�W,��W,���4.t�#�6C���9#�����$/%��

Σi
,�6-�O%Q��%5���

�5%5�5��#�%����"��$/%!�G6I�5�O%5�ORC� S � $^�G��4�%!,�6-$7#M�54����G6I�������f*<�!��t.����� L �
Σ1 > 0, Σ2 > 0,

��%
Σ3 < 0.

�36-���"���7��P�#�P�,������"��$/%)D/6-$�,�P�,.4��O%`,�� ( g�S�����) E/47�
0

���5%|R-* L ��4��c����6-�����!,�� L *Q�9*<%5�5��#��
Q

��%c,�6-$7#�� L ��t&����%��
a 6= 0

��%
b 6= 0

%�� L �!EC47�
Σ1a

2 + Σ2b
2 + Σ3(a+ b)2 = 0.

( g_S�����)
x1�O$7�5�TD�6-$e*

FΛ,α(ax, bx, 1 − (ax+ bx)) ∼
x→0

−2x3
(
Σ1a

3 + Σ2b
3 + Σ3(a+ b)3

)

(w,�P�RC� L 6-���G���"��$/%Za�47��E/4](+*<4�%����5�"��,r(d6-��,.���
3

��4�����E/47�m#�� L 4��|,r(d6-��,.���
2

���5%'$&4 L *<4�RC6-���5�O$f*<HX�W,��
0
)�S]b � L �

vT*-#�%���4��s,��
x3 ����%Q$76-$}$/4 L * L 6-���s6-$}#�6-$7# L 4�%KE/47�

FΛ,α
������$7,},����MR-* L ��4����M$7P�HC*<%5�ORC��� S + *<��� 6-$�$76-$7�Q�f*<�

L (+*<N7�54���,��IDf��%!�54����G6I��6-$7�!EC47�
Σ1a

3 + Σ2b
3 + Σ3(a+ b)3 = 0.

( g_S���!�)
�:$^�K4 L %5�O� L �;*<$/% ( g�S ����) �f*<�

(a+ b)
��%!��$q��6-47�5%5� *)A/*<$/% ( g_S���!�) D.� L R&����$/%

ab(Σ1a+ Σ2b) = 0,

��%!#�6-���"�
a 6= 0

��%
b 6= 0

D�6-$e*
Σ1a+ Σ2b = 0.�36-���"�M6-$^�54����G6I� �QEC47�

Σ1
��%

Σ2
��6-$/%��5%5�5��#�%����"��$/%��G6I���O%5��vw�)D7* L 6-���

a
��%
b
��6-$&%Z,��Q����HI$f����#�6-$/%5� *<�O�����!��%

ab < 0
S =��O$f* L ���"��$/%)D\,7*<$7� ( g�S�����) D�6-$^%5��6-4�RX�

(Σ1 + Σ3)a
2 + (Σ2 + Σ3)b

2 + 2Σ3ab = 0

� �
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#��MEC4��]$](d����%Z�f*-���G6I���5�ON L �M#)*<��%�6-47� L ����%����5�"���!��6-$/%���%5�5��#�%����"��$/%!�G6I�5�O%5��vw� S
2/

� ${��4����G6I���!�9*<�O$/%���$f*<$/%ZEC47�#( g_S�� � ) ����%cRCP��5��[fP�� S � ${RX��4�%`�"6-$/%5�����@E/47� L *Qv~6-$7#�%5��6-$
HΛ,α

,�P�[7$����
�f*<�

HΛ,α(c1, c2) = FΛ,α(c1, c2, 1 − c1 − c2)���5%Z�G6I���O%5�ORX�Q�G6-4��
Λ

*-�������QHI� *<$7, S 8�6-4���%�6-4�%
(c1, c2) ∈ R

2 D76-$j$7�Q�G��4�%��f*-�1*)RX6-�O�!�5�O�K4 L % *<$7P��"��$/%

|c1| <
1

4
, |c2| <

1

4
, |1 − c1 − c2| <

1

4
.

� $j�54����G6I���'�f*<�@��t������ L �VE/47� |1− c1 − c2| ≥
1

4

D L ���@,���4.t?*<4�%5�����Z#)*-�3�G��4�RC��$/%Z��%5���'%5� *<�O%�P��Z,�� L *K�"���"�
�9*<$���o���� S �:$^4�%5� L ��� *<$&% L �Q#�6-��6 LOL *<�O��� g_S��.S ��*)RX��#

ξ1 = c1(1 − c1), ξ2 = c2(1 − c2), ξ3 = −(c1 + c2)(1 − c1 − c2),

��% L (d��t&������������6-$q,��
FΛ,α

( g�S � ��) D76-$q*

HΛ,α(c1, c2) =
1

2
Σ1

[
c1(1 − c1)

]2
+

1

2
Σ2

[
c2(1 − c2)

]2
+

1

2
Σ3

[
(c1 + c2)(1 − c1 − c2)

]2

+ Λc21c
2
2(1 − c1 − c2)

2(ϕα(c1) + ϕα(c2) + ϕα(1 − c1 − c2))

≥− 1

2
Σ
[
c1(1 − c1) + c2(1 − c2) − (c1 + c2)(1 − c1 − c2)

]2

+ Λc21c
2
2Φα(1 − c1 − c2).

p1$�#)* L #�4 L ,.�O����#�%V�"6-$/%5� �WEC4f� L �K�������������Q%����5�"�W���5%VP�HC* L 0 −1

2
Σ(2c1c2)

2 S �36-���"� |1 − c1 − c2| ≥
1

4

D
6-$e*�* L 6-���

Φα(1 − c1 − c2) ≥ Φα(
1

4
)
HI� J-#��K0 ( g�S � � )�S " (d6$%]D76-$q��$q,�P�,.4��O%

HΛ,α(c1, c2) ≥− 2Σc21c
2
2 + Λc21c

2
2Φα

(
1

4

)
,

��% L �V�"���KN����s,��M,.��6-�O%��M,�� L ( �O$7P�HC* L �O%�Ps���5%Z�G6I����%�� v
�G6-4��!%�6-4�%
(c1, c2) ∈ R

2 ,�o���E/47�

Λ ≥ 2Σ

Φα

(
1
4

) .

��*^NG6-�5$7���O$.vwP��5����4����{6-N�%���$&47���G6-4��
Λ

,7*<$f� L *^�7����4�RX�9�G��4�%W����#)* L #�4 L ������t&� L ��#��O%����"��$/%W�9*<���K$](d���5%
����6-Nf*<N L ���"��$/%1�f*-�!6-��%5�O�9* L � S
{�� � �   � � k X2��W�fhZfK`c��X2_ ^H_2]�Z�^�a'^H��W.XK]�^@_2]�`c^Hac��g�^ k fK��_ ��� `ca�a�`cfhZ�g F0

^�] FΛ,08�6-4��Q#�6-���f*<����� L ���'�"6/,�o L ���Q6-N�%���$/47�Q*)RC��#
F0

��%
FΛ,0

DG6-$��)( �O$/%�P����������K%�6-4�%V,](d*<NG6-� ,�*<4.tq����6BRI* L ��4����',7�
#����1vw6-$7#�%5��6-$7�Q,7*<$7� L �s%5�5�;*<$�H L �W,����V�ON�N7� L 6-��� EC4]( 4�$�,����V#�6/���9#�����$/%��

Σi
���5%'$7P�HC*<%5��v S �'6-47�1����HC*<��,�����6-$7�

��$7�54��O%�� L ����#�6-$7��P�E/47��$7#���� L 6-���",�� L *��5�O�K4 L *<%5��6-$ $/4��"P��5��E/47�j,r( 4�$ P�% * L ���"��$/%"%�6-% * L ,r( 4�$7�?N�4 LOL �j��$/%5���
,���4.t?��nf*-� ���!�5%5� *<%5��[fP���� S

b 47� L *�[7HI4���� g_S ! D<6-$mR/����4f* L ����� L ����HI� *<��n7���:,�����vw6-$7#�%5��6-$7�
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,7*<$7� L ( �O$/%����ivT*-#��e��$/%5��� L ����,���4.t�*<4�%5�����9��nf*-� ��� S �3��%5%��e*<�7�f*<�5�O%5��6-$ ���5%9NG�)*<47#�6-4��

�"6-�O$7�W�O���G6-�5% *<$/%��?E/47�{,7*<$7� L *^[7HI4���� g_S�� � LOL 47�5%5� *<$/% L *q$76-$.yh#�6-$7�5���5% *<$7#��^* L HXP�N��5��EC47� S �3��#��@�)(d��t.� L ��E/47�
�f*<� L �WvT*<�O%sE/47� L ������6-N L o��"�9��#��c$7��R&����$/%M�\*-�s,r( 4�$�,�P�v~*<4�%K,��9#�6-$7�5%5�547#�%5��6-$ ,.4��"6/,�o L � ( ��4�����E/4]( � L ���5%
* L HXP�N��5��E/47���"��$/%�#�6-$f�5���5% *<$/% ) �9*<���F����4 L ���"��$/%�,r( 4�$7�:�O$7�5% *<N7� L �O%�Pc,.A&$f*<����EC4f�|, � �c*<4.tQ���5����4����]$/4��"P��5��EC4f��� S
b ��6-$q������$7,

F = FΛ,0
�G6-4��

Λ
*-�������MHI� *<$7,rD\6-$q�G��4�%'*<��� L ��EC47��� L �M%5n7P�6-��o��"� g�S � S��/�.S � $^�����9*<��E/47�K�54��

L *m[7HI4���� g�S�� � E/47� L ���Z�O$7�5% *<N�� L �O%�P��!$/4��"P��5��E/47���!,.���5�f*<� *��;��� ��$/% S
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0
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0.03

c 3

y

F = F0

F = FΛ,0

x = 0.01

� ��� � g_S�� � � �:% *<%',r(dP�E/4�� L �ON����K6-N�%���$/4e�G6-4�� (
σ12

D
σ13

D
σ23

)�� (
1
D
0.5

D
0.55

) ��%1#�6-4��G�sRX���5%5��#)* L �K,.4q�f*<� * y
�"o�%5���s,r(d6-��,.���

c3
(w#�6-�5�����5�G6-$7,7*<$/%V0 L *WN�4 LOL � ) ��$

x = 0.01
�G6-4��

F = F0
��%
F = FΛ,0

�'6-47�3,�6-$�$76-$7�@�9*<��$&%���$f*<$/% L *M������4�RC�',.4�%5n7P�6-��o��"� g�S � S��/� EC4��G����%`R-* L *<N L �'��$?,.�O�"��$7�5��6-$
2

��%
3
S � $

4�%5� L ������� *"��$j�f*<�5%5��#�4 L �����',����Z����6-���5��P�%�P��1,r( �O$/%����5�G6 L *<%5��6-$�2 S��.S�� E/4��]��6-$/%Z� *<���G� L P����1,7*<$7� L (+*<$�$7��t.�s2 S
� Z^@Y E2^ �
� $ �54����G6I���"�f*<�K��t������ L ��EC47�

j = 1
S �36-���"�

m(c01) = 0
DF6-$�� *<�O%KE/47�

m(c1(t)) = 0
�G6-4��K%�6-4�%

t ≥ 0
S �|(dP�EC4f*<%5��6-$qRCP��5��[fP��Q�f*<�

c1
���5%

∂c1
∂t

=
M0

Σ1
∆µ1.

( g_S����*)
�:$e*<��� L ��E/4f*<$/% L (d6-�GP�� *<%���4��

(−∆)−1 ,�P�[7$��F����P�#�P�,����"��$&%'0 ( g_S����*) D.� L R/����$/%

∂(−∆)−1c1
∂t

= −M0

Σ1
(µ1 −m(µ1)),

� !



������� �������
	 ��� �������� ��� ����� ����� ����� � � ��� ����� ������� ����
��

��4����)DI��$"������$f*<$/% L �@����6/,.4��O%c� #)* L *<��� �Z,7*<$7�
L2(Ω)

,��Z#���%5%���P�E/4f*<%5��6-$�*)RX��#
c1(t)

EC4��7���5%c0'�"6BAC��$�$7�Z$/4 LOL �ID
6-$q6-N�%5����$/%

1

2

d

dt

(
(−∆)−1c1, c1

)
L2 = −M0

Σ1

∫

Ω
(µ1 −m(µ1))c1 dx = −M0

Σ1

∫

Ω
µ1c1 dx.

�:$^4�%5� L ���_*<$/%!��$7�54��O%�� L ����,7P_[f$��O%5��6-$7�!,��
µ1

��%!,��
FΛ,α

D76-$q*
1

2

d

dt

(
(−∆)−1c1, c1

)
L2 +

3M0ε

4
|∇c1|2L2

+
12M0

ε

∫

Ω

[
c21

(
1 − β1c2c3 + 2Λγ1c

2
2c

2
3(ϕα(c2) + ϕα(c3))

)
+ Λγ1c1Φ

′
α(c1)c

2
2c

2
3

]
dx

=
12M0

ε

∫

Ω
c31(3 − 2c1) dx

+
24M0Λ

ε

ΣT

3Σ1Σ2Σ3

∫

Ω
c31c2c3(Σ2c2 + Σ3c3)

(
ϕα(c1) + ϕα(c2) + ϕα(c3)

)
dx

+
12M0Λ

ε

ΣT

3Σ1Σ2Σ3

∫

Ω
c31c

2
2c

2
3(Σ3ϕ

′
α(c2) + Σ2ϕ

′
α(c3)) dx

6$%

β1 =
6Σ2Σ3

Σ1Σ2 + Σ1Σ3 + Σ2Σ3
=

2ΣT

Σ1

��%
γ1 =

ΣT

3Σ1

(
1

Σ2
+

1

Σ3

)
=

(Σ2 + Σ3)

Σ1Σ2 + Σ1Σ3 + Σ2Σ3
.
( g_S�����)

�36-���"� L ����#�6-$7,.�O%5��6-$7�#( g�S�� � ) ��% ( g�S��/��) ��6-$&%ZRCP��5��[fP����)D76-$q*
γ1 > 0

S x!�O$7�5� L �Q%����5�"�
∫

Ω
2Λγ1c

2
1c

2
2c

2
3(ϕα(c2) + ϕα(c3)) dx

,7*<$7� L �V�"���KN����s,��QHC*<47# n7�M,�� L (dP�HC* L �O%�PM����P�#�P�,���$/%��s���5%��G6I�5�O%5��v S " �V� L 47�)D76-$^�G��4�%!P�#��5�O���
∫

Ω

[
c21(1 − β1c2c3) + Λγ1c1Φ

′
α(c1)c

2
2c

2
3

]
dx =

1

2

∫

Ω
c1Φ

′
α(c1)(1 − β1c2c3 + 2Λγ1c

2
2c

2
3) dx

+

∫

Ω
c1

(
c1 −

1

2
Φ′

α(c1)

)
(1 − β1c2c3) dx.

( g_S�� � )

� $������9*<��E/47��E/47�W�5�
Λ >

β2
1

8γ1
> 0

Dr* L 6-���
1 − β1X + 2Λγ1X

2 ≥ 1 − β2
1

8Λγ1
> 0

Dz�G6-4��Q%�6-4�%
X ∈ R

S
x1�O$7�5�TD.� L R/����$/%

1

2

∫

Ω
c1Φ

′
α(c1)(1 − β1c2c3 + 2Λγ1c

2
2c

2
3) dx >

1

2

∫

Ω
c1Φ

′
α(c1)

(
1 − β2

1

8Λγ1

)
dx ≥ 0.

" (+*<����o�� ( g�S�� � ) D�6-$e*�* L 6-���
1

2

d

dt

(
(−∆)−1c1, c1

)
L2 +

3M0ε

4
|∇c1|2L2 +

K0

ε

∫

Ω
c1Φ

′
α(c1) dx

≤ 12M0

ε

∫

Ω
c31(3 − 2c1) dx− 12M0

ε

∫

Ω
c1

(
c1 −

1

2
Φ′

α(c1)

)
(1 − β1c2c3) dx

+
24M0Λ

ε

ΣT

3Σ1Σ2Σ3

∫

Ω
c31c2c3(Σ2c2 + Σ3c3)(ϕα(c1) + ϕα(c2) + ϕα(c3)) dx

+
12M0Λ

ε

ΣT

3Σ1Σ2Σ3

∫

Ω
c31c

2
2c

2
3(Σ3ϕ

′
α(c2) + Σ2ϕ

′
α(c3)) dx.

� �
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� ��� ��� ���� � � � � � ���

b 6-����$/%
I1, I2, I3, I4

L ���!EC4f*<%5���Q�O$/%�P�HI� * L ���1,.4^�"���KN����M,��M,.��6-�O%��M,7� L ( �O$7P�HC* L �O%�PM����P�#�P�,���$/%�� S
8
6-4�� L �Q%����5�"�

I1
D76-$q* L (d���5%5�O�9*<%5��6-$

|I1| ≤ K|c1|3L3 +K|c1|4L4 .

�'� J-#��s*<4 L �����"� g�S � S�� � ��%!0 L ( �O$7P�HC* L �O%�Ps,��M� 	 L ,����)D76-$q6-N�%5����$/%

|I2| ≤ Kα

∫

Ω
|c1|3(1 + |c2||c3|) dx ≤ Kα|c1|3L3 +Kα|c1|3

L
9
2
|c|2L6 ,

|I3| ≤ Kα

∫

Ω

[
|c1|3−2α|c|3 + |c1|3|c|3−2α

]
dx

≤ Kα|c1|3−2α
L6−4α |c|3L6 +Kα|c1|3

L
18

3+2α
|c|3−2α

L6 ,

��%!,�� L *W�"���"�Q�9*<$���o����ID

|I4| ≤ Kα

∫

Ω
|c1|3|c|3−2α dx ≤ Kα|c1|3

L
18

3+2α
|c|3−2α

L6 .

" (+*<����o�� L �j%5n7P�6-��o��"� g�S��.S ! D L *�$76-�5�"�^,�� L *�� 6 L 4�%5��6-$
c

,7*<$7�
L∞(R+,H1)

���5%9,�6-���O$7P��^�f*<�"4�$7�
#�6-$7�5% *<$/%��sEC47�],�P��G��$7,^� ��4 L ���"��$/%1,�� L *W#�6-$7��% *<$/%�� K S �36-���"�s6-$^��4����G6I���QE/47�

0 < α ≤ 8

17
,

��$^4�%5� L ��� *<$/% L ( �O$-a5��#�%5��6-$e,�� b 6-NG6 L ��R
H1(Ω) ⊂ L6(Ω)

��% L ( �O$7P�HC* L �O%�Ps,��M8�6-�O$7#)*<��PIDf6-$e*

1

2

d

dt

(
(−∆)−1c1, c1

)
L2 +

ε

Kp
|c1|2H1 ≤ Kα|c1|3

L
9
2

+K|c1|3L3 +K|c1|4L4

+Kα|c1|3
L

18
3+2α

+Kα|c1|3−2α
L6−4α .

( g_S�� � )
" ���Z�O$-a5��#�%5��6-$7�

H
5
6 ⊂ L

9
2 ⊂ L4 ⊂ L3 ��%!,�� L ( �O$&%����5�G6 L *<%5��6-$

H
5
6 = [H1,L2] 1

6

D.� L R&����$/%

Kα|c1|3
L

9
2

+K|c1|3L3 +K|c1|4L4 ≤ Kα|c1|
1
2

L2 |c1|
5
2

H1 +Kα|c1|
2
3

L2 |c1|
10
3

H1 .

" �V�"���"�ID7HI� J-#��s0
H

3−3α
3−2α ⊂ L6−4α D

H
3−3α
3−2α = [H1,L2] α

3−2α

��%10 L ( �O$7P�HC* L �O%�Ps,��M8�6-�O$7#)*<��PID\6-$^6-N�%5����$/%

|c1|3−2α
L6−4α ≤ Kα|c1|αL2 |c1|3−3α

H1 ≤ Kα|c1|
α
4

L2 |c1|
3− 9

4
α

H1 .

=��O$f* L ���"��$/%)D L ( �O$-a5��#�%5��6-$
H

3−α
3 ⊂ L

18
3+2α

��% L ( �O$/%����5�G6 L *<%5��6-$
H

3−α
3 = [H1,L2]α

3

��$/%5� *���$7��$/%'EC47�

|c1|3
L

18
3+2α

≤ Kα|c1|αL2 |c1|3−α
H1 .

�:$��O$/%5��6/,.4���� *<$/%
y(t) =

(
(−∆)−1c1, c1

)
L2

D
z(t) = |c1|2H1

��%V��$�4�%5� L ��� *<$/% L *9����6-���5��P�%�P�,r( �O$/%����5�G6 L *<%5��6-$
( g�S�����) D�$76-47��,�P�,.4���� 6-$7�!,�� ( g�S�� � ) ��%�,����!���5%5�O�9*<%5��6-$7���7��P�#�P�,���$&%����

1

2

d

dt
y(t) +

ε

Kp
z(t) ≤ Kα

(
z

11
8 y

1
8 + z

11
6 y

1
6 + z

24−17α
16 y

α
16 + z

6−α
4 y

α
4

)
, ∀t ≥ 0.

( g_S�����)
" (+*<����o�� L �W%5n7P�6-��o��"� g_S��.S ! Dr�"���5%Q4�$���vw6-�5�"P��"��$/%KNG6-�5$7P"��$�%������7�M�f*<�Q4�$7�"#�6-$7�5% *<$/%��

CK
E/4��:,�P��G��$7,

����4 L ���"��$/%1,�� K ��%
y ∈ C0(R)

S �`n76-���5������6-$7�
δ

*-��� ���Q�G��%5�O%��G6-4��1*)RC6-�O�

Kα

(
C

3
8
Kδ

1
4 + C

5
6
Kδ

1
3 + C

8−17α
16

K δ
α
8 + C

2−α
4

K δ
α
2

)
≤ ε

4Kp
.

( g_S�����)

� &



������� �������
	 ��� �������� ��� ����� ����� ����� � � ��� ����� ������� ����
��

� $k�����9*<��EC47��EC47�
8 − 17α ≥ 0

HI� J-#���0 L *�#�6-$7,.�O%5��6-$ ( g�S � ��) RCP��5��[fP����f*<�
α
S �36-���"��6-$k��4����G6I���

y(0) ≤ δ2
D L *s#�6-$/%5�O$/4��O%�PQ,��

y
��%
z

��${%������7�3�O��� L ��EC47�VEC4]( � L ��t&����%��!4�${%������7�3�9* t&�O�9* L
T0 ∈]0; +∞]

%�� L
E/47�

Kα

(
z

3
8 y

1
8 + z

5
6 y

1
6 + z

8−17α
16 y

α
16 + z

2−α
4 y

α
4

)
≤ ε

2Kp
, ∀ 0 ≤ t < T0.

( g_S���!�)
�]�����O$7P�HC* L �O%�P��#( g_S�����) ��% ( g_S���!�) ��$/%5� *���$7��$/%

1

2

d

dt
y(t) +

ε

Kp
z(t) ≤ ε

2Kp
z(t), ∀0 ≤ t ≤ T0,

��%!,�6-$7#
d

dt
y(t) +

ε

Kp
z(t) ≤ 0, ∀0 ≤ t ≤ T0.

�:$�$76-% *<$/%KEC47�
λ2

0y(t) ≤ z(t)
D]6$%

λ0
���5% L *?����������o����"RI* L ��4��M����6-�����"$76-$}$/4 LOL �9,�� L (d6-�GP��_*<%���4��

(−∆)*)RC��#Q,����!#�6-$7,.�O%5��6-$7�1,��-�'��4��9*<$�$e*<4^NG6-��,rD76-$e*
d

dt
y(t) + γy(t) ≤ 0, ∀0 ≤ t ≤ T0,

��%
γ =

ελ2
0

Kp

S x!�O$7���TD�6-$^6-N�%5����$/%
y(t) ≤ y(0)e−γt, ∀ 0 ≤ t < T0.�:$^�f*<�5%5��#�4 L �����

y(t) ≤ δ2
��%�,�6-$f#M��$j4�%5� L ��� *<$&% ( g_S�����) D�6-$e*m�G6-4���% 6-4�%

t ≤ T0

Kα

(
z

3
8 y

1
8 + z

5
6 y

1
6 + z

8−17α
16 y

α
16 + z

2−α
4 y

α
4

)
≤ ε

4Kp
, ∀ 0 ≤ t < T0.

=��O$f* L ���"��$/%)D:HI� J-#��^0 L *�#�6-$/%5�O$/4��O%�P^,��
y

��$ %������7����%90 L *e�9* t.�O�9* L �O%�P^,��
T0

RCP��5��[\*<$/% L *e����6-���5��P�%�P
( g�S���!�) D�$76-47�Z�G6-4�RC6-$7�!#�6-$7# L 4����sEC47�

T0 = +∞ D�#��MEC4��r%����5���O$7� L *�,�P��"6-$7�5%5� *<%5��6-$ S
��*W�"���"�M,�P��9*<��# n7�s���5%Z4�%�� L ��� P��Q�G6-4�� L *m��� ��47RX�M,.4^%5n7P�6-��o��"� g_S � S��/&.S
� Z^@Y E2^ ��'6-47�'#�6-$7�5��,�P���6-$f�'��#�� L �K#)*-�V6$%

Λ = 0
D\#I(d���5%iy�0 yh,���� �

F = F0
S �|$�4�%5� L ��� *<$/% L *9�"���"�W*<������6/# n7�WE/47�

����P�#�P�,������"��$&%)D7$76-47�!6-N�%���$76-$7� L �Q#)*-���f*<�5%5��#�4 L �����
1

2

d

dt

(
(−∆)−1c1, c1

)
L2 +

3M0ε

4
|∇c1|2L2 +

12M0

ε

∫

Ω
c21

(
1 − β1

(
c2 +

c1
2

)(
1 −

(
c2 +

c1
2

)))
dx

=
12M0

ε

∫

Ω

[
c31

(
3 − β1

2

)
+ c41

(
β1

4
− 2

)]
dx,

( g_S�����)

6$%
c2 = c2 +

c1
2

− c1
2

D���%
c3 = 1 − c1 − c2 = 1 −

(
c2 +

c1
2

)
− c1

2

S
�36-���"�

Σi >
ΣT

2
> 0

D ( g�S�����) ��$/%5� *���$7�sE/47�
β1 < 4

S 8
*<�!#�6-$7��P�E/47��$/%)D76-$e*

1 − β1X(1 −X) > 1 − β1

4
> 0,

�G6-4��Q%�6-4�%
X ∈ R

S �|( �O$/%�P�HI� * L �",7*<$f� L �W�"���KN����",��mHC*<47# n7�",�� ( g_S�����) ���5%Q,�6-$7#W�G6I���O%5�ORX� S �:$�4�%5� L ���_*<$/%
L ( �O$7P�HC* L �O%�Ps,����`6-4�$�H7D�� L R&����$/%

1

2

d

dt

(
(−∆)−1c1, c1

)
L2 +

3M0ε

4
|∇c1|2L2 ≤ K

(
|c1|3L3 + |c1|4L4

)
.

8:4����M$76-4f�Q4�%5� L ����6-$7� L ( �O$-a5��#�%5��6-$�,�� b 6-NG6 L ��R
H

3
4 ⊂ L4 ��$�,.�O�"��$7�5��6-$

2
��%

3
DF*<�O$7�5�cEC47� L ( �O$/%����5�G6 L *<%5��6-$

H
3
4 = [H1,L2] 1

4
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&6:<$@2#yu"%0326*+&r&5;14kGH*l/146:<p1GHF?D=*^B1*^IK"%,1$CLNM�03G3G30P"%46B�&-"%$'&r>+(+:<;1GH*?D=*?$@2�S

u ≡ 0
Y Vq�O>+(+*?DlD=*?$@2`7 GH*lD=:@B1F?GH*)B1*

IK"%,1$CLNM�03G3G30P"%46B.�%ac"`��0H*?4�L���26:<�i*+&c"n>?26>k>?25;'BC0H>kB'"%$.&�GH*k(`"<&wBC03/1,."<&50HR@;'*=�3X � 7�X`� � V
 ¡:<;14�$':<2546*r>?25;'B1*87.GP"lD=:<p103G30326>mB1>?/]*?$'B_B1*+&O/."%4-"%D=F?2546*+&hB�tv:<46BC46*rD)"%0H&�*?G3GH*k$qtv*+&52O/."<&�B1>?gZ>?$'>?46>+*8V]{ "

��0326*+&6&6*�*+&52|&5;1/]:8&->+*9$@;1G3GH*¢*?2£&6*?;1GH*+& GH*+&£>+Ri;."%250H:<$'&£B1*KIK"%,1$CLNM�03G3Gx0P"%46Bn&6:<$@2|>?25;'BC0H>+*+&�V�{q*�/]:<26*?$@250H*?GCB1*KIK"%,1$CL
M�03G3G30P"%46B

F
�i>?450x¤.*#B1*+&�,@j@/]:<25,'F+&-*?&�/1G3;'&�gZ>?$'>?4-"%GH*+&ORi;'*#B'"%$'&k�3X � 7'¥8¥ � S¦46*?D)"%46Ri;'*kT\Vv§CV©¨ Y V1ac:<;'&KD=:<$@2546:<$'&

Gutv*\[C0H&526*?$'(+*eg8GH:<p."%GH*}*?2nGut ;1$10H(?0326>AB1*�&6:<G3;1250H:<$'&�yu"%03p1GH*+&lBC;~/146:<p1GHF?D=*oSUT\V3X �ZY *?$�BC03D=*?$'&50H:<$
2
S¦25,'>+:<46F?D=*

T\V©§CV �8Y V<ª�$n"w;1$m46>+&5;1G32-"%2¡&503Dl03GP"%0346*b*?$�BC03D=*?$'&50H:<$
3
&60@:<$�&5;1/1/]:8&6*87�*?$m/'Gx;.&`7�Ri;'*�GP"wD=:<p103G30326>b*+&52£(+:<$'&52-"%$@26*8V

ª�$JD=:<$�2546*l"%;'&6&50£Gutv*\[�0H&526*?$'(+*n*?2cGut ;1$10H(?0326>lB1*�&6:<G3;1250H:<$'&cyU:<4526*+&`7]*?$�&5;1/1/]:8&-"%$@2c/'Gx;.&hB1*m46>?g8;1GP"%450326>l&5;14cGP"
B1:<$1$'>+*A03$103250P"%GH*A*?2)&5;14lGH*}/]:<26*?$@250H*?G�B1*�IK"%,1$CLNM�03G3G30P"%46B«S¦25,'>+:<46F?D=*�T6T\V©§CV3X Y (+*}R@;10�/]*?45D=*?2^B1*�D=:<$@2546*?4
Gut ;1$10H(?0326>cB1*+&¢&-:<G3;1250H:<$'&¢*?$eBC03D=*?$'&50H:<$

3
R@;."%$'B)GP"#D=:<p103G30326>c*+&52��8"%450P"%p1GH*87i$':<$eB1>?gZ>?$'>?46>+*8V��9$^/."%45250H(?;1G30H*\4�7

;1$'*e26*?G3GH*e&6:<G3;1250H:<$�*+&52n(+:<$@2503$@;'*}*?$~*+&5/."<(+*�*?2n*?$¬26*?Dl/'&`V¡��$�BC03D=*?$'&50H:<$
2
7|:<$~D=:<$@2546*eGutv*\[�0H&626*?$'(+*e*?2

Gut ;1$10H(?0326>�g8GH:<p."%GH*�B'*?&9&6:<G3;1250H:<$'&¡yU:<452-*?&�2-"%$'BC0H&9Ri;qtv*?$=BC03D=*?$'&50H:<$
3
7<:<$)"c&6*?;1GH*?D=*?$@29Gutv*\[�0H&52-*\$.(?*w*?2¡Gut ;1$10H(?0326>

GH:@(`"%GH*r&5;14
[0; tf [

"`�i*+(
tf < +∞ V'��$C¤'$q7'GP"n46>?g8;1GP"%450326>rB1*+&O&6:<G3;1250H:<$'&wyU:<4526*+&O*+&52�;1260xG30H&->+*#/]:<;14O>?2-"%p1G3034O;1$

46>+&5;1G32-"%2KB1*O&62-"%p103G30x2->c"<&5j�Dl/126:<250HRi;'*cB1*+&¢>?2-"%26&¢D=>?2-"<&52-"%p1GH*+&#S¦25,'>+:<46F?D=*cT6TWV ! V©§ Y (8tv*+&52�L�s�LNBC0346*cB1*+&�D=>?GP"%$1gZ*+&
R@;10Z&6:<$�2qB1*+&q/]:<03$@26& B1*9(+:<$@�i*\[�0326>9B1*

F
V`!#"%$'& (+*9(`"<&`7+:<$m"KGutv*\[C03&626*?$'(+*�g8GH:<p."%GH*�B1*+& &6:<G3;1250H:<$'& *?$rBC03D=*?$'&50H:<$

2
*?2

3
Vi{q*+&�/146*?;1�i*+&¢B1*+&�46>+&5;1G32-"%26&¢>?$':<$'(+>+&¢46*?/]:8&6*?$@2b&5;14�Gut ;12503G30H&-"%250H:<$�B�t ;1$'*�"%/1/14-:`[�03D)"%250H:<$�B1*c#"%GH*?45��03$

�3X �8� *?2¢B1*+&¢46>+&5;1G32-"%26&bB1*O(+:<Dl/."<(?0326>8V�{q*+&¢25,'>+:<46F?D=*+&KB�t©"%$."%G3j�&-*�yz:<$'(?250H:<$1$'*?G3GH*�;12503G30H&6>+&b&6:<$@2�4-"%/1/]*?GH>+&bB'"%$'&
Gut©"%$1$'*\[1*k�hV

!#"%$'&¡GH*¢/146*?Dl0H*?4�/."%4-"%g84-"%/1,'*87<$':<;'&¡254-"%0326:<$'&¡Gutv*\[�0H&626*?$'(+*K*?2£Gut ;1$10H(?0326>�B1*+&¡&6:<G3;1250H:<$'&£yu"%03p1GH*+&`V<{ "�/146*?;1�Z*
BC;�25,'>+:<46F?D=*�T\V©§CV � *+&52=B1:<$1$'>+*A*?$EBC03D=*?$'&50H:<$

2
*?2

3
V�{ "�B1*?;C[�0HF?D=*}/."%45250H*A*+&62lB1>+BC0H>+*�sJGutv>?25;'B1*AB1*+&

&6:<G3;1250H:<$'&Oyz:<4526*+&`V.�9$C¤'$q7.GH*mB1*?45$10H*?4c/."%4-"%g84-"%/1,'*m/]:<4526*m&5;14�GP"=&52-"%p103G30326>n"<&5j�Dl/126:<250HRi;'*mB1*m&6:<G3;1250H:<$'&�/."%4�L
250H(?;1G30HF?46*+&�(+:<4546*+&5/]:<$'B'"%$@2c"%;1[�>?2-"%26&OB�tv>+R@;103G303p146*kD=>?2-"<&52-"%p1GH*8V

!#"%$'&l(+*e(-,."%/1032546*87¡$':<;'&�$'*�(-,'*?46(-,':<$'&n/."<&=sAyz"%0346*e26*?$'BC46*
ε
�Z*?46&

0
7¡"%03$'&50b26:<;126*+&nGH*+&n*+&52503D)"%250H:<$'&

B1>?/]*?$'B1*?$@2�B1*
ε
V

�8�
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.�. ��� /103254���6 � �87:9 �<;��>=$? �5@�� � �<?A7B9 �3@ �����C?D2E7 �5=F=�4HG���? �I4H@3=AJLK��NMOG��5=

!#"%$'&m(+*=/."%4-"%g84-"%/1,'*87|$':<;'&�"%G3GH:<$'&�B1:<$1$'*?4mGH"A/146*?;1�Z*)BC;�25,'>+:<46F?D=*eTWV©§CV � >?$':<$'(+>^B'"%$'&rGH*)(-,."%/1032546*
/146>+(+>+B1*?$@2r&5;14hGutv*\[�0H&626*?$'(+*n*?2hGut ;1$10H(?0326>=B1*+&#&6:<G3;1250H:<$'&hyz"%03p1GH*+&`V�ac:<;'&h4-"%/1/]*?GH:<$'&#GH*+&h,@j�/]:<25,'F+&6*+&h;12503G30H&6>+*+&
&5;14wG3*+&�yU:<$'(?250H:<$'&

M0
*?2
F
V

�@0
d = 2

7CGP"�D=:<p103G30326>
M0

*+&52wB1*k(?GP"<&6&6* C1 *?2�03G *\[�0H&626* M1,M2,M3 > 0
26*?G R@;'*

,@j�/]:<25,'F+&6*)SUT\V©§8§ YQP
M1 ≤M0(c) ≤M2, ∀c ∈ S,

,@j@/]:<25,'F+&-*=SzTWV©§ !ZY�P |DM0(c)| ≤M3, ∀c ∈ S.
�@0
d = 3

71GP"�D=:<p103G30326>r*+&52w(+:<$'&62-"%$@26*k*?2w03Gq*\[C0H&526*
M > 0

26*?G Ri;'*
,@j�/]:<25,'F+&6*)SUTWV©§ �@Y�P

M0 = M.

��$lBC03D=*?$'&50H:<$
3
7�GH*+&£,@j�/]:<25,'F+&6*+&�SUTWV©§8§ Y *?2�SUT\V©§ !ZY &6;SR)&6*?$@2£/]:<;14£/146:<;1�i*?4£Gutv*\[�0H&526*?$'(+*KB1*+&¡&6:<G3;1250H:<$'&|yz"%03p1GH*+&

D)"%0H&w$':<;'&O&5;1/1/]:8&6:<$'&mSUTWV©§ �@Y /]:<;14wD=:<$@2546*?4OGut ;1$10H(?0326>8V
!h*#/1G3;'&`7':<$A&5;1/1/]:8&-*#R@;'* P
T Dl03$':<4-"%250H:<$JB1*

F
P$U *+&52wB1*k(?GP"<&6&6* C2 *?2w�Z>?450x¤.*

,@j�/]:<25,'F+&6*)SUTWV3X �8Y�P
F (c) ≥ 0, ∀c ∈ S,

T (?46:<0H&6&W"%$'(+*#/]:<G3j@$�V<Dl0P"%GH* P 03Gq*\[C0H&526*
B1, B2 > 0

26*?GH&wR@;'*
,@j�/]:<25,'F+&6*)SUT\V3X �ZYQP |F (c)| ≤ B1 |c|p +B2, ∀c ∈ S,,@j�/]:<25,'F+&6*)SUT\V3X`¥ YQP |DF (c)| ≤ B1 |c|p−1 +B2, ∀c ∈ S,,@j�/]:<25,'F+&6*)SUT\V©§ �ZYQP |D2F (c)| ≤ B1 |c|p−2 +B2, ∀c ∈ S,

:<�
p = 6

&50
d = 3

7'*?2
2 ≤ p < +∞ &50

d = 2
7

T Dl03$':<4-"%250H:<$JB1*hGP"nD)"%25450H(+*k,'*+&6&50H*?$1$'*kB1*
F
P 03G *\[�0H&626*

D1 ≥ 0
26*?G R@;'*

,@j�/]:<25,'F+&6*)SUTWV©§CX Y�P (
D2F (c)ξ, ξ

)
≥ −D1 (1 + |c|q) |ξ|2, ∀c ∈ S, ∀ξ ∈ R

3,

:<�
0 ≤ q < 4

&50
d = 3

*?2
0 ≤ q < +∞ &50

d = 2
V

WYX�Z\[ 	^]�� �`_Cacb�dfeLg �\h�i � �jg �h<dfikd%g Zml �\ene [Do �g�d [ h�eqp ��dfr o �\ets
u�vtwyx

Ω z\{}| vt~ � w {����I���,z � w ����� v ��{���| � {$� R
d � �t� �I� d = 2

v z 3
��� {���z��k� v ������z$� � ���Q� v {D| wyxywyv {��SUTWV3X �@Y � SUT\V3X`� Y � x � ���n�k��� vjx �S���L��� SUT\V3X �8Y�� SUTWV©§CX Y ��z�� F � x SUT\V©§8§ Y�� SUTWV©§ �@Y ��z\� M0 � v { x � ��� w � �I��� �� z�� � ��z���� v,wfx c0 ∈ H

1
S(Ω) � w � �I� w � x ��z\{���z�{ w �Lz$��� v � z xyw�v {Y� � w � � � (c,µ) |k� SUT\V3X �ZY ��z�� [0,+∞[� ��� w � � { x � ����� v {D| wfxyw�v {$� � z�� v �N| SUTWV3X`§ Y � x | v { x c0 ��� x �3� | v {�{��>� w { wyxyw �<� � x � � � �3��z��

c ∈ L∞(0,+∞; H1
S(Ω)) ∩ L2

loc(0,+∞; (H3(Ω))3) ∩ C0([0,+∞[; H1
S(Ω)),

SUT6TWV3X Y

µ ∈ L2(0,+∞; (H1(Ω))3).
SzT5T\V©§ Y

 ¡:<;14AB1>?D=:<$@2546*?4�GH*J25,'>+:<46F?D=*87w$':<;'&�"%GxGH:<$'&A;12503G30H&6*?4};1$'*o"%/1/146:`[C03D)"%250H:<$ B1*�#"%GH*?45��03$ *?2A>?2-"%p1G3034
B1*+&A*+&52503D)"%250H:<$'&�B�tv>?$'*?45g80H*8V�Ib*?G3GH*+&�LN(?0k/]*?45D=*?252546:<$@2_B1*�/."<&6&6*?4As¬GP"¬G303Dl0326*�B'"%$'&}GH*+&A>+Ri;."%250H:<$'&�*?2}B'*
/146:<;1�i*?4eGutv*\[�0H&526*?$'(+*JB�t ;1$'*J&6:<G3;1250H:<$�"%;�/146:<p1GHF?D=*�SUTWV3X �ZY V¢a�:<;.&^>?2-"%p1G30H&6&-:<$'&e*?$'&5;10326*JB1*+&e*+&62503D)"%250H:<$'&
&5;1/1/1GH>?D=*?$@2-"%0346*`&�SUB1*#2�j@/]*#46>?g8;1GP"%450326> Y "�¤'$�B1*#D=:<$@2546*?4OGut ;1$10H(?0x2->kB'*?&O&6:<G3;1250H:<$'&`V
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acg �
	 � ���� 	�	�	 [ b�d ���Sg�d [ h l ��� � o � 	��(dfh
ª�$Q03$@2546:@BC;'0x2eGP"Jyu"%Dl03G3GH*

(ϕj)j≥1
B1*}yz:<$'(?250H:<$'&)/146:</146*+&^B'*}Gutv:</]>?4-"%26*?;14 −∆

Sz"`�i*+(A(+:<$'BC03250H:<$'&eB1*
ac*?;1D)"%$1$E&5;14nGH*ep]:<46B Y V¢ª�$�(-,':<0H&5032

ϕ1 = 1
*\2lGH*+&

(ϕj)j≥1
&6:<$@2l:<4525,.:<gZ:<$."%;C[Es_GP"�yz:<0H&lB'"%$'&

L2 *?2
H1 V ª�$oB1>\¤'$1032

Φn =
�i*+(?2

(ϕ1, ..., ϕn)
Gut *+&6/."<(+*l*?$1gZ*?$'BC46>=/."%4#GP"^yu"%Dl03G3GH*

(ϕj)1≤j≤n
V ª�$�$':<26*

PΦn

GH*
/146:��5*+(?26*?;14O:<4526,':<gZ:<$."%G|&5;14

Φn B'"%$'&
L2 Vª�$�(-,'*?46(-,'*k;1$�(+:<;1/1GH*

(cn,µn)
B1>\¤'$10 /]:<;14

i = 1, 2, 3
/."%4

cni =

n∑

`=1

α`
i(t)ϕ

`, µn
i =

n∑

`=1

β`
i (t)ϕ

`

:<�
α`

i

*?2
β`

i

&6:<$@2wB1*+&�yU:<$'(?250H:<$'&OB1*k(?GP"<&6&6* C1 7C26*?G3GH*+&ORi;'* cn(0) = PΦn(c0)
*?2

∀ϕ ∈ Φn,
d

dt
(cni , ϕ) = −

∫

Ω

M0

Σi
∇µn

i · ∇ϕdx, SUT5T\V !ZY

∀ϕ ∈ Φn,

∫

Ω
µn

i ϕdx =

∫

Ω


3

4
εΣi∇cni · ∇ϕ+

4ΣT

ε

∑

j 6=i

(
1

Σj
(∂iF (cn) − ∂jF (cn))

)
ϕ


 dx. SUT5T\V �@Y

{ *c/146:<p1GHF?D=*)SUT6TWV !ZY *+&52K;1$A&5j�&626F?D=*cB�tv>+R@;."%250H:<$'&O"%;C[�B1>?4503�Z>+*+&w:<46BC03$."%0346*+&O:<��GH*+&K03$'(+:<$1$@;'*+&w&-:<$@2KGH*+&
yz:<$'(?250H:<$'&

α`
i

/1;10H&6R@;'*
βj

i

&`tv*\[�/14503D=*�(+:<DlD=*r;1$'*ryU:<$'(?250H:<$J$':<$_G303$'>`"%0346*�B1*
(α`

i)i,`

B'"%$'&nSUT5T\V �@Y V]Ib:<DlD=*
GH*+&OyU:<$.(\2603:<$.&

M0
*?2
DF

&6:<$@2�GH:@(`"%GH*?D=*?$@2hG303/'&6(-,1032��+0H*?$1$'*+&`7�B�t©"%/146F+&cGH*k25,.>?:<4-F\D=*nB1*nIK"%;'(-,@j@LN{�03/'&6(-,1032��Z7
03G *\[C0H&526*#;1$'*#;1$10HR@;'*k&-:<G3;1250H:<$J"%;A/146:<p1GHF?D=*^SzT5T\V !ZY LWSUT5T\V �@Y B'"%$'&w;1$A03$@26*?45�8"%G3GH*kD)"�[C03D)"%G|B1*#26*?Dl/'&

[0, tn]
7

"`�i*+(
tn ∈]0,+∞]

V
Ib:<DlD=*

c0 ∈ S 71:<$_" c01 + c02 + c03 = 1
7'*?2

cn1 (0) + cn2 (0) + cn3 (0) = PΦn1 = 1

(`"%4
ϕ1 *+&52h>?gi"%GH*ls 1

*?2#"%/1/."%45250H*?$@2rs)26:<;'&cGH*+&h*+&5/."<(+*+&#B�t©"%/1/146:`[�03D)"%250H:<$�B1*l#"%GH*?45��03$
Φn V !h*m/1G3;'&`7]GH*&5jC&526F?D=*=SUT6TWV !ZY LWSUT6TWV �@Y *+&52w(+:<$'&52545;1032O/]:<;14�"<&6&5;146*?4ORi;'*h/]:<;'4w26:<;12

t ∈ [0, tn]

3∑

i=1

cni (t) = 1.
SUT6T\V©� Y

 ¡"%4O(+:<$'&->+Ri;'*?$@2`7
cn(t) ∈ S /]:<;14w26:<;12

n
*?2w26:<;12

t ∈ [0, tn[
V

acg �
	 ��� ��� [ h�e ��	��
�Sg�d [ h l � o � � ��e�e �
�9$A;12503G30H&-"%$@2mSUT6TWV !ZY "`�i*+(

ϕ = ϕ1 = 1
7C$':<;'&w2546:<;1�i:<$'&

d

dt
m(cni ) =

1

|Ω|
d

dt

∫

Ω
cni (t) dx =

1

|Ω|
d

dt

∫

Ω
cni (t)ϕ1 dx = − 1

|Ω|

∫

Ω

M0

Σi
∇µi · ∇ϕ1 dx = 0.

� 03$'&50�/]:<;14w26:<;12
t ∈ [0, tn[

7103G���0H*?$@2

m(cni (t)) = m(cni (0)) = m
(
PΦn(c0i )

)
= m

(
c0i
)
.

SUT5T\V©¨ Y
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ϕ = µn
i

B'"%$.&�Gutv>+R@;."%250H:<$�SUT6T\V !ZY *?2
ϕ =

dcni
dt

B'"%$'&wGutv>+R@;."%250H:<$�SUT6TWV �@Y V ª�$A:<p1250H*?$@2O/]:<;14w26:<;12
i ∈ {1, 2, 3} 7 (

dcni
dt
, µn

i

)
= −

∫

Ω

M0

Σi
|∇µn

i |2 dx,
*?2

(
dcni
dt
, µn

i

)
=

∫

Ω

3

4
εΣi∇cni · ∇dcni

dt
dx+

∫

Ω

4ΣT

ε

∑

j 6=i

(
1

Σj
(∂iF (cn) − ∂jF (cn))

)
dcni
dt

dx.

{ :<46&6R@;qtv:<$�&6:<DlD=*#GH*+&w>+R@;."%250H:<$'&O&5;14
i
B1*

1
s

3
*?2O*?$A;12503G30H&-"%$@2wGP"n/146:</1450H>?26> d

dt

3∑

i=1

cni = 0
7103G���0H*?$@2

d

dt

[∫

Ω

3∑

i=1

3

8
εΣi |∇cni |2 dx+

12

ε

∫

Ω
F (cn) dx

]
+

3∑

i=1

∫

Ω

M0

Σi
|∇µn

i |2 dx = 0.
SzT5T\V �8Y

ª�$�46*?D)"%46R@;'*lR@;'*�GH*n26*?45D=*=&6:<;'&hGP"�B1>?4503�Z>+*=*?$�26*?Dl/'&r*+&52hGutv>?$'*?45g80H*l26:<2-"%GH*=BC;o&5jC&526F?D=* F
����	�
�

Σ,ε (cn(t))
V

{ "n/146:</]:8&603250H:<$�T\V©§CV ! *\2wGP"n/146:</1450H>?26>^SUTWV3X8X Y 03Dl/1G30HR@;'*?$@2
3∑

i=1

∫

Ω

M0

Σi
|∇µn

i |2 dx =

3∑

i=1

∫

Ω
M0Σi

∣∣∣∣
∇µn

i

Σi

∣∣∣∣
2

dx ≥ ΣM0

3∑

i=1

1

Σ2
i

|∇µi|2L2 .
SUT5T\V �ZY

��$e/."%45250H(?;1G30H*?4�(+*O26*?45D=*�*+&62�/]:8&503250xy|*?2¢$':<;'&b:<p126*?$':<$'&KB1:<$'(�R@;'*OGutv>?$'*?45g80H*�26:<2-"%GH*cBC;e&5jC&526F?D=*OB1>+(?46:��H2K*?$
26*?Dl/'&`V'!h*h/'Gx;.&`7C$':<;'&w/]:<;1�i:<$'&w(+:<$@264IV<GH*\4OGutv>?$'*?45g80H*ms

t = 0
(+:<DlD=*r&5;1032

∫

Ω

3∑

i=1

3

8
εΣi|∇cni (0)|2 dx+

12

ε

∫

Ω
F (cn(0)) dx ≤

3∑

i=1

3

8
ε|Σi|

∣∣∇c0i
∣∣2
L2 +

12

ε

(
B1|cn(0)|pLp +B2|Ω|

)

≤ K1 +K2

3∑

i=1

∣∣PΦnc0i
∣∣p
H1 ≤ K1 +K2

∣∣c0
∣∣p
H1 ,

(`"%4
1 ≤ p < +∞ /]:<;14

d = 2
B'"%$'&rSUT\V3X �ZY *?2

p = 6
/]:<;14

d = 3
V.ª�$A/]:8&6*

k1 = K1 +K2

∣∣c0
∣∣p
H1 .

SUT5T\V©¥ Y
ac:<;'&n"`�i:<$'&�B1:<$'(�:<p126*?$@;¬;1$'*^p]:<45$'*e/]:<;14�Gutv>?$'*?45g80H*e26:<2-"%GH* F

����	�
��

Σ,ε (cn(t))
Ri;10¢$'*eB1>?/]*?$'B¬$10KB1*

t$10cB1*
n
V¢ ¡"%4e(+:<$'&6>+R@;'*?$@2`7b*?$Q;12503G30H&-"%$�2^GP"o/146:</]:8&503250H:<$ T\V©§CV ! SU*?2�SUT6TWV©� Y5Y *?2)Gut ,@j�/]:<25,'F+&6*~SUTWV3X �8Y 79$':<;'&

2546:<;1�i:<$'&cRi;'*rGP"=&-*?Dl0 Lu$.:<45D=*
H1(Ω)

B1*
cn(t)

*+&52�(+:<$@254IV<GH>+*m/."%4�Gutv>?$'*?45g80H*m26:<2-"%GH*8V � 03$'&60 g84��<(+*�s_SUT5T\V©¨ Y 7
$':<;'&O:<p126*?$':<$'&OR@;'*hGH*#26*?Dl/'&OB�tv*\[�0H&626*?$'(+*kBC;A/146:<p1GHF?D=*m"%/1/146:@(-,'>r*+&52

tn = +∞ *?2�"%;'&6&50

|cn|L∞(0,∞;H1) ≤ Ck1.
SUT5T\V3X �ZY

ª�$�B1>+BC;1032OB1*#Gutv*+&52503D)"%250H:<$¬SUT6T\V �8Y 7'*?$};12503G30H&-"%$�2mSUT6TWV �ZY 71R@;'*

|∇µn|L2(0,∞;L2) ≤ Ck1.
SUT5T\V3X8X Y

 £:<;14K/]:<;1�i:<034�*?$'&5;10326*h"%/1/1G30HR@;'*?4KGut 03$'>?gi"%G30326>#B1*c £:<03$'(`"%46>871:<$}"rp]*+&6:<03$}B�t ;1$'*c*+&62503D)"%250H:<$}&5;14
m(µi)

V���$
yu"%032`7C03G *\[�0H&526*#;1$'*#(+:<$'&62-"%$@26*

K
03$'B1>?/]*?$'B'"%$@26*mB1*

t
*?2wB1*

n
26*?G3GH*kRi;'*

|m(µn
i )|≤ K, ∀i ∈ {1, 2, 3}. SUT5T\V3X`§ Y

� �



�������$�(���(�������D�c��! S#��f��	��&('�)$	*�! ��(&(�f'��
	�������n� � � ��	��%�<&(���>���f- � ��

��$�*���*?2`71$':<;'&O"`�i:<$'&

m(µn
i ) =

(
µn

i , ϕ
1
)

=
3

4
εΣi

(
−∆cni , ϕ

1
)

+


4ΣT

ε

∑

j 6=i

(
1

Σj
(∂iF (cn) − ∂jF (cn))

)
, ϕ1




=

∫

Ω

4ΣT

ε

∑

j 6=i

(
1

Σj
(∂iF (cn) − ∂jF (cn))

)
dx,

g84��<(+*rsnGP"n(+:<$'BC03250H:<$_B1*kac*?;1D)"%$1$ ∇cni · n = 0
&5;14

Γ
V'��$A;12503G30H&-"%$@2mSUT\V3X`¥ Y 7C03G���0H*?$@2

|m(µn
i )| ≤ 4 |ΣT |

ε

∫

Ω

∑

j 6=i

(
1

|Σj|
(|∂iF (cn)| + |∂jF (cn)|)

)
dx

≤ K

(∫

Ω
B1 |cn|p−1 dx+B2 |Ω|

)
≤ K

(
1 + |cn|p−1

H1

)
,

(`"%4
1 ≤ p < +∞ &60

d = 2
*?2
p = 6

&50
d = 3

V !�t©"%/14-F?&cGH*+&c*+&52503D)"%250H:<$'&lSUT5T\V �8Y *?2nSUT6TWV3X �ZY 7.:<$J*?$JB1>+BC;1032
SUT6TWV3X`§ Y V U 03$."%GH*?D=*?$@2`7¢*?$f(+:<Dmp103$."%$@2�SUT6TWV3X8X Y *?2_SUT6T\VxX`§ Y *?2)*?$Q;12503G30H&-"%$@2^Gut 03$'>?gi"%G30326>_B1*� £:<03$'(`"%46>87�$':<;'&
:<p126*?$':<$'&

|µn|L2(0,tf ;H1) ≤ K(1 + tf ), ∀tf > 0.
SUT6T\V3X !ZY

 ¡:<;14 /]:<;1�i:<034£"%/1/1G30HR@;'*?4|GH*925,'>+:<46F?D=*¢B1*�(+:<Dl/."<(?0326>¢B�t � ;1p103$CLN{�0H:<$'&�L��@03D):<$q7�$':<;'&£"`�i:<$'&qp]*+&-:<03$mB�t ;1$'*
*+&52503D)"%250H:<$�/]:<;14 ∂cn

∂t

B'"%$'&wGutv*+&5/."<(+*
L2(0, tf ; (H−1(Ω))3)

V1!h*hGutv>+R@;."%250H:<$¬SUT5T\V !ZY 71:<$�B1>+BC;1032OR@;'*
∣∣∣∣∣

∫ tf

0

〈
∂cni
∂t

, ϕ

〉

H−1,H1
0

dt

∣∣∣∣∣ =
∣∣∣∣
∫ tf

0

∫

Ω

M0

Σi
∇µn

i · ∇PΦnϕdx dt

∣∣∣∣ =
∣∣∣∣
∫ tf

0

∫

Ω

M0

Σi
∇µn

i · ∇ϕdx dt
∣∣∣∣

≤ K|∇µn
i |L2(0,tf ;L2)|∇ϕ|L2(0,tf ;L2) ≤ K|∇ϕ|L2(0,tf ;L2), ∀i ∈ {1, 2, 3},

/]:<;14w26:<;12
ϕ ∈ L2(0, tf ; H1

0(Ω))
71g84��<(+*rs�Gutv*+&52503D)"%250H:<$¬SUT6T\V3X8X Y V � 03$'&50q:<$_"

∣∣∣∣
∂cn

∂t

∣∣∣∣
L2(0,tf ;H−1)

≤ K.
SUT6T\V3X �@Y

acg �
	 � � � � �$e�e � � ��� o � o d �)d%g � l ��h�e o �\e Z ����Sg�d [ h�e�SUT5T\V !ZY �kg�SUT6T\V �@Y
h4��<(+*e"%;C[�*+&52503D)"%250H:<$'&ASUT5T\V3X �ZY 7bSUT6TWV3X !ZY *?2}SUT5T\V3X �@Y 7|:<$¬/]*?;12�*\[C254-"%0346*eB1*+&�&6:<;'&5LN&5;10326*+&�B1*

(cn)n
*?2

(µn)n
S¦$':<26>+*+&O*?$'(+:<46*

(cn)n
*?2

(µn)n
Y R@;10q&-"%250H&�yz:<$@2

cn ⇀ c
B'"%$'&

L∞(0,∞, (H1(Ω))3)
yz"%03p1GH*\L ∗,

∂cn

∂t
⇀

∂c

∂t

B'"%$'&
L2

loc(0,∞, (H−1(Ω))3)
yz"%03p1GH*

,

µn ⇀ µ
B'"%$'&

L2
loc(0,∞, (H1(Ω))3)

yu"%03p1GH*
.

!nt©"%/146F+&�GH*h25,'>+:<46F?D=*kB1*#(+:<Dl/."<(?0326>kBqt � ;1p103$CLN{�0H:<$'&5L��@03D=:<$_*?2�GH*+&�*+&62503D)"%250H:<$'&rSUT6T\V3X �ZY *?2rSUT5T\V3X �@Y 7C:<$
/]*?;12O*\[C254-"%0346*#;1$'*k&6:<;'&�LN&6;10326*

cn → c
B'"%$'& C0([0, tf ], (Lp(Ω))3)

yz:<452
, ∀tf > 0,

:<�
p < +∞ &50

d = 2
*?2
p < 6

&50
d = 3

V.!h*k/1G3;'&`7
cn(0)

(+:<$@�i*?45gZ*kyU:<4526*?D=*?$@2��i*?46&
c(0)

B'"%$'&
(L2(Ω))3*?2A"%03$'&50

c(0) = c0 (`"%4
PΦn

(+:<$@�i*?45gZ*J�Z*?46&eGut 0HB1*?$@250326>�/]:<;14�GP"�26:</]:<GH:<g80H*Jyz:<4526*JB1*+&}:</]>?4-"%26*?;146&`V���$
/."%45250H(?;1G30H*?4`7':<$A"rGP"�(+:<$@�i*?45gZ*?$'(+*cyz:<4526*cB'"%$'&

L2(0, tf ; Lp(Ω))
*?2�B�t©"%/146F+&�GP"r4->?(?03/146:@R@;'*#BC;�25,'>+:<46F?D=*#B1*

{q*?p]*+&6g8;'*
cn (+:<$@�Z*?45gZ*k/146*+&6Ri;'*#/."%4526:<;12O�Z*?46&

c
S¦D=:@BC;1GH:=;1$'*k&6:<;'&�LN&5;10326* Y V

�8¥
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�J:<$@2546:<$'&¢R@;'*�GH*+&�G303Dl0326*+&
c
*?2

µ
�Z>?450x¤.*?$@2¢GH*w/146:<p1GHF?D=*�SUTWV3X�� Y VZ ¡:<;14¢(+*?GP"C7@:<$)(+:<$'&60HB1F?46*

τ ∈ D(R+∗)*?2
N ≥ 1

V£ £:<;14�2-:<;12
n ≥ N

7
cn 7|*?2 µn �i>?450x¤.*?$@2}SUT6T\V !ZY *?2}SUT5T\V �@Y "`�i*+(

ϕ = ϕN V¡ª�$¬D�;1G32503/1G303*}(+*+&
>+R@;."%250H:<$'&�/."%4

τ(t)
*?2¢:<$^0x$�26F?g846*O/."%4�4-"%/1/]:<452K"%;)26*?Dl/'&`V@{q*+&¢(+:<$@�i*?45gZ*?$'(+*+&�yu"%03p1GH*+&¢>?2-"%p1G30H*+&�/]*?45D=*?252-*\$�2

B1*¢/."<&6&6*?4¡sOGP"wG303Dl0326*KB'"%$'&£(-,."<(?;1$lB1*+&|26*?45D=*+&£G303$'>`"%0346*+&`V< £:<;14¡GH*�26*?45D=*¢$':<$�G303$'>`"%0346*KB1*�Gutv>+R@;."%250H:<$ASUT5T\V �@Y 7
:<$�;12503G30H&6*^"%GH:<46&rGut ,@j�/]:<25,'F+&6*_SUT\V3X �ZY 7�GP"A(+:<$@�Z*?45gZ*?$'(+*^/146*+&6Ri;'*=/."%4526:<;12�*?2rGH*l25,'>+:<46F?D=*eB1*=(+:<$@�i*?45gZ*?$'(+*
B1:<Dl03$'>+*8V�{q*+&h>+R@;."%250H:<$'&cG303Dl0326*+&#>?2-"%$@2h&W"%250H&�yz"%0326*+&c/]:<;14h26:<;12

N
*?2c/]:<;14h26:<;12

τ ∈ D(R+∗)
7 GP"^B1*?$'&50326>

B1*
(Φn)n

B'"%$'&
H1(Ω)

$':<;'&�/]*?45D=*?2�B1*k(+:<$'(?G3;146*rRi;'*
(c,µ)

�Z>?450x¤.*?$@2OGH*h/146:<p1GHF?D=*^SUT\V3X�� Y V

acg �
	���� � aQeLg�d��
	Sg�d [ h�e l 	�h�e
L4(0, tf ; H2(Ω))

�jg l 	�h�e
L2(0, tf ; H3(Ω))

��:<032
(c,µ)

GP"A&6:<G3;1250H:<$oyu"%03p1GH*)B1*�SUT\V3X�� Y :<p126*?$@;'*)/146>+(+>+B1*?DlD=*?$@2�V|ac:<;'&m"`�Z:<$.&rB1> �5s}D=:<$@2546>)R@;'*
c"%/1/."%45250H*?$@2Os

L∞(0,+∞, (H1(Ω))3)
*?2KR@;'* ∇µ

"%/1/."%45250H*?$@2Os
L2(0,+∞, (L2(Ω))9)

V��J"%03$@26*?$."%$�2`7�$':<;'&
"`�i:<$'&Kp]*+&6:<03$AB1*h/1G3;'&wB1*h46>?g8;1GP"%450326>k&5;14�GP"�&-:<G3;1250H:<$

c
/]:<;14wB1>?D=:<$@2546*?4OGut ;1$10H(?0326>kB'"%$'&�Gutv>?2-"%/]*#&6;103�<"%$@26*8V

1/
�|:<;12�B�t©"%p]:<46B�7'$':<;'&�(-,'*?46(-,':<$'&�;1$'*k*+&62503D)"%250H:<$�/]:<;14

∆c
B'"%$'&

(L2(Ω))3
V' £:<;14c(?*?GP"C7.:<$_(-,':<0H&5032

ϕ = −∆cni
B'"%$'&wGutv>+R@;."%250H:<$�SUT6T\V �@Y /]:<;14

i ∈ {1, 2, 3} 7

(∇µi,∇ci) =
3

4
εΣi|∆ci|2L2 −

4ΣT

ε

∫

Ω

∑

j 6=i

(
1

Σj

(
∂iF (c) − ∂jF (c)

))
∆ci dx.

��$�&-:<DlD)"%$@2wGH*+&w>+R@;."%250H:<$'&O&5;14
i
*?2O*?$}46*?D)"%46R@;."%$@2�R@;'* 3∑

i=1

∆ci = 0
g84 �<(?*ms}SUT6TWV©� Y 7':<$A:<p1250H*?$@2

3∑

i=1

(∇µi,∇ci) =
3∑

i=1

3

4
εΣi|∆ci|2L2 −

12

ε

3∑

i=1

∫

Ω
∂iF (c)∆ci dx

=
3∑

i=1

3

4
εΣi|∆ci|2L2 +

12

ε

3∑

i=1

∫

Ω
∇∂iF (c) · ∇ci dx.

SUT5T\V3X`� Y

c4��<(+*rsnGut ,@j@/]:<25,'F+&6*^SUTWV©§CX Y *?2�s�GP"n/146:</1450H>?26>rB1*#(+:<$'&-*?45�<"%250H:<$_B1*hGP"nD)"<&6&6*87':<$}/]*?;12O>+(?450346*
∫

Ω

3∑

i=1

∇∂iF (c) · ∇ci dx =
3∑

i=1

3∑

j=1

d∑

k=1

∫

Ω
∂i∂jF (c)

∂cj
∂xk

∂ci
∂xk

dx

=
d∑

k=1

∫

Ω

(
D2F (c) · ∂c

∂xk
,
∂c

∂xk

)
dx

≥ −D1

d∑

k=1

∫

Ω
(1 + |c|q)

∣∣∣∣
∂c

∂xk

∣∣∣∣
2

dx ≥ −K
∫

Ω
(1 + |c −m(c)|q)|∇c|2 dx.

��$A;12503G30H&W"%$@2wGP"�/'46:</]:8&503250H:<$_TWV©§CV ! *?2�Gutv>+R@;."%250H:<$¬SUT5T\V3X`� Y 7C03Gq�@0H*?$@2

εΣ|∆c|2L2 ≤
3∑

i=1

εΣi|∆cni |2L2 ≤ K

ε

∫

Ω
(1 + |c −m(c)|q)|∇c|2 dx+K|∇µ|L2 |∇c|L2 .

SUT5T\V3X`¨ Y

• �@0
d = 2

71:<$A;12503G30H&6*
∫

Ω
|c −m(c)|q|∇c|2 dx ≤ |c −m(c)|q∞|∇c|2L2 .

¨��
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!nt©"%/146F+&=Gut ,@j�/]:<25,'F+&6*�SUT\V©§CX Y 7
q < +∞ B1:<$'(}03Gw*\[C0H&526*

δ > 0
26*?GwR@;'*

qδ < 2
*?2

H1+δ ⊂ L∞ V
!h*n/1G3;'&`7]Gut 03$@26*?45/]:<GP"%250P:<$

H1+δ = [H2,H1]1−δ

*\2#GH*+&h/14-:</1450H>?26>+&kB1*n46>?g8;1GP"%450326>=B1*nGutv:</]>?4-"%26*?;14rB'*
{ "%/'GH"<(+*m*\$�254-"��H$'*?$@2

|c −m(c)|q∞|∇c|2L2 ≤ |c −m(c)|q
H1+δ |∇c|2L2 ≤ K|∆c|qδ

L2 |∇c|q(1−δ)+2
L2 .

Ib:<DlD=*cGP"k/1;'03&-&-"%$'(+*cB1* |∆c|L2

*+&52¢03$Cyz>?450H*?;146*#s
2
/]:<;'4b26:<;12

q < +∞ 7@*?$}"%/1/1G30HR@;."%$@2bGut 03$'>?gi"%G30326>
B1*��¢:<;1$1g=B'"%$'&mSUT6TWV3X`¨ Y 7':<$A:<p1250H*?$@2

|∆c|2L2 ≤ K

(
1 + |∇c|

2
2−qδ

(q(1−δ)+2)

L2

)
|∇c|2L2 + |∇µ|L2 |∇c|L2 .

SUT5T\V3X �8Y

• �@0
d = 3

7q*?$�;12503G30H&-"%$@2mGH"}46>?g8;1GP"%450326>^*?G3G303/1250HR@;'*^BC;�{ "%/1GP"<(?0H*?$¬*?2rGH*+&k03$'>?gi"%G30326>+&�B�t � g8D=:<$�*?2mB1*
 £:<03$'(`"%46>87 :<$�"

∫

Ω
|c −m(c)|q|∇c|2 dx ≤ |c −m(c)|qL∞ |∇c|2L2 ≤ K|∆c|

q
2

L2 |∇c|
q
2
+2

L2 .

Ib:<DlD=*
q < 4

B'"%$'&�Gut ,@j@/]:<25,'F+&-*kSUTWV©§CX Y B'"%$'&�GH*K(`"<&¡25450HBC03D=*?$'&60H:<$1$'*?Gu78GP"c/1;10H&6&-"%$'(+*�B1* |∆c|L2

B'"%$'&
Gut 03$'>?gi"%G30326>^/146>+(+>+B1*?$@26*^*+&52m&525450H(?26*?D=*?$@2m03$Cyz>?450H*\;'46*^s

2
V � 03$'&60u7q*?$�;12503G30H&-"%$@2rGut 03$'>?gi"%G30326>eB1*���:<;1$1g

B'"%$'&mSUT6TWV3X`¨ Y 7103G���0H*?$@2

|∆c|2L2 ≤ K

(
1 + |∇c|

2
“

4+q
4−q

”

L2

)
|∇c|2L2 + |∇µ|L2 |∇c|L2 .

SUT5T\V3X �ZY

U 03$."%GH*?D=*?$@2`7</1;10H&6Ri;'*
c ∈ L∞(0,+∞, (H1(Ω))3)

*?2 ∇µ ∈ L2(0,+∞, (L2(Ω))9)
7�GH*+&£D=*?Dmp146*+&�B1*bBC46:<0326*

B1*+&O*+&52503D)"%250H:<$'&mSUT6TWV3X �8Y 7qSUT6TWV3X �ZY "%/'/."%45250H*?$1$'*?$@2hs
L2

loc(]0,+∞[)
V1T�Gq&`tv*?$'&5;1032

|c|L4(0,tf ;H2) ≤ K(tf ), ∀0 ≤ tf < +∞.
SUT6T\V3X`¥ Y

��$A/."%45250H(?;1G30H*?4`7
|c|L2(0,tf ;H2) ≤ k2(tf ), ∀0 ≤ tf < +∞:<�

k2
*+&52wB1>\¤'$10 /."%4

k2 = C(tf )k1.
SUT5T\V©§�� Y

2/
�J"%03$@26*?$."%$@2`71D=:<$@2546:<$'&ORi;'*

c
"%/1/."%45250H*?$@2�s

L2(0, tf ; (H3(Ω))3)
7CR@;'*?G�Ri;'*#&6:<032

tf > 0
VC��$A*���*?2`7

/146*?$':<$'&OGH*hg84-"<BC0H*?$@2�B1*#GP"nB1>\¤'$103250H:<$_BC;A/]:<26*?$@250H*?G|(-,103Dl0HR@;'*
µi

3

4
εΣi∇∆ci = ∇µi −∇


4ΣT

ε

∑

j 6=i

[
1

Σj

(
∂iF (c) − ∂jF (c)

)]

 .

� 03$'&50u71:<$_"

ε2
3∑

i=1

Σ2
i |∇∆ci|2L2 ≤ K|∇µ|2L2 +K

3∑

i=1

|∇∂iF (c)|2L2 .
SUT5T\V©§CX Y

• �@0
d = 2

7Cg84��<(+*rsnGut ,@j@/]:<25,'F+&-*)SUT\Vv§�� Y 71:<$_"
3∑

i=1

|∇∂iF (c)|2L2 ≤
3∑

i,j=1

|∂i∂jF (c)∇c|2L2 ≤ K

∫

Ω
(1+ |c|p−2)2 |∇c|2 dx

≤ K
(
|∇c|2L2 +

∣∣∣|c|2(p−2)
∣∣∣
L

3
2

∣∣∣|∇c|2
∣∣∣
L3

)

≤ K
(
|∇c|2L2 + |c|2(p−2)

L3(p−2) |∇c|2L6

)
.

¨CX
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	��

Ib:<DlD=*
2 ≤ p < +∞ B'"%$'&|Gut ,�j@/]:<25,'F+&6*cSUT\V©§�� Y 7`:<$m;12503G30H&6*9Gut 03$ �5*+(?250H:<$�B1*K��:<p]:<GH*?�kB1*

H1 ⊂ L3(p−2) V ¡"%4�(+:<$'&6>+Ri;'*?$@2�7103G���0H*?$@2
3∑

i=1

|∇∂iF (c)|2L2 ≤ K
(
|∇c|2L2 + |c|2(p−2)

H1 |∇c|2H1

)

≤ K
(
|∇c|2L2 + |∇c|2(p−2)

L2 |∆c|2L2

)
.

SUT5T\V©§8§ Y

� 03$'&50�SUT6TWV©§CX Y *?2rSUT6TWV©§8§ Y *?$@254-"��H$'*?$@2

ε2
3∑

i=1

Σ2
i |∇∆ci|2L2 ≤ K|∇µ|2L2 +K

(
|∇c|2L2 + |∇c|2(p−2)

L2 |∆c|2L2

)
.

SUT5T\V©§ !ZY

• �@0
d = 3

71:<$A;12503G30H&6*#Gut ,@j@/]:<25,'F+&-*)SUT\V©§�� Y "`�i*+(
p = 6

*?2wGut 03$'>?gi"%G30326>rB�t � g8D=:<$�&5;103�8"%$@26*

|∇c|∞ ≤ K|∆c|
1
2

L2 |∇∆c|
1
2

L2 ,

/]:<;14O:<p126*?$1034
3∑

i=1

|∇∂iF (c)|2L2 ≤ K

∫

Ω
(1+ |c|p−2)2 |∇c|2 dx ≤ K|∇c|2∞

(
1 + |c|2(p−2)

L2(p−2)

)

≤ K|∆c|L2 |∇∆c|L2

(
1 + |c|2(p−2)

L2(p−2)

)
= K|∆c|L2 |∇∆c|L2

(
1 + |c|8L8

)
.

c4 �<(?*rsnGut 03$ ��*+(?250H:<$
H

9
8 ⊂ L8 *?2�s�GP"n/146:</1450H>?26>rB�t 03$@26*?45/]:<GP"%250H:8$ H

9
8 = [H2,H1] 7

8

71:<$�:<p1250H*?$@2

3∑

i=1

|∇∂iF (c)|2L2 ≤ K|∆c|L2 |∇∆c|L2

(
1 + |c|7H1 |c|H2

)

≤ ε2

2

3∑

i=1

Σ2
i |∇∆ci|2L2 +K|c|2H2

(
1 + |c|14H1 |c|2H2

)
.

SUT5T\V©§ �@Y

 ¡"%4�(+:<$'&6>+Ri;'*?$@2�7 SUT5T\V©§CX Y *?2mSUT6TWV©§ �@Y 03Dl/1G30HR@;'*?$@2

ε2

2

3∑

i=1

Σ2
i |∇∆ci|2L2 ≤ K|∇µ|2L2 +K|∆c|2L2

(
1 + |c|14H1 |∆c|2L2

)
.

SUT5T\V©§8� Y

ª�$J46*?D)"%46Ri;'*�R@;'*mB'"%$'&nSUT5T\V©§ !ZY /]:<;14�GH*m(`"<&h§<! *?2nSUT5T\V©§8� Y /]:<;14�GH*m(`"<& ! !n7.GP"=/1;10H&6&-"%$'(+*�BC;_26*?45D=*
|∆c|L2

*+&52b03$Cyz>?450H*?;146*#:<;�>?gi"%GH*ks
4
V � 03$'&60u7�*?$�;12503G303&W"%$@2KGH*+&K*+&62503D)"%250H:<$'&kSUT6TWV3X�� Y 7�SUT6TWV3X !ZY 7�SUT5T\V3X`¥ Y 7@03G��@0H*?$@2

|c|L2(0,tf ;H3) ≤ K(tf ), ∀0 ≤ tf < +∞.
SUT6T\V©§8¨ Y

a�g�	
	�� � ��� h�dfikd%g Zml �kene [Do�� g�d [ h�eqp 	�d%r o �ke
1/

ª�$�&5;1/1/]:8&6*#R@;qt 03Gq*\[�0H&526*#B1*?;C[}&6:<G3;1250H:<$'&Kyu"%03p1GH*+&
(ci, µi)

*?2
(di, νi)

/]:<;14
i = 1, 2, 3

"%;}/14-:<p1GHF\D=*
SUT\V3X�� Y "`�i*+(�GP"eD��?D=*lB1:<$1$'>+*n03$103250P"%GH*8Vq��$�$':<2-"%$@2

c = (c1, c2, c3)
*?2

d = (d1, d2, d3)
7�:<$�"^/]:<;14#26:<;12

ϕ ∈ H1
n

7
(
∂

∂t
(ci − di), ϕ

)
= − 1

Σi

∫

Ω

(
M0(c)∇µi −M0(d)∇νi

)
· ∇ϕdx. SUT6T\V©§ �8Y

¨8§



�������$�(���(�������D�c��! S#��f��	��&('�)$	*�! ��(&(�f'��
	�������n� ��� ��	��%�<&(���>���f-��\��

 �46*?$':<$'&
ϕ = εΣi(ci − di)

(+:<DlD=*#yU:<$'(?250H:<$�26*+&52w*?2O&6:<DlD=:<$'&wGH*+&w>+R@;."%250H:<$'&O&5;14
i
7C03Gq�@0H*?$@2�"%GH:<46&

d

dt

(
3∑

i=1

εΣi

2
|ci − di|2L2

)

= −ε
3∑

i=1

∫

Ω

(
M0(c)∇µi −M0(d)∇νi

)
· ∇(ci − di) dx

= −ε
3∑

i=1

∫

Ω
M0(d)∇(µi − νi) · ∇(ci − di) dx− ε

3∑

i=1

∫

Ω

(
M0(c) −M0(d)

)
∇µi · ∇(ci − di) dx

= ε
3∑

i=1

∫

Ω
M0(d)(µi − νi)∆(ci − di) dx

︸ ︷︷ ︸
U1

+ε
3∑

i=1

∫

Ω
(µi − νi)∇M0(d) · ∇(ci − di) dx

︸ ︷︷ ︸
U2

−ε
3∑

i=1

∫

Ω

(
M0(c) −M0(d)

)
∇µi · ∇(ci − di) dx.

︸ ︷︷ ︸
U3 SUT5T\V©§ �ZY

!#"%$'&#GH*n(`"<&kB1*�GP"�BC03D=*?$'&50H:<$ ! 7�&6*?;1G�GH*�26*?45D=*
U1

&-*?4-"^254-"%0326>n/1;10H&6R@;qtv:<$o&5;1/1/]:8&6*lR@;'*�GP"^D=:<p103G30326>
*+&52w(+:<$'&62-"%$@26*)S¦GH*+&w26*?45D=*+&

U2
*?2
U3

&-:<$@2wB1:<$'(#$@;1GH& Y V
2/

�9&52503D)"%250H:<$_B1*
U1

P
�9$e;12503G30H&-"%$@2K26:<;12KB�t©"%p]:<46BeGH*+&bB1>\¤'$103250H:<$'&�B1*

µi
*?2KB1*

νi
*\2K*?$e46*?D)"%46R@;."%$@2�Ri;'* 3∑

i=1

∆(ci − di) = 0
7

:<$_"

U1 = −3

4
ε2

3∑

i=1

∫

Ω
M0(d)Σi|∆(ci − di)|2 dx+ 12

3∑

i=1

∫

Ω
M0(d)

(
∂iF (c) − ∂iF (d)

)
∆(ci − di) dx.

!nt©"%/146F+&�GH*+&�,@j�/]:<25,'F+&6*+&nSUT\V©§�� Y 7£SUT\V©§8§ Y *?2nSUTWV©§ �@Y *?2c*?$_;'2503Gx0H&W"%$@2�Gut 03$'>?gi"%G30326>nB1* �¢:<;1$1ge*?2�GP"=/146:</]:8&503250H:<$
T\V©§CV ! 7C03Gq�@0H*?$@2

U1 +KΣε2
3∑

i=1

|∆(ci − di)|2L2 ≤ K
3∑

i=1

∫

Ω
|∂iF (c) − ∂iF (d)|2 dx

≤ K

∫

Ω

(
1+ |c|2(p−2) + |d|2(p−2)

)
|c − d|2 dx ≤ K

(
1 + |c|2(p−2)

L2(p−2) + |d|2(p−2)

L2(p−2)

)
|c − d|2L∞ .

• !h"%$'&wGH*#(`"<&OB1*#GP"nBC03D=*?$'&50H:<$
2
7':<$};12503G30H&6*#;1$'*hyz:<0H&wB1*h/1G3;'&wGut 03$'>?gi"%G30326>rB1*��¢:<;1$1g=*?2wGP"n46*?GH"%2603:<$

|c − d|2∞ ≤ K|c − d|L2 |∆(c − d)|L2 ,

/]:<;14�"`�i:<034

U1 +
1

2
KΣε2|∆(c − d)|2L2 ≤ K

(
1 + |c|4(p−2)

L2(p−2) + |d|4(p−2)

L2(p−2)

)
|c − d|2L2 .

¨ !



���������
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	��

Ib:<DlD=*
2 < p < +∞ B'"%$'&wGut ,@j@/]:<25,'F+&6*^SUTWV©§�� Y 7

H1 &`t 03$ �5*+(?26*kB'"%$'& L2(p−2) *?2K¤'$."%GH*?D=*?$@2c:<$�"

U1 +
1

2
KΣε2|∆(c − d)|2L2 ≤ K1

(
1 + |c|4(p−2)

H1 + |d|4(p−2)
H1

)
|c − d|2L2 .

SUT5T\V©§8¥ Y

• !h"%$'&wGH*#(`"<&OB1*#GP"nBC03D=*?$'&50H:<$
3
71GH*+&�03$'>?gi"%G30326>+&�B�t � g8D=:<$_*?2wB1*��¢:<;1$1gl03Dl/1G30HR@;'*?$@2

U1 +
1

2
KΣε2|∆(c − d)|2L2 ≤ K1

(
1 + |c|8(p−2)

L2(p−2) + |d|8(p−2)

L2(p−2)

)
|c − d|2L2

= K1

(
1 + |c|32L8 + |d|32L8

)
|c − d|2L2 ,

(`"%4e:<$ &5;1/1/]:8&6*
p = 6

B'"%$'&�SUT\V©§�� Y R@;."%$'B
d = 3

V�{�t 03$ ��*+(?250H:<$�B1*
H

9
8 ⊂ L8 *?2^GP"o/146:</1450H>?26>

B�t 03$@26*?45/]:<GP"%250P:<$
H

9
8 = [H3,H1] 15

16

*?$@254-"��H$'*?$@2

|c|32L8 ≤ K|c|30H1 |c|2H3 .

U 03$."%GH*?D=*?$@2`7'03G &5;1032wR@;'*

U1 +
1

2
KΣε2|∆(c − d)|2L2 ≤ K1

(
1 + |c|30H1 |c|2H3 + |d|30H1 |d|2H3

)
|c − d|2L2 .

SUT5T\V ! � Y

3/
�9&52503D)"%250H:<$_B1*

U2
B'"%$'&�GH*k(`"<&w:<�

d = 2
P

!nt©"%/146F+&wGut ,@j�/]:<25,'F+&6*^SUTWV©§ !ZY &5;14�GP"nD=:<p103G30326>87.:<$}/]*?;12�>+(\460x4-*

|U2| ≤M3ε

3∑

i=1

∫

Ω
|∇d||µi − νi||∇(ci − di)| dx.

��$A;12503G30H&W"%$@2wGH*+&wB1>\¤'$103250H:<$'&�B1*
µi

*\2
νi
*?2O*\$A$':<2-"%$@2�Ri;'* 3∑

i=1

∇(ci − di) = 0
7C03Gq�@0H*?$@2

|U2| ≤
3

4
M3ε

2
3∑

i=1

|Σi|
∫

Ω
|∇d||∆(ci − di)||∇(ci − di)| dx

︸ ︷︷ ︸
U

′

2

+ 12M3

3∑

i=1

∫

Ω
|∇d||∂iF (c) − ∂iF (d)||∇(ci − di)| dx

︸ ︷︷ ︸
U

′′

2

.
SUT5T\V ! X Y

 ¡:<;14�*+&52503D=*?4�G3*)26*?45D=*
U ′

2

7|:<$�;12503G30H&6*)Gut 03$@26*?45/]:<GP"%250P:<$
H1 = [H2,L2] 1

2

*?2rGut 03$'>?gi"%G30326>eB�t � g8D=:<$¬*?$
BC03D=*?$'&50H:<$

2
V � 03$'&60q:<$�"

∣∣U ′
2

∣∣ ≤ Kε2|∇d|∞|∆(c − d)|L2 |∇(c − d)|L2

≤ Kε2|∇d|
1
2

L2 |∆∇d|
1
2

L2 |∆(c − d)|
3
2

L2 |c − d|
1
2

L2

≤ KΣε2

8
|∆(c − d)|2L2 +K2|∇d|2L2 |∆∇d|2L2 |c − d|2L2 .

SUT5T\V ! § Y

¨ �
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	�������n� ��� ��	��%�<&(���>���f-��\��

!h*�GP"mD��?D=*cD)"%$10HF?46*871:<$}*?&62503D=*cGH*�26*?45D=*
U

′′

2

7C*?$e;12503G30H&-"%$@2w*?$e/1G3;'&KGut ,@j@/]:<25,'F+&-*lSUTWV©§�� Y &5;14bGH*+&�B1>?4503�Z>+*+&
&6*+(+:<$'B1*+&OB1*

F

∣∣∣U ′′

2

∣∣∣ ≤ K

∫

Ω
|∇d|

(
1 + |c|p−2 + |d|p−2

)
|c − d||∇(ci − di)| dx

≤ K|∇d|L4

(
1 + |c|p−2

L4(p−2) + |d|p−2

L4(p−2)

)
|c − d|∞|∇(c − d)|L2

≤ K|∇d|L4

(
1 + |c|p−2

L4(p−2) + |d|p−2

L4(p−2)

)
|c − d|

1
2

L2 |∆(c − d)|
1
2

L2 |c − d|
1
2

L2 |∆(c − d)|
1
2

L2

≤ K|∇d|L4

(
1 + |c|p−2

L4(p−2) + |d|p−2

L4(p−2)

)
|c − d|L2 |∆(c − d)|L2

≤ KΣε2

8
|∆(c − d)|2L2 +K|∇d|2L4

(
1 + |c|2(p−2)

L4(p−2) + |d|2(p−2)

L4(p−2)

)
|c − d|2L2 .

Ib:<DlD=*
2 < p < +∞ B'"%$'&�Gut ,@j�/]:<25,'F+&6*rSUTWV©§�� Y "%GH:<46&

H1 &`t 03$ ��*+(?26*wB'"%$'& L2(p−2) *?$=BC03D=*?$'&50H:<$ 2
*?2�g84��<(+*

"%;C[�/146:</1450H>?26>+&�B1*#46>?g8;1GP"%450326>rBC;A{|"%/1GP"<(?0H*?$q7'03Gq�@0H*?$@2
∣∣∣U ′′

2

∣∣∣ ≤ KΣε2

8
|∆(c − d)|2L2 +K3|∆d|2L2

(
1 + |c|2(p−2)

H1 + |d|2(p−2)
H1

)
|c − d|2L2 .

SUT5T\V !�!ZY

4/
�9&52503D)"%250H:<$_B1*

U3
B'"%$'&wGH*#(`"<&O:<�

d = 2
P

ª�$^;12503G30H&6*w;1$'*�yz:<0H&�B1*w/1G3;'&�GH*+&�03$'>?gi"%G30326>+&bB�t � g8D=:<$^*?2�Gut 03$@26*?45/]:<GP"%250P:<$
H1 = [H2,L2] 1

2

/]:<;14b*+&52503D=*?4
U3

|U3| ≤ K|DM0|∞|c − d|∞|∇µ|L2 |∇(c − d)|L2

≤ KM3|c − d|
1
2

L2 |∆(c − d)|
1
2

L2 |c − d|
1
2

L2 |∆(c − d)|
1
2

L2 |∇µ|L2

≤ K|c − d|L2 |∆(c − d)|L2 |∇µ|L2

≤ KΣε2

4
|∆(c − d)|2L2 +K4|∇µ|2L2 |c − d|2L2 .

SUT5T\V !��@Y

5/ � $10H(?0326>kB1*+&O&6:<G3;1250H:<$'&�yu"%03p1GH*+&wB'"%$'&wGH*k(+"<&O:<� d = 2
P

 ¡:<;14w/146:<;1�i*?4wGut ;1$10H(?0326>87'$':<;'&w03$@2546:@BC;10H&6:<$'&

y(t) =
3∑

i=1

εΣi

2
|ci − di|2L2 .

{9tv>+R@;."%250H:<$fSUT5T\V©§ �ZY *?2hGH*+&#*+&52503D)"%250H:<$'&^SUT5T\V©§8¥ Y 7�SUT5T\V ! § Y 7�SUT6TWV !�!ZY 7�*?2)SUT5T\V !��@Y 03Dl/1G30HRi;'*?$@2kGut 03$'>?gi"%G30326>=BC0 ��>WL
46*?$@250H*?G3GH*

y′(t) ≤ a(t)|c − d|2L2

:<�
a
*?&62wB1>\¤'$10H*#/."%4

a(t) = K1

(
1 + |c|4(p−2)

H1 + |d|4(p−2)
H1

)
+K2|∇d|2L2 |∆∇d|2L2

+K3|∆d|2L2

(
1 + |c|2(p−2)

H1 + |d|2(p−2)
H1

)
+K4|∇µ|2L2 .

SUT5T\V ! � Y

��$_;12503G30H&-"%$@2cD)"%03$@26*?$."%$@2cGP"l/146:</]:8&60x2603:<$�T\V©§CV ! SU*?2�/1;10H&6R@;'* 3∑

i=1

(ci − di) = 0
Y :<$_B1>+BC;1032hRi;'*

y
*+&52O;1$'*

yz:<$'(?250H:<$A/]:8&5032503�i*#*?2OR@;'*
y′(t) ≤ 2

Σε
a(t)y(t).

¨8�
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c4��<(+*l"%;C[�/146:</1450H>?26>+&kB1*m46>?g8;1GP"%450326>ASUT5T\V3X Y B1*+&h&6:<G3;1250H:<$'&
c
*?2

d
7 GP"=yU:<$'(?250H:<$

a
"%/1/."%45250H*?$@2rs

L1(0, tf )R@;'*?GqR@;'*#&6:<032
tf > 0

V'��$_"%/1/1G30HRi;."%$@2OGH*#GH*?DlD=*kB1*mc46:<$@�K"%G3Gu7'03G���0H*?$@2

y(t) ≤ y(0)e
R t
0 a(s)ds ∀0 ≤ t < tf .

Ib:<DlD=*¢GH*+&£B1*?;C[r&6:<G3;1250H:<$'&£:<$@2|GH*+&|D��?D=*+&£B1:<$1$'>+*+&£03$103250P"%GH*+&`7
y(t) = 0

/]:<;14£26:<;12
t > 0

V� ¡"%4£(+:<$'&->?R@;'*?$@2`7
:<$_"�D=:<$@2546>kGut ;1$10H(?0326>rB1*+&w&6:<G3;1250H:<$'&�yu"%03p1GH*+&w*?$�BC03D=*?$'&50H:<$

2
V

6/ � $10H(?0326>kB1*+&O&6:<G3;1250H:<$'&�yu"%03p1GH*+&�/]:<;14 d = 3
P

!nt©"%/146F+&wGutv>+R@;."%250H:<$¬SUT5T\V©§ �ZY *?2wGutv*+&52503D)"%250H:<$¬SUT5T\V ! � Y 7':<$�"
y′(t) ≤ a(t)|c − d|2L2 ,

:<�
a
*?&62wB1>\¤'$10H*#/."%4

a(t) = K1

[
1 + |c|30H1 |c|2H3 + |d|30H1 |d|2H3

]
.

c4��<(+*l"%;C[�/146:</1450H>?26>+&kB1*m46>?g8;1GP"%450326>ASUT5T\V3X Y B1*+&h&6:<G3;1250H:<$'&
c
*?2

d
7 GP"=yU:<$'(?250H:<$

a
"%/1/."%45250H*?$@2rs

L1(0, tf )R@;'*?GqR@;'*#&6:<032
tf > 0

V ª�$}/]*?;12OB1:<$'(r(?:<$.(\G3;14-*k&6;14�Gut ;1$10H(?0326>rB1*+&w&6:<G3;1250H:<$'&O(+:<DlD=*rB'"%$'&wGH*#(`"<&�§<!nV

.�. ��� /103254���6 ���87:9��<;��>=$?��5@����	�<?A7B9 �3@
�����C?D2E7��5=F=�4HG���?��I4H@3=AJL4��D?��5=
!#"%$'&�(+*k/."%4-"%g84-"%/1,'*87]:<$_>?2-"%p1G3032�Gutv*\[�0H&526*?$'(+*eS¦GH:@(`"%GH*m*?$_BC03D=*?$'&50H:<$

3
Y B1*r&6:<G3;1250H:<$'&O/1G3;'&O46>?g8;1G30HF?46*+&`V

Ib*+(?0¡$':<;'&c/]*?45D=*?25254-"C7�*?$J/."%45250H(?;1G30H*?4`7qB1*m/146:<;1�i*\4hGut ;1$10H(?0326>lB�t ;1$'*�26*?G3GH*�&6:<G3;1250H:<$�*?$�BC03D=*?$'&50H:<$
3
B'"%$'&

GH*�(`"<&cBqt ;'$'*mD=:<p103G30326>��8"%450P"%p1GH*m$':<$�B1>?gZ>?$'>?46>+*8V� ¡"%4#"%03G3GH*?;146&`7]Gutv*\[�0H&626*?$'(+*�B1*m26*?G3GH*+&h&6:<G3;1250H:<$'&c46>?g8;1G30HF?46*+&
/]*?45D=*?25254-"lGutv>?25;'B1*rB1*#GP"n&52-"%p103G30326>m"<&5j@Dl/126:<2603R@;'*kB1*+&O>?2-"%26&�D=>?2-"<&62-"%p1GH*+&OB'"%$'&wGH*#/."%4-"%g84-"%/1,'*r&5;103�8"%$@2`V

 ¡:<;14m"`�Z:<034kGztv*\[C0H&526*?$'(+*=B1*l&6:<G3;1250H:<$'&#yz:<4526*+&`7�03G¡yz"%;12kR@;'*nGP"�B1:<$1$'>+*l03$103250P"%GH*=&-:<032h/'Gx;.&#46>?g8;1G30HF?46*=R@;'*
B'"%$'&wGH*h25,'>+:<46F?D=*rT\V©§CV � "%0x$.&50qR@;'*hGP"n$':<$CLuG303$'>`"%450326>mB1*

F
B1:<$@2O:<$AB1*?D)"%$'B1*rB1:<46>?$."`�8"%$@2�Ri;qtv*?G3GH*#�i>?450x¤.*

|D3F (c)|≤ B3(1+ |c|r) SUT5T\V ! ¨ Y
:<�

r < +∞ &60
d = 2

*?2
r < 3

&60
d = 3

V���$�/."%45250H(?;1G30H*?4`7|(+*\2626*n,@j�/]:<25,'F+&6*l$qtv*+&52#/."<&#�i>?450x¤.>+*l/]:<;14#GH*
/]:<26*?$@250H*?G|B1*mIK"%,1$CLNMO03G3G30P"%46B

F = FΛ,α
*?$ ! !nV

WYX�Z\[� ] �
������� ����� _Ca�b�dfeLg���h�i � �kg � h�dfikd%g Zml �kene [�o�� g�d [ h�eqp [� g��\ets
� {+��z��j� v �L�n��z�� � ���O� v {D| wyxywyv {$� SUTWV3X �@Y � SUT\V3X`� Y � x � �����\�>� v,x �S���L��� SUT\V3X �8Y�� SUTWV©§ !ZY � x SUT5T\V ! ¨ Y � v { x� ��� w � �I��� � � z$� � ��z���� vtwyx c0 ∈ (H2(Ω))3 ∩ H

1
S(Ω) � w � �N� w � x � tf > 0 � x z\{��:z\{ w ��z���� v � z xywyv {

� v � x � (c,µ) |k� SUT\V3X�� Y ��z�� [0, tf [ | v { x c0 ��� x �x� | v {�{��>� w { wyxyw �<� � x � � � �3��z��
c ∈ L∞(0, tf ; (H2(Ω))3) ∩ L2

loc(0, tf ; (H4(Ω))3) ∩ C0([0, tf [; (H2(Ω))3),
SUT6T\V !Z�8Y

µ ∈ L2(0, tf ; (H2(Ω))3)
SUT6T\V !8�ZY

v��
tf = +∞ � w d = 2 � x tf < +∞ � w d = 3

�

�9$^/."%45250H(?;1G30H*?4`7�GP"r&6:<G3;1250H:<$}"%/1/."%45250H*?$@2�s C0([0, tf [; (H2(Ω))3)
*?2bB�t©"%/146F+&¢GH*+&¢03$ ��*+(?250H:<$'&KB1*h��:<p]:<GH*?��7

*?G3GH*w*+&529(+:<$@2503$@;'*O&6;14
Ω× [0, tf [

ViIb*?2526*w/146:</1450H>?26>O&6*?4-"c;12503G30H&->+*�$':<2-"%DlD=*?$@2�/]:<;149GP"h/146*?;1�i*�BC;=25,'>+:<46F?D=*
B1*k&52-"%p103G30326>kB1*+&O>?2-"%26&�D=>?2-"<&62-"%p1GH*+&OB'"%$'&wGH*#/."%4-"%g84-"%/1,'*rT6TWV ! V

�  � � � ���
ac:<;'&O"%GxGH:<$'&w26:<;12wB�t©"%p]:<46B}D=:<$@2546*?4wGutv*\[C0H&526*?$'(+*kB1*+&�&6:<G3;1250H:<$'&�yU:<4526*+&w*?$};12503G30H&-"%$@2wGP"�D��?D=*k"%/1/146:`[C0xL

D)"%250H:<$�B1*l#"%GH*?45�@03$�R@;'*rB'"%$.&�GH*r/."%4-"%g84-"%/1,'*nT6TWV3X8V  �;10H&cg84��<(+*�"%;C[�/146:</1450H>?26>+&hB1*m46>?g8;1GP"%450326>n:<p126*?$@;'*+&
/]:<;14wGP"l&6:<G3;1250H:<$q71$':<;'&OB1>?D=:<$@2546:<$'&OGut ;1$10H(?0326>rB1*+&O&6:<G3;1250H:<$'&�yU:<4526*+&O*?$ABC03D=*?$'&60H:<$

3
V

 ¡:<;14O&503Dl/1G30x¤.*?4OGH*+&�$':<2-"%250H:<$'&`7'GH*+&Kyz:<$'(?250H:<$'&
cn *?2

µn &6:<$@2�$':<26>+*+&w46*+&6/]*+(?2503�Z*?D=*?$@2
c
*?2

µ
V

¨8¨



���������(���(�������D�c��! S#��f��	��&('�)$	*�! ��(&(�f'��
	�������n� ��� ��	��%�<&(���j�<�j	���

acg�	
	�� � � acb�dfeLg��\h�i � l �kene [�o�� g�d [ h�eqp [� g��\e
 946*?$':<$'&

εΣi∆
2ci

(+:<DlD=*#yU:<$'(?250H:<$�26*+&52wB'"%$'&wGutv>+R@;."%250H:<$�SUT6TWV !ZY
εΣi

2

d

dt
(|∆ci|2L2) = −

∫

Ω
εM0(c)∇µi · ∇(∆2ci) dx

=

∫

Ω
ε∇ · (M0(c)∇µi)∆

2ci dx

=

∫

Ω
εM0(c)∆µi∆

2ci dx+

∫

Ω
ε∇M0(c) · ∇µi∆

2ci dx.

��$�&-:<DlD)"%$@2wGH*+&w>+R@;."%250H:<$'&O&5;14
i
71:<$�:<p1250H*?$@2

3∑

i=1

εΣi

2

d

dt
(|∆ci|2L2) =

3∑

i=1

∫

Ω
εM0(c)∆µi∆

2ci dx

︸ ︷︷ ︸
E1

+
3∑

i=1

∫

Ω
ε∇M0(c) · ∇µi∆

2ci dx

︸ ︷︷ ︸
E2

.
SUT5T\V ! ¥ Y

1/
Ib:<DlD=*?$'d+:<$'&c/."%4�*+&62503D=*?4OGH*k26*?45D=*

E1
V. £:<;14c(+*?GP"C7.:<$�;12503G30H&6*rGP"=B1>\¤'$103250H:<$JB1*

µi
*\2�*?$_46*?D)"%4�L

R@;."%$@2ORi;'* 3∑

i=1

∆2ci = 0
:<$_"

E1 ≤ −
3∑

i=1

3

4
ε2ΣiM0(c)

∣∣∆2ci
∣∣2
L2 +

3∑

i=1

12M0(c)

∫

Ω
∆(∂iF (c))∆2ci dx.

c4��<(+*rsnGP"�/146:</]:8&503250H:<$_T\V©§CV ! *?2�s�Gut ,@j�/]:<25,'F+&6*^SUTWV©§8§ Y &5;14�GP"nD=:<p103G30326>87'03G���0H*?$@2

E1 +Kε2Σ
∣∣∆2c

∣∣2
L2 ≤ K

3∑

i=1

∫

Ω
|∆∂iF (c)|2 dx. SUT5T\V � � Y

 £:<;149*+&52503D=*?4¡GH*¢26*?45D=*�B1*bBC46:<0326*�B1*¢Gut 03$'>?gi"%G30326>K/146>+(+>+B1*?$@26*87Z:<$l"�p]*+&6:<03$lB1*+&£,@j�/]:<25,'F+&6*+&wSUTWV©§�� Y *?2wSUT5T\V ! ¨ Y
&5;14wGH"�yz:<$'(?250H:<$

F

3∑

i=1

∫

Ω
|∆∂iF (c)|2 dx ≤

∣∣D3F (c)
∣∣2
∞
|∇c|4L4 +

∣∣D2F (c)
∣∣2
∞
|∆c|2L2

≤ K
(
1 + |c −m(c)|2r

∞

)
|∇c|4L4 +K

(
1 + |c −m(c)|2r+2

∞

)
|∆c|2L2 .

SUT5T\V � X Y

• �@0
d = 2

7K/]:8&6:<$'&
δ > 0

26*?GkR@;'*
δ <

2

r + 1

V��9$�;12503G30H&-"%$@2AGut 03$ �5*+(?250H:<$ B1*
H1+δ ⊂ L∞ *?2

Gut 03$@26*?45/]:<GP"%250H:8$
H1+δ = [H4,H1]1− δ

3

7103G���0H*?$@2

|c −m(c)|∞ ≤ K|∇c|1−
δ
3

L2

∣∣∆2c
∣∣ δ
3

L2 .

!h*h/'Gx;.&`7CGut 03$ �5*+(?250H:<$_B1*
H

1
2 ⊂ L4 *?2�Gut 03$@26*?45/]:<GP"%250H:8$ H

1
2 = [H3,L2] 5

6

B1:<$1$'*

|∇c|L4 = |∇(c −m(c))|L4 ≤ K|∇c|
5
6

L2

∣∣∆2c
∣∣ 16
L6 .

��$C¤'$E/]:<;14=G3*�26*?45D=* |∆c|L2

7¡GH*+&n/14-:</1450H>?26>+&=B'*e46>?g8;1GP"%450326>�BC;E{ "%/1GP"<(?0H*?$Q*?2lGut 03$@26*?45/]:<GP"%250H:8$QB'*
H2 = [H4,H1] 2

3

*?$@254-"��H$'*?$@2

|∆c|L2 ≤ K|c −m(c)|H2 ≤ K|c −m(c)|
2
3

H1 |c −m(c)|
1
3

H4 ≤ K|∇c|
2
3

L2

∣∣∆2c
∣∣ 13
L2 .

SUT5T\V � § Y

¨ �
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U 03$."%GH*?D=*?$@2`7.*?$A;12503G30H&-"%$@2OGH*?&w2546:<0H&O*+&52503D)"%250H:<$'&w/146>+(+>+B1*?$@26*+&cB'"%$'&rSUT6T\V � X Y 7C03G���0H*?$@2
3∑

i=1

∫

Ω
|∆∂iF (c)|2 dx ≤ K

(
1 + |∇c|2r(1− δ

3
)

L2

∣∣∆2c
∣∣ 2rδ

3

L2

)
|∇c|

10
3

L2

∣∣∆2c
∣∣ 23
L2

+K
(
1 + |∇c|(2r+2)(1− δ

3
)

L2

∣∣∆2c
∣∣ δ
3
(2r+2)

L2

)
|∇c|

4
3

L2

∣∣∆2c
∣∣ 23
L2 .

SUT5T\V � !ZY

ª�$�46*?D)"%46Ri;'*bB'"%$'&£Gztv*+&62503D)"%250H:<$}SUT6TWV � !ZY R@;'*�26:<;126*+&|GH*+&|/1;10H&6&W"%$'(+*+&£B1* ∣∣∆2c
∣∣
L2

&6:<$@2|03$Cyz>\4603*?;14-*?&�s
2

(`"%4
δ <

2

r + 1

V��9$l"%/1/1G30HR@;."%$@2¡Gut 03$'>?gi"%G30326>�B1* ��:<;1$1g'7%GH*+&¡*+&52503D)"%250H:<$'&wSUT5T\V � � Y *?2�SUT5T\V � !ZY 03Dl/1G30HRi;'*?$@2

E1 +
Kε2Σ

2

∣∣∆2c
∣∣2
L2 ≤ K|∇c|5L2

(
1 + |∇c|α1

L2

)
+K|∇c|2L2

(
1 + |∇c|α2

L2

)

≤ K|∇c|5L2 (1 + |∇c|αL2)

SUT5T\V � �@Y

:<�
α
*+&52w;1$A*\[C/]:8&-"%$@2OR@;10qB1>?/]*?$'BAB1*

r
*?2OB1*

δ
V

• �@0
d = 3

7�:<$J;1260xG30H&-*�Gut 03$'>?gi"%G30326>lB�t � g8D=:<$q7]Gut 03$@26*?45/]:<GP"%260H:<$
H2 = [H4,H1] 2

3

*?2hGH*+&c/146:</1450H>?26>+&kB'*
46>?g8;1GP"%450326>mBC;A{ "%/1GP"<(?0H*?$_/]:<;14�"`�i:<034

|c −m(c)|∞ ≤ |c −m(c)|
1
2

H1 |c −m(c)|
1
2

H2 ≤ K|∇c|
1
2

L2 |∇c|
1
3

L2 |c|
1
6

H4 ≤ |∇c|
5
6

L2

∣∣∆2c
∣∣ 16
L2 .

 £:<;14OGH*h26*?45D=* |∇c|L4

7':<$};12503G30H&-*hGut 03$ �5*+(?250H:<$_B1*
H

3
4 ⊂ L4 *?2�Gut 03$@26*?45/]:<GP"%250P:<$ H

3
4 = [H3,L2] 3

4

|∇c|L4 ≤ K|∇c|
3
4

L2

∣∣∆2c
∣∣ 14
L2 .

U 03$."%GH*?D=*?$@2`71*?$e;12503G30H&W"%$@2KGH*?&�*?&62503D)"%250H:<$'&K/146>+(+>+B1*?$@26*+&w*?2#SUT6TWV � § Y B'"%$'&KGut 0x$.>\gi"%G30326>=SUT6T\V � � Y 7@03G]��0H*\$�2

3∑

i=1

∫

Ω
|∆∂iF (c)|2 dx ≤ K

(
1 + |∇c|

5r
3

L2

∣∣∆2c
∣∣ r
3

L2

)
|∇c|3L2

∣∣∆2c
∣∣
L2

+K

(
1 + |∇c|

5(r+1)
3

L2

∣∣∆2c
∣∣ r+1

3

L2

)
|∇c|

4
3

L2

∣∣∆2c
∣∣ 23
L2 .

SUT5T\V � � Y

!#"%$'&kGutv*+&62503D)"%250H:<$�/146>+(+>+B1*?$@26*87 26:<;126*+&rGH*+&k/1;10H&6&-"%$'(+*+&mB1* ∣∣∆2c
∣∣
L2

&6:<$@2k03$Cyz>?450H*?;146*+&�s
2
/1;10H&6Ri;.*

r < 3
B�t©"%/146F+&cGut ,@j�/]:<25,'F+&6*�SUT6T\V ! ¨ Y &5;14

D3F
V]��$�"%/1/1G30HR@;."%$@2hGut 03$'>?gi"%G30326>nB1* �¢:<;1$1g�*?2cg84��<(+*n"%;C[

*+&52503D)"%250H:<$'&�SUT6TWV � � Y *?2mSUT6TWV � � Y 7':<$�"

E1 +
Kε2Σ

2

∣∣∆2c
∣∣2
L2 ≤ K|∇c|6L2

(
1 + |∇c|β1

L2

)
+K|∇c|2L2

(
1 + |∇c|β2

L2

)

≤ K|∇c|6L2

(
1 + |∇c|β

L2

)
SUT5T\V � ¨ Y

:<�
β
*?&62�;1$A*\[C/]:8&-"%$@2OR@;10qB1>?/]*?$'B�B1*

r
V

2/
TNG�yz"%;'2�D)"%03$@26*?$."%$@2�*+&62503D=*?4wGH*h26*?45D=*

E2
B'"%$'&�Gut 03$'>?gi"%G30326>eSUT5T\V ! ¥ Y V

• �@0
d = 2

7]GP"}B1>\¤'$103250H:<$�B1*
µi
7�Gutv*+&52503D)"%250H:<$�SUT5T\V � !ZY *?2#GH*+&#/146:</1450H>?26>+&rB1*n46>?g8;1GP"%450326>_SUT5T\V3X Y B1*lGP"

&6:<G3;1250H:<$_*?$@254-"��H$'*?$@2

|∆µi|2L2 ≤ K
∣∣∆2ci

∣∣2
L2 +K

3∑

i=1

|∆∂iF (c)|2L2 ≤ K
(
1 +

∣∣∆2ci
∣∣2
L2

)
.

SUT5T\V �@�8Y

¨ �



���������(���(�������D�c��! S#��f��	��&('�)$	*�! ��(&(�f'��
	�������n� ��� ��	��%�<&(���j�<�j	���

!h*�/1G3;'&`7�Gut ,�j@/]:<25,'F+&6*lSUT\V©§ !ZY &5;'4¢GP"mD=:<p103G30x2-><7CGut 03$ �5*+(?250H:<$}B1*
H

1
2 ⊂ L4 *?2KGP"r/146:</1450H>?26>hBqt 03$�26*?45/]:<GP"�L250H:<$

H
1
2 = [H1,L2] 1

2

/]*?45D=*?2526*?$@2cB�tv:<p126*?$1034

E2 ≤M3ε|∇c|L4 |∇µ|L4

∣∣∆2c
∣∣
L2 ≤M3ε|∇c|

1
2

L2 |∆c|
1
2

L2 |∇µ|
1
2

L2 |∆µ|
1
2

L2

∣∣∆2c
∣∣
L2 .

� 03$'&50�g84��<(+*rsnGutv*+&52503D)"%250H:<$¬SUT6TWV �@�8Y *\2O*?$_"%/1/1G30HRi;."%$@2OGut 03$'>?gi"%G30326>rB1*��¢:<;1$1g'7103G���0H*?$@2

E2 ≤ Kε2Σ

8

∣∣∆2c
∣∣2
L2 +K|∇c|L2 |∆c|L2 |∇µ|L2

(
1 +

∣∣∆2c
∣∣
L2

)
.

U 03$."%GH*?D=*?$@2`7.*?$�"%/1/1G30HRi;."%$@2wGut 03$'>?gi"%G30326>rB1* ��:<;1$1g=&5;14�GH*+&�B1*?45$10H*?46&w26*?45D=*+&wB1*hGutv*+&52503D)"%250H:<$�/146>+(+>\L
B1*?$@26*87.:<$A:<p1250H*?$@2

E2 ≤ Kε2Σ

4

∣∣∆2c
∣∣2
L2 +K

(
|∇c|2L2 + |∇µ|2L2 |∆c|2L2 + |∇c|2L2 |∇µ|2L2 |∆c|2L2

)
.

SUT5T\V �i�ZY

• !h"%$'&�GH*r(`"<&O25450HBC03D=*?$'&50H:<$1$'*?Gu7]:<$_;12503G30H&6*kGut ,@j�/]:<25,'F+&6*eSUT\Vv§ !ZY 7'GP"=B1>\¤'$103250H:<$�B1*
µi

*?$_46*?D)"%46Ri;."%$@2
R@;'* 3∑

i=1

∆2ci = 0
/]:<;14�"`�i:<034

E2 ≤M3ε
3∑

i=1

∫

Ω
∇c∇µi∆

2ci dx

≤ 3

4
ε2M3

3∑

i=1

∫

Ω
Σi|∇c|

∣∣∆2ci
∣∣|∇∆ci| dx+ 12M3

3∑

i=1

∫

Ω
|∇c|

∣∣∆2ci
∣∣|∇(∂iF (c))| dx

≤ Kε2|∇c|∞
∣∣∆2c

∣∣
L2 |∇∆c|L2 +K

∣∣D2F (c)
∣∣
L2

∣∣∆2c
∣∣
L2 |∇c|2∞.c4 �<(?*J"%;C[�03$'>?gi"%G30326>+&eB�t � g8D=:<$q7b"%;C[�/146:</1450H>?26>+&eB1*A46>?g8;1GP"%450326>JB1*AGutv:</]>?4-"%26*?;14�{ "%/1GP"<(?0H*?$ *?2es

Gut 03$@26*?45/]:<GP"%250H:8$_B1*
H1 = [H2,L2] 1

2

71:<$�:<p1250H*?$@2wGH*+&w03$'>?gi"%G30326>+&�&5;103�<"%$@26*+&

|∇c|∞ ≤ |∇(c −m(c))|
1
2

H1 |∇(c −m(c))|
1
2

H2 ≤ |∆c|
1
2

L2 |∇∆c|
1
2

L2 ,

|∇∆c|L2 ≤ |∆c|H1 ≤ |∆c|
1
2

L2 |∆c|
1
2

H2 ≤ |∆c|
1
2

L2

∣∣∆2c
∣∣ 12
L2R@;10�/]*?45D=*?2526*?$@2cB�tv>+(?450346*87'*?$A;12503G30H&-"%$@2OGut ,@j@/]:<25,'F+&6*^SUTWV©§�� Y 7

E2 ≤ Kε2|∆c|
1
2

L2 |∇∆c|
3
2

L2

∣∣∆2c
∣∣
L2 +K

(
1 + |c|r+1

L2(r+1)

) ∣∣∆2c
∣∣
L2 |∆c|L2 |∇∆c|L2

≤ Kε2|∆c|
5
4

L2

∣∣∆2c
∣∣ 74
L2 +K

(
1 + |c|r+1

L2(r+1)

) ∣∣∆2c
∣∣
L2 |∆c|L2 |∇∆c|L2 .

ª�$A;12503G30H&6*#;1$'*hyz:<0H&wB1*h/1G3;'&wGut 03$'>?gi"%G30326>rB1*���:<;1$1g^"�¤'$�B�t©"`�i:<034

E2 ≤ Kε2Σ

2

∣∣∆2c
∣∣2
L2 +K

(
|∆c|10L2 +

(
1 + |c|2r+2

L2r+2

)
|∇∆c|2L2 |∆c|2L2

)
.

Ib:<DlD=*
r < 3

B'"%$'&wGut ,@j@/]:<25,'F+&-*)SUT6TWV ! ¨ Y 71Gut 0x$ ��*+(?250H:<$_B1*
H2 ⊂ L8 *?$@254-"��H$'*

E2 ≤ Kε2Σ

2

∣∣∆2c
∣∣2
L2 +K

(
|∆c|10L2 +

(
1 + |∆c|8L2

)
|∇∆c|2L2 |∆c|2L2

)
.

��$C¤'$ 71Gut 03$@26*?45/]:<GP"%250H:8$
H3 = [H4,H2] 1

2

*?2�Gut 03$'>?gi"%G30326>mB1* �¢:<;1$1g=03Dl/1G30HRi;'*?$@2

E2 ≤ Kε2Σ

4

∣∣∆2c
∣∣2
L2 +K

(
|∆c|10L2 + |∆c|6L2 + |∆c|22L2

)

≤ Kε2Σ

4

∣∣∆2c
∣∣2
L2 +K|∆c|22L2 .

SUT5T\V � ¥ Y

¨8¥
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3/
c4��<(+*r"%;C[}*?&62503D)"%250H:<$'&OB1*+&w26*?45D=*+&

E1
*?2
E2

:<p126*?$@;'*+&`71$':<;'&�"%G3GH:<$'&wD=:<$@2546*?4�Ri;'*

ci ∈ L∞(0, tf ; H2) ∩ L2
loc(0, tf ; H4)

"`�i*+(
tf = +∞ &50

d = 2
*?2
tf < +∞ &50

d = 3
V

• �@0
d = 2

7@$':<;'&w"%G3GH:<$'&K;12503G30H&6*?4�GH*�GH*?DlD=*#B1*kc46:<$@�K"%G3G�;1$10xyU:<45D=*8V1!nt©"%/146F+&KGH*+&K*+&62503D)"%250H:<$'&kSUT6TWV � �@Y
*?2mSUT5T\V �i�ZY 71$':<;'&O"`�i:<$'&

3∑

i=1

εΣi

2

d

dt
(|∆ci|2L2) +

Kε2Σ

4

∣∣∆2c
∣∣2
L2

≤ K1

(
|∇c|5L2 (1 + |∇c|αL2) + |∇c|2L2

)
+K2

(
|∇µ|2L2 + |∇c|2L2 |∇µ|2L2

)
|∆c|2L2 .

SUT5T\V©��� Y
��$A/]:8&W"%$@2

y(t) =
3∑

i=1

εΣi

2
|∆ci|2L2 ,

a(t) = K1

(
|∇c|5L2(1 + |∇c|αL2) + |∇c|2L2

)
,

b(t) =
2K2ε

Σ

(
|∇µ|2L2 + |∇c|2L2 |∇µ|2L2

)
,

*?2b*?$);12503G30H&-"%$@2bGP"#/146:</]:8&503250H:<$�TWV©§CV ! 7iGP"hyz:<$'(?250H:<$
y
*+&62�/]:8&5032503�Z*�*?2��i>?450x¤.*O/]:<;14¢/146*+&6Ri;'*O26:<;12

t > 0

y′(t) ≤ a(t) + b(t)y(t).

!nt©"%/146F+&wGH*?&w*+&5260xD)"%2603:<$.&mSUT5T\V3X�� Y 7qSUT5T\V3X !ZY *?2rSUT6T\V3X`¥ Y 7CG3*+&Kyz:<$'(?250H:<$'&
y
7
a
7
b
�i>?450x¤.*?$@2wGH*+&K,@j�/]:<25,'F+&6*+&

BC;AGH*?DlD=*kB'*rc46:<$@�K"%G3G ;1$10xyU:<46D=*
∫ t+1

t

y(s)ds ≤ k2
2,

∫ t+1

t

a(s)ds ≤ k5
1(1 + kα

1 ) + k2
1,

∫ t+1

t

b(s)ds ≤ k2
1 + k4

1,

:<��:<$A/]:8&6*
k3 = k5

1(1 + kα
1 ) + k2

1

*?2
k4 = k2

1 + k4
1,

SUT5T\V©�CX Y
"`�i*+(

k1
*?2
k2

B1>\¤'$10H&b46*+&5/]*+(?2503�i*?D=*?$@2K/."%4#SUT6T\V©¥ Y *?2#SUT5T\V©§�� Y V U 03$."%GH*?D=*?$@2`7C*?$}"%/1/1G30HR@;."%$@2KGH*�GH*?DlD=*
B1*mc46:<$@�K"%G3G ;1$10xyU:<45D=*87'03G���0H*?$@2

y(t) ≤ (max(y(0), k2
2) + k3)e

k4 .
SUT5T\V©�8§ Y

!nt©"%;12546*k/."%452`7':<$�"

y(0) ≤
3∑

i=1

εΣi

2
|∆cni (0)|2L2 ≤

3∑

i=1

εΣi

2

∣∣∆c0i
∣∣2
L2 = k5 < +∞ SUT6T\V©� !ZY

(`"%4
c0 ∈ (H2(Ω))3

V'!ntv"%/'46F+&mSUT5T\V©��� Y 71:<$�B1>+BC;1032OR@;'*

|∆c|L∞(0,∞;L2) ≤ K
SUT6T\V©� �@Y

*?2
|c −m(c)|L2(0,tf ;H4) ≤ K ∀0 < tf < +∞.

SUT6T\V©�8� Y

� �



���������(���(�������D�c��! S#��f��	��&('�)$	*�! ��(&(�f'��
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• !h"%$'&wGH*#(`"<& ! !n7CGH*+&O*+&52503D)"%250H:<$'&mSUT6T\V � ¨ Y *?2rSUT6T\V � ¥ Y 03Dl/1G30HRi;'*?$@2

3∑

i=1

εΣi

2

d

dt
(|∆ci|2L2) +

Kε2Σ

4

∣∣∆2c
∣∣2
L2 ≤ K1|∇c|6L2

(
1 + |∇c|β

L2

)
+K2|∆c|22L2 .

SUT5T\V©�8¨ Y

��$A/]:8&W"%$@2

y(t) =
3∑

i=1

εΣi

2
|∆ci|2L2 ,

a(t) = K1|∇c|6L2

(
1 + |∇c|β

L2

)
,

*?2wg84��<(+*rs�GP"n/146:</]:8&503250H:<$_T\V©§CV ! 7CGutv>+R@;."%250H:<$¬SUT5T\V©�8¨ Y &`tv>+(?45032

y′(t) +
3∑

i=1

ε2Σ

4

∣∣∆2ci
∣∣2
L2 ≤ a(t) + ky11(t)

SzT5T\V©� �8Y

:<�
k = K2

(
2ε

Σ

)11 V
c4 �<(?*l"%;C[_/146:</1450H>?26>+&#B1*m46>?g8;1GP"%450326>ASUT6TWV3X Y &5;14cGH*+&h&6:<G3;1250H:<$'&cyz"%03p1GH*+&�7 GP"=yU:<$'(?250H:<$

a
"%/1/."%45250H*?$@2rs

L∞(0, tf )
V U 03$."%GH*?D=*?$@2`7]g84��<(+*ls=;1$�"%45g8;1D=*?$@2#B1*m(+:<Dl/."%4W"%03&-:<$�&5;14�GH*+&h>+Ri;."%250H:<$'&hBC0 ��>?46*?$@250H*?G3GH*+&

:<46BC03$."%0346*+&`79:<$E*?$�B1>+BC;1032)Ri;qt 03Gw*\[�0H&526*e;'$~26*?Dl/'&
tM

¤'$10�26*?G�R@;'*
y
*+&52np]:<45$'>+*}&6;14nGut 03$@26*?45�<"%G3GH*

[0, tM [
V1 �"%4O(+:<$'&6>+R@;'*?$@2`7 SUT6TWV©� �8Y 03Dl/1G30HR@;'*kR@;'*h/]:<;14w26:<;12

tf < tM

c ∈ L∞(0, tf ; (H2)3) ∩ L2
loc(0, tf ; (H4)3).

4/
{ "AyU:<$'(?250H:<$

c
*+&52�&6:<G3;1250H:<$~B1*JSUT\V3X�� Y 7|*?G3GH*)�i>?450x¤.*^B1:<$'(eB1*+&�*+&52503D)"%250H:<$'&n&503Dl03GP"%0346*+&ls�SUT6T\V3X �@Y V| ¡"%4

(+:<$'&6>+R@;'*?$@2`7':<$�*?$�B1>+BC;1032OR@;'*
dc

dt
∈ L2

loc(0, tf ; (L2(Ω))3),

*?2OB�t©"%/146F+&wGH*h26,'>+:<46F?D=*rB�t � ;1p103$CLN{�0H:<$'&5L��@03D=:<$~Sz"%$1$'*\[1*k� Y 7

c ∈ C0([0, tf [; (H2(Ω))3).

Ib*+(?0q/]*?45D=*?2�B1*#(+:<$'(?G3;146*r&6;14�GH*+&�/146:</1450H>?26>+&�B1*#46>?g8;1GP"%450326>^SUT5T\V !Z�8Y LWSUT6TWV !8�ZY BC;}25,'>+:<46F?D=*8V

acg�	
	���� ��� h<dfikd%g Zml �\ene [Do�� g�d [ h�eqp [� g��ke
h4��<(+*JsoGP"o46>?g8;1GP"%450326>�&5;1/1/1GH>?D=*?$@2-"%0346*�:<p126*?$@;'*J/]:<;14^GH*+&e&6:<G3;1250H:<$'&^yU:<4626*+&`7�$':<;'&�"%G3GH:<$'&^D=:<$@2546*?4

Gut ;1$10H(?0326>rB1*+&w&-:<G3;1250H:<$'&w/]:<;14
d = 3

"��Z*+(#GP"�D=:<p103G30326>k�i>?450x¤ "%$@2O&6*?;1GH*?D=*?$@2OGH*+&�,@j�/]:<25,'F+&6*+&mSUTWV©§8§ Y LWSUTWV©§ !ZY V
1/

a�:<;'&�46*?/146*?$':<$'&OGP"�D��?D=*rB1>?D)"%46(-,'*rRi;'*h/]:<;14wGP"n/146*?;1�i*#B1*#Gut ;1$10H(?0326>rB1*+&w&6:<G3;1250H:<$'&�yu"%03p1GH*+&`V.ª�$
&5;1/1/]:8&-*#Ri;qt 03G *\[�0H&526*#B1*?;C[}&6:<G3;1250H:<$'&�yz:<4526*+&

(ci, µi)
*?2

(di, νi)
/]:<;14

i = 1, 2, 3
"%;A/146:<p1GHF?D=*)SUT\V3X�� Y "��Z*+(

GP"^D��?D=*lB1:<$1$'>+*l03$103250P"%GH*<Vq �46*?$':<$'&
ϕ = εΣi(ci − di)

(+:<DlD=*�yz:<$'(?250H:<$�26*+&52#B'"%$'&=SUT6T\V©§ �8Y *?2#&6:<DlD=:<$'&

� X
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GH*+&w>+R@;."%250H:<$'&O&5;14
i
7

d

dt

( 3∑

i=1

εΣi

2
|ci − di|2L2

)

= −ε
3∑

i=1

∫

Ω
(M0(c)∇µi −M0(d)∇νi) · ∇(ci − di) dx

= −ε
3∑

i=1

∫

Ω
M0(d)∇(µi − νi) · ∇(ci − di) dx− ε

3∑

i=1

∫

Ω
(M0(c) −M0(d))∇µi · ∇(ci − di) dx

= ε
3∑

i=1

∫

Ω
M0(d)(µi − νi)∆(ci − di) dx

︸ ︷︷ ︸
U1

+ε

3∑

i=1

∫

Ω
(µi − νi)∇M0(d) · ∇(ci − di) dx

︸ ︷︷ ︸
U2

−ε
3∑

i=1

∫

Ω
(M0(c) −M0(d))∇µi · ∇(ci − di) dx

︸ ︷︷ ︸
U3

.

SUT5T\V©� �ZY
{�tv*+&52503D)"%250H:<$_BC;A26*?45D=*

U1
*+&62�0HB1*?$@250HRi;'*ms}SUT6TWV ! � Y yz"%0326*kB'"%$'&wGP"�/146*?;1�i*kBC;}25,'>+:<46F?D=*rT\V©§CV �

U1 +
1

2
KΣε2|∆(c − d)|2L2 ≤ K1

(
1 + |c|30H1 |c|2H3 + |d|30H1 |d|2H3

)
|c − d|2L2 .

2/
�9&52503D)"%250H:<$_B1*

U2
P

ac:<;'&�;12503G30H&6:<$'&wGutv*+&62503D)"%250H:<$¬SUT5T\V ! X Y &5;14
U2

:<p126*?$@;'*#/]:<;14
d = 2

|U2| ≤
3

4
M3ε

2
3∑

i=1

|Σi|
∫

Ω
|∇d||∆(ci − di)||∇(ci − di)| dx

︸ ︷︷ ︸
U

′

2

+ 12M3

3∑

i=1

∫

Ω
|∇d||∂iF (c) − ∂iF (d)||∇(ci − di)| dx

︸ ︷︷ ︸
U

′′

2

.

 ¡:<;14#*+&52503D=*?4#GH*m26*?45D=*
U

′

2

7�:<$J;'2503Gx0H&-*�Gut 03$@26*?45/]:<GP"%250H:<$
H1 = [H2,L2] 1

2

*?2cGut 03$'>?gi"%G30326>lBqt � g8D=:<$o&5;10xL
�8"%$@26*

|c|∞ ≤ K|c|
1
2

L2 |c|
1
2

H3 .ª�$�:<p1250H*?$@2c"%GH:<46&
∣∣U ′

2

∣∣ ≤ Kε2|∇d|∞|∆(c − d)|L2 |∇(c − d)|L2 ≤ Kε2|∇d|
1
2

L2

∣∣∆2d
∣∣ 12
L2 |c − d|

1
2

L2 |∆(c − d)|
3
2

L2 .

U 03$."%GH*?D=*?$@2`7.*?$_"%/1/1G30HR@;."%$@2wGut 03$'>?gi"%G30326>mB1* �¢:<;1$1g'7103G���0H*?$@2
∣∣U ′

2

∣∣ ≤ KΣε2

8
|∆(c − d)|2L2 +K2|∇d|2L2

∣∣∆2d
∣∣2
L2 |c − d|2L2 .
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U

′′

2

7K:<$�;12503G30H&6*�Gut 03$ ��*+(?250H:<$ B1*
H2 B'"%$'&

L∞ 7KGH*+&�03$'>?gi"%G30326>+&�B�t � g8D=:<$ *?2
Gut 03$@26*?45/]:<GP"%250H:8$

H1 = [H2,L2] 1
2

∣∣∣U ′′

2

∣∣∣ ≤ K
(
1 + |c|r+1

∞ + |d|r+1
∞

)
|∇d|L2 |c − d|∞|∇(c − d)|L2

≤ K
(
1 + |∆c|r+1

L2 + |∆d|r+1
L2

)
|∇d|L2 |c − d|

1
4

L2 |∆(c − d)|
3
4

L2 |c − d|
1
2

L2 |∆(c − d)|
1
2

L2

≤ K
(
1 + |∆c|r+1

L2 + |∆d|r+1
L2

)
|∇d|L2 |c − d|

3
4

L2 |∆(c − d)|
5
4

L2 .

��$C¤'$q7.*?$_"%/1/1G30HRi;."%$@2OGut 03$'>?gi"%G30326>rB1*��¢:<;1$1g'7103G���0H*?$@2
∣∣∣U ′′

2

∣∣∣ ≤ KΣε2

8
|∆(c − d)|2L2 +K3|∇d|

8
3

L2

(
1 + |∆c|

8(r+1)
3

L2 + |∆d|
8(r+1)

3

L2

)
|c − d|2L2 .

SUT5T\V©¨�� Y

3/
�9&52503D)"%250H:<$_B1*

U3
P

ac:<;'&�;12503G30H&6:<$'&wGut ,@j�/]:<25,'F+&6*)SzTWV©§ !ZY &5;14�GP"nD=:<p103G30326>k/]:<;14�"`�i:<0x4

|U3| ≤ ε

3∑

i=1

∫

Ω
|M0(c) −M0(d)||∇µi||∇(c − d)| dx

≤ ε
3∑

i=1

|DM0|∞
∫

Ω
|c − d||∇µi||∇(c − d)| dx

≤ εM3

3∑

i=1

∫

Ω
|c − d||∇µi||∇(c − d)| dx.

�9$A;12503G30H&-"%$@2wGP"lB1>\¤'$103250H:<$_B1*
µi

*?2O*?$A$':<2-"%$@2OR@;'* 3∑

i=1

∇(ci − di) = 0
7C03Gq��0H*\$�2

|U3| ≤
3

4
Kε2M3

∫

Ω
|c − d||∇(c − d)||∇∆c| dx+

3∑

i=1

12M3

∫

Ω
|∇∂iF (c)||c − d||∇(c − d)| dx.

{9t ,@j�/]:<25,'F+&6*^SUTWV©§�� Y 03Dl/1G30HR@;'*

|U3| ≤ Kε2
∫

Ω
|c − d||∇(c − d)||∇∆c| dx+K

∫

Ω

∣∣D2F (c)
∣∣|∇c||c − d||∇(c − d)| dx

≤ Kε2|c − d|∞|∇(c − d)|L2 |∇∆c|L2︸ ︷︷ ︸
U

′

3

+K
(
1 + |c|r+1

∞

)
|∇c|L2 |c − d|∞|∇(c − d)|L2

︸ ︷︷ ︸
U

′′

3

.
SUT5T\V©¨CX Y

{q*#26*?45D=*
U

′′

3

&`tv*+&52503D=*k(+:<DlD=*kG3*#26*?45D=*
U

′′

2

B'"%$'&rSUT6TWV©¨�� Y
∣∣∣U ′′

3

∣∣∣ ≤ KΣε2

8
|∆(c − d)|2L2 +K4|∇c|

8
3

L2

(
1 + |∆c|

8(r+1)
3

L2

)
|c − d|2L2 .
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|∇∆c|L2 ≤ K|∆c|H1 ≤ K|∆c|
1
2

L2 |∆c|
1
2

H2 ≤ K|∆c|
1
2

L2

∣∣∆2c
∣∣ 12
L2 ,

� !
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∣∣∣U ′

3

∣∣∣ ≤ Kε2|c − d|
1
4

L2 |∆(c − d)|
3
4

L2 |c − d|
1
2

L2 |∆(c − d)|
1
2

L2 |∆c|
1
2

L2

∣∣∆2c
∣∣ 12
L2

≤ Kε2|c − d|
3
4

L2 |∆(c − d)|
5
4

L2 |∆c|
1
2

L2

∣∣∆2c
∣∣ 12
L2 .

��$'&6;10326*87':<$A;12503G30H&6*#;1$'*hyU:<0H&wB1*#/1G3;'&�Gut 03$'>?gi"%G30326>mB1* �¢:<;1$1g=/]:<;14O:<p126*?$1034
∣∣∣U ′

3

∣∣∣ ≤ KΣε2

8
|∆(c − d)|2L2 +K5|∆c|

4
3

L2

∣∣∆2c
∣∣ 43
L2 |c − d|2L2

SUT5T\V©¨ !ZY

4/ � $10H(?0326>kB1*+&O&6:<G3;1250H:<$'&�yz:<4526*+&�/]:<;14 d = 3
P

ac:<;'&�03$@2546:@BC;10H&-:<$'&
y(t) =

3∑

i=1

εΣi

2
|ci − di|2L2 .

c4��<(+*rsnGutv>+Ri;."%250H:<$¬SUT6TWV©� �ZY *?2�"%;C[}*+&52503D)"%250H:<$'&�SUT5T\V ! � Y 7qSUT6TWV©�8¥ Y 7qSUT5T\V©¨�� Y 7 SUT5T\V©¨8§ Y *?2mSUT5T\V©¨ !ZY 71:<$_"

y′(t) ≤ a(t)|c − d|2L2 ,

:<�
a
*?&62wB1>\¤'$10H*#/."%4

a(t) = K1

(
1 + |c|30H1 |c|2H3 + |d|30H1 |d|2H3

)
+K2

(
|∇d|2L2

∣∣∆2d
∣∣2
L2

)

+K3|∇d|
8
3

L2

(
1 + |∆c|

8(r+1)
3

L2 + |∆d|
8(r+1)

3

L2

)

+K4|∇c|
8
3

L2

(
1 + |∆c|

8(r+1)
3

L2

)
+K5

(
|∆c|

4
3

L2

∣∣∆2c
∣∣ 43
L2

)
.
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h4��<(+*rs�GP"n/146:</]:8&503250H:<$_TWV©§CV ! 7':<$�B1>+BC;1032OR@;'*

y
*?&62�;1$'*hyU:<$'(?250H:<$�/]:8&5032503�Z*k*?2ORi;'*

y′(t) ≤ 2

Σε
a(t)y(t).

h4��<(+*c"%;C[)/146:</1450H>?26>+&KB1*O46>?g8;1GP"%450326>lSUT6TWV3X Y *?2hSUT6TWV !Z�8Y B1*+&b&6:<G3;1250H:<$'&
c
*?2

d
7iGP"#yU:<$'(?250H:<$

a
"%/1/."%45250H*?$@2

s
L1(0, tf )

V@ª�$^(+:<$'(?G3;12¢(+:<DlD=*OB'"%$'&�GP"h/146*?;1�i*wB1*�Gut ;1$10H(?0326>�B1*+&�&6:<G3;1250H:<$'&9yu"%03p1GH*+&�*?$=;12503G30H&-"%$@2�GH*wGH*?DlD=*
B1*mc46:<$@�K"%G3GuV

.�. ��� �Q?DK M �IG �C?�2EKH=�� ���Y?D4 ?����
��� 7��5= 2<?DK ?D= � 2<?�KH=$?DKHM3G �5=
��$�25,'*?45D=:@BCj@$."%Dl0HR@;'*87�GH*+&#>?2-"%26&#B�tv>+Ri;'0xG303p146*lD=>?2-"<&52-"%p1GH*+&k(+:<4546*+&5/]:<$'B1*?$@2mseB1*+&cDl03$103Dm;1D=&kGH:@(`"%;C[JB'*
Gutv>?$'*?45g80H*�� �Z��� Vb�@0w;1$'*A/]*?4525;145p."%250H:<$�*+&52^"%/1/1G30HR@;'>+*_"%;Q&6j�&526F?D=*A*?$f>?R@;103G303p146*AD=>?2-"<&52-"%p1GH*87¢(+*?G3;10xLN(?0O�8"
>?�i:<G3;'*?4w�Z*?46&�;1$�>?2-"%2OB�tv>+R@;103G303p146*k&62-"%p1GH*#(+:<4546*+&6/]:<$'B'"%$@2csn;1$}Dl03$103Dm;1D�g8GH:<p."%G|B1*hGutv>?$'*?45g80H*8V

 ¡:<;14�GH*k/146:<p'G3F?D=*�B1*nIK"%,1$CLNM�0xG3G30P"%46B�7]GH*+&�>?2-"%26&�D=>?2-"<&52-"%p1GH*+&c(+:<4546*+&6/]:<$'B1*?$@2#s=B1*+&c(?:<Dl/]:8&603250H:<$'&cB'*
D=>?GP"%$1gZ*

ω = (ω1, ω2, ω3)
26*?GH&cR@;'*rGH*r/]:<26*?$@250H*?G�B1*nIK"%,1$CLNM�03G3G30H"%4-B

F
*+&62�(+:<$@�i*\[1*�"%;_�i:<0H&503$."%gZ*mB1*�(+*+&

/]:<03$@26&`V¡��$~*���*?2`7£(+:<DlD=*eGut©" �5:<;12nB�t ;1$'*^yU:<$.(\2603:<$E" R=$'*}s
F
$'*e(-,."%$1gZ*e/."<&�GH*+&�>+R@;."%250H:<$'&lB1*}IK"%,1$CL

M�03G3G30P"%46B�7b:<$f/]*?;12^�i>?450x¤.*?4eR@;'*�GP"�yU:<$'(?250H:<$ (+:<$'&52-"%$@2-*<7K>?gi"%GH*Js
ω
*+&52^;1$fDl03$103Dm;1D�B1*�Gutv>?$'*?45g80H*JB1*

IK"%,1$CLNM�03G3G30P"%46B F
� � 	�
�

Σ,ε

&50
F
*?&62w(+:<$@�i*\[C*r"%;}�i:<0H&503$."%gZ*kB1*

ω
V

ª�$�&`t 03$@26>?46*+&6&6*r0H(?0¡s=GP")&62-"%p103G30326>�"<&6j@Dl/126:<250HR@;'*mB1*�(+*?&c&-:<G3;1250H:<$'&�/."%45250H(?;1G30HF?46*+&#BC;_/146:<p1GHF?D=*}SUTWV3X�� Y V
 £:<;14�(+*?GP"C7¢$':<;'&�"`�Z:<$'&^p]*+&6:<03$�B1*+&^,@j@/]:<26,'F+&6*+&eBC;f25,'>+:<46F?D=*JT6TWV©§CV3X_&5;14)Gutv*\[C0H&526*?$'(+*J*?2)Gut ;1$10H(?0326>�B1*+&
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WYX�Z\[� ] �
������� � � �1_���g�	$r d o d%g Z 	$e	� � 	�g [ g�d�
 � � l �\e Z g�	Sg�e � Z g�	$eLg�	$r o �\ets
u�vtwyx

Ω z�{ v z � ��� x |k� R
d � x ω = (ω1, ω2, ω3) ∈ S | v {�{�� � � {���z��j� v �L�q��z�� � ��� � v {D� xyw�v {$� M0� x F � ��� w � ��{ x � ���H�k��� v,x �S��������|tz x �S� v �I� ~ ���� �������Z��� � � � z\� � � w � v z\� x v z x x | � {��Hz�{ � vtw � w { � �\�

W |k� ω | � {$� S
(
D2F (x) · ξ, ξ

)
≥ 0, � v z�� x v z x ξ ∈ R

3 x � � ��z$�
3∑

i=1

ξi = 0
SUT6TWV©¨8� Y

�<� v �>� �x� � v � z xyw�v { � x � xyw�v {�{ � w �I�Y|k� SUT\V3X�� Y | v {�{��>� � � � c∞ ≡ ω ��� x � ��� ~ � x v,xyw ��z$� ~ ��{ x � x � � � � ��b� z\�����I�I� w ��� ~ ��{ x � � v z\� x v z x δ > 0
� �>�����3��� xywfx � � x � v z�� x v z x ��� | v {�{��>��� w { wyxyw �<� ��� c0 | � {$�

(H2(Ω))3 ∩ H
1
S(Ω) � � xyw �%� � w � � { x

∣∣c0i −m(c0i )
∣∣
H2 ≤ δ � v z\� i = 1, 2, 3,

SUT5T\V©¨8¨ Y

m(c0i ) = ωi � v z�� i = 1, 2, 3,
SUT5T\V©¨ �8Y

w � �I� w � x ��z\{���z�{ w ��z$��� v � z xywyv {3� v � x �c� � v � �<� ����z\� R
+ |,zO�D� v � � � ~ � SUTWV3X�� Y �Lz w � ��� w � �

|c − c∞|L∞(0,∞;H2) ≤ h(δ) � v z\� i = 1, 2, 3
SUT6T\V©¨ �ZY

v��
h ��� x z�{�� � v {D� xywyv {+� v { xyw {�z$��� ���<� ��z��>� � v � wyxyw � ��� x � � � �O��z$� h(0) = 0

�
� � � � zk� � � w δ ��� x � �>�L��� ��� xywyx �

c(t) − c∞
x ��{D| � ���>��� ��� v | � {$� Hs � v z\� x v z x 0 ≤ s < 2 ��z � {D| t x ��{D| � ����� +∞ �

!#"%$'&hGP")/146*?;1�i*87]$':<;'&#"%G3GH:<$'&�7]26:<;12hBqtv"%p]:<4-B�7�>?25;'BC0H*?4#;1$J/146:<p'G3F?D=*="%/1/'46:@(-,'>�26*?G3GH*nR@;'*mGP"e&6:<G3;1250H:<$
yz:<4526*n:<p126*?$@;'*l�i>?450x¤.*}SUT6TWV©¨ �ZY Vqc4��<(+*=se(+*?2526*n/146:</1450H>?26>87q:<$�D=:<$@2546*lR@;'*n(+*?2526*l&-:<G3;1250H:<$o*+&52`7�*?$�yz"%032`7�GP"
&6:<G3;1250H:<$}yz:<4526*#BC;}/146:<p1GHF?D=*#03$103250P"%G¢SUT\V3X�� Y V1!h*h/1G3;'&`71*?$ABC03D=*?$'&50H:<$

3
71:<$}/146:<;1�Z*kRi;'*#(+*?2526*k&6:<G3;1250H:<$�*+&52

g8GH:<p."%GH*�(?:<$�254-"%0346*?D=*?$@2#"%;J(`"<&OgZ>?$'>?450HRi;'*8V]��$C¤'$q7.$':<;.&�(+:<$'(?G3;':<$'&c&6;14wGH*m(+:<Dl/]:<4526*?D=*?$@2k"<&5j@Dl/126:<250HR@;'*
B1*+&O>?2-"%26&�D=>?2-"<&62-"%p1GH*+&`V

�  � � � ���

acg�	
	�� � � � ^[ r o ] � � 	
	 	 ^[ i X�Z
��:<032

α > 0
26*?GqR@;'*
Sα = [ω1 − α;ω1 + α] × [ω2 − α;ω2 + α] × [ω3 − α;ω3 + α] ∩ S ⊂ W.

SUT6TWV©¨8¥ Y
ª�$A/]*?;12O(+:<$'&62545;10346*#;1$'*hyz:<$'(?250H:<$

Fω B1*k(?GP"<&6&6* C3 2-*\G3GH*rRi;'*
Fω(ω) = 0, DFω(ω) = 0,





D2Fω(x) = D2F (x)
&50

x ∈ Sα

(
D2Fω(x) · ξ, ξ

)
≥ 0,

/]:<;14O26:<;12
ξ ∈ R

3 26*?G Ri;'* 3∑

i=1

ξi = 0,
&60

x /∈ Sα

D3Fω *+&52�p]:<45$'>+*r&5;14
R

3.{ "nyU:<$'(?250H:<$
Fω 7."%03$'&50 (+:<$'&52545;10326*87'�i>?450x¤.*#GH*+&w,@j�/]:<25,'F+&6*+&mSUT\V3X �ZY 7 SUT\V3X`¥ Y 7 SUT\V©§�� Y 7 SUT\V©§CX Y *?2mSUT5T\V ! ¨ Y V'!h*#GP"D��?D=*lD)"%$10HF?46*87q:<$oB1>\¤'$1032k;1$'*nyU:<$'(?250H:<$

M0
ω B1*l(?GP"<&-&6* C1 &-"%250H&5yz"%0H&-"%$@2#GH*+&#,@j@/]:<25,'F+&-*+&)SUTWV©§8§ Y 79SUTWV©§ !ZY�i>?450x¤.>+*+&w/."%4

M0
*?2�26*?G3GH*kR@;'*

M0
ω(x) = M0(x) ∀x ∈ Sα.

� �
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F = Fω *?2

M0 = M0
ω *?2r:<p126*?$1034rGutv*\[C0H&526*?$'(+*

B�t ;1$'*k&-:<G3;1250H:<$}yU:<4526*
cω "%;A/146:<p1GHF?D=*kD=:@BC0x¤.>8V

acg�	
	���� �
cω �ke�gne [�o�� g�d [ h p [� g�� l�� 	  [ r o ] � �mdyh�d%g�d 	 o SUT\V3X�� Y 	 [ ��

d = 2

Ib:<DlD=* 3∑

i=1

(ωi − xi) = 0
/]:<;14w26:<;12

x ∈ S "%GH:<46&�GP"l(+:<$@�i*\[�0326>kB1*
Fω &6*?GH:<$ S *?$@254-"��H$'*

0 = Fω(ω) ≥ Fω(x) +DFω(x) · (ω − x),
/]:<;14w26:<;12

x ∈ S. SUT6TWV � � Y
 �46*?$':<$'&

cωi −m(cωi )
(+:<DlD=*hyz:<$'(?250H:<$A26*+&52OB'"%$'&�GH*+&O>+Ri;."%250H:<$'&mSUT6T\V �@Y /]:<;14

i = 1, 2, 3

(µω
i , c

ω
i −m(cωi )) =

∫

Ω

3

4
εΣi |∇cωi |2 dx+

∫

Ω

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

ω(cω) − ∂jF
ω(cω)

))
(cωi −m(cωi )) dx.

!nt©"%;12546*#/."%452`7.*?$}46*?D)"%46R@;."%$@2�Ri;'*
m(cωi −m(cωi )) = 0

/]:<;14
i = 1, 2, 3

7C03Gq�@0H*?$@2
(µω

i , c
ω
i −m(cωi )) = (µω

i −m(µω
i ), cωi −m(cωi ))

≤ |µω
i −m(µω

i )|L2 |cωi −m(cωi )|L2

≤ K|µω
i −m(µω

i )|H1 |cωi −m(cωi )|H1

≤ K|∇µω
i |L2 |∇cωi |L2 .

SUT5T\V � X Y

��$�&-:<DlD)"%$@2O*?$'&5;10326*#GH*+&O>?R@;."%250H:<$'&O&6;14
i
*?2O*?$A46*?D)"%46Ri;."%$@2�R@;'* 3∑

i=1

(
cωi −m(cωi )

)
= 0

71:<$�:<p1250H*?$@2

3∑

i=1

(µω
i , c

ω
i −m(cωi )) =

∫

Ω

3∑

i=1

3

4
εΣi |∇cωi |2 dx+

3∑

i=1

12

ε

∫

Ω
∂iF

ω(cω) ·
(
cωi −m(cωi )

)
dx.

SUT5T\V � § Y

Ib:<DlD=*
m(cωi ) = ωi

71GH*+&w>+R@;."%250H:<$'&mSUT5T\V � � Y 7qSUT6T\V � X Y *?2rSUT6T\V � § Y *?$@254-"��H$'*?$@2
∫

Ω

3∑

i=1

3

4
εΣi |∇cωi |2 dx+

12

ε

∫

Ω
Fω(cω) dx ≤ K

3∑

i=1

|∇µω
i |L2 |∇cωi |L2 .

ª�$A;12503G30H&6*r"%GH:<46&wGut 03$'>?gi"%G30326>rB1*���:<;1$1g)*?2wGP"�/146:</]:8&503250H:<$_T\V©§CV ! 71/]:<;14O:<p126*?$1034
∫

Ω

3∑

i=1

3εΣi

8
|∇cωi |2 dx+

12

ε

∫

Ω
Fω(cω) dx ≤

3∑

i=1

K

εΣi
|∇µω

i |2L2 .
SUT5T\V � !ZY

!nt©"%/146F+&¢GH*+&b>+R@;."%250H:<$'&hSUT5T\V �8Y *?2hSUT6TWV � !ZY 7i03G *\[C0H&526*w;'$'*�(+:<$'&52-"%$@26*
γ
R@;10 B1>?/]*?$'BeB1*

ε
7
Σ
7
M0

7
Σi

26*?G3GH*
R@;'*

d

dt

(∫

Ω

3∑

i=1

3εΣi

8
|∇cωi |2 dx+

12

ε

∫

Ω
Fω(cω) dx

)

+ γ

(∫

Ω

3∑

i=1

3εΣi

8
|∇cωi |2 dx+

12

ε

∫

Ω
Fω(cω) dx

)
≤ 0.

c4��<(+*rsnGut 03$'>?gi"%G30x2->k/146>+(+>+B1*?$@26*r*?2wGP"�/146:</]:8&603250H:<$_TWV©§CV ! 7'*?$}/]:8&W"%$@2

yω(t) =

∫

Ω

[
3∑

i=1

3εΣi

8
|∇cωi |2 +

12

ε
Fω(cω)

]
dx,

� ¨



�����������D	,��-�� �k�%	��+�����5�c�$	���	�� � ��)����n��	,�S	��:�c�$	j����	j��-��\��

03Gq�@0H*?$@2
y′ω(t) + γyω(t) ≤ 0, ∀t ∈ [0, tf [.

� 03$'&50u71:<$�:<p1250H*?$@2
yω(t) ≤ e−γtyω(0), ∀t ∈ [0, tf [.

��$�;12503G30H&W"%$@2£Gut ,@j@/]:<26,'F+&6*hSUT6TWV©¨ �8Y *?2£GP"O/146:</1450H>?26>KB1*¢(+:<$@�i*\[�0326>hSUT6T\V � � Y B1*
Fω 7�GH*�26*?45D=* yω(0)

*+&52£(+:<$@254IV<GH>
/."%4
∫

Ω

[
3∑

i=1

3εΣi

8
|∇cωi (0)|2 +

12

ε
Fω(cω(0))

]
dx

≤
∫

Ω

3∑

i=1

3εΣi

8
|∇cωi (0)|2 dx+

12

ε

∫

Ω
DFω(c0) · (c0 −m(c0)) dx.

SUT6T\V � �@Y

{9t ,@j�/]:<25,'F+&6*^SUTWV3X`¥ Y &5;14wGH*+&wB1>?4503�i>+*+&�/146*?Dl0HF?46*+&�B1*
Fω *?$@254-"��H$'*

yω(0) ≤
3∑

i=1

3εΣi

8
|∇c0i |2L2 +

K

ε

∣∣c0 −m(c0)
∣∣
L2

(
1 +

∣∣c0
∣∣p−1

L2

)

≤
3∑

i=1

3εΣi

8
|∇c0i |2L2 +

K

ε

∣∣c0 −m(c0)
∣∣
L2

(
1 +

∣∣c0
∣∣p−1

H2

)
.

ª�$A46*+B1>\¤'$1032OGutv*\[�/146*+&-&50H:<$�B1*
k1

B1:<$1$'>+*kB'"%$'&wGutv>+Ri;."%250H:<$¬SUT6TWV©¥ Y /."%4

k1 =
3∑

i=1

εΣi

2
|∇c0i |2L2 +

K

ε

∣∣c0 −m(c0)
∣∣
L2

(
1 +

∣∣c0
∣∣p−1

H2

)
.

SUT5T\V � � Y

ª�$�"%;14-"kp]*+&6:<03$q7@B'"%$.&�GP"r&5;10326*87@B1*�(+*\2626*O$':<;1�Z*?G3GH*cB1>\¤'$103250H:<$�B1*
k1
V�c4��<(+*c"%;C[=/146:</1450H>?26>+&KB1*O46>?g8;1GP"%450326>

SUT6TWV3X Y *?2mSUT6TWV !Z�8Y 7
k1

26*?$'B}�i*?46& �`>\4-:=Ri;."%$'B ∣∣c0 − ω
∣∣
H1

26*?$'B}�Z*?46& �`>?46:=*?2O:<$_"

yω(t) ≤ e−γtyω(0) ≤ k1e
−γt.

ª�$¬;12503G30H&6*^*?$'&5;10326*^GH*+&�*+&52503D)"%250H:<$'&n:<p126*?$@;'*+&�/]:<;14�GH*+&m&-:<G3;1250H:<$'&ryz:<4526*+&`V � 03$'&50u7 g84��<(+*�s�SUT5T\V©�8§ Y *?2
SUT6TWV©� !ZY 7':<$�"

3∑

i=1

εΣi

2
|∆cωi |2L2 ≤ (max(k5, k

2
2) + k3)e

k4 = k6,
SUT5T\V � ¨ Y

:<�_GH*+&c(+:@*�R)(?0H*?$@26&
k2
7
k3
7
k4
7.B1>\¤'$'03&c/."%4nSUT6T\V©§�� Y *?2nSUT6T\V©�CX Y 7.$'*mB1>?/]*?$'B1*?$@2hR@;'*mB1*

k1
*?2�GH*m(+:@*�R)(?0H*?$@2

k5
B1>\¤'$10 /."%4mSUT5T\V©� !ZY 26*?$'B}�i*?46& �`>?46:=Ri;."%$.B ∣∣c0i − ωi

∣∣
H2

26*?$'B}�Z*?46& �`>?46:1V
 �"%4�(+:<$'&6>+Ri;'*?$�2`7|*?$�;12503G30H&-"%$@2}SUT5T\V � ¨ Y *?2rGH*+&m/146:</1450H>?26>+&�B1*)46>?g8;1GP"%450326>eBC;�{|"%/1GP"<(?0H*\$ 7|03G¢*\[C0H&526*=;1$'*

yz:<$'(?250H:<$
h : R

+ → R
+ (+:<$@2503$@;'*87'�i>?450x¤ "%$@2

h(0) = 0
7C26*?G3GH*kR@;'*h/]:<;14w26:<;12

δ > 0
7'&50

∣∣c0 −m(c0)
∣∣
H2 =

∣∣c0 − ω
∣∣
H2 ≤ δ,

SUT6T\V �8�8Y
:<$_"

|cω(t) − ω|H2 ≤ h(δ), ∀t ≥ 0.
SUT6TWV �<�ZY

!nt©"%/146F+&bGP"r46>?g8;1GP"%450326>hB1*+&K&6:<G3;1250H:<$'&¢yz:<4526*+&#SUT5T\V !Z�8Y 7iGP"kyz:<$'(?250H:<$
cω "%/1/."%45250H*?$@2ws C0([0,+∞[; (H2(Ω))3)

7
*?G3GH*k*+&52wB1:<$'(r(?:<$�2503$@;'*k*?$A26*?Dl/'&O*?2O*?$A*+&6/."<(+*<V � 03$'&50u71&60

δ
*+&52O&5;SR)&-"%D=*?$@2w/]*?25032�B'"%$'&rSUT6T\V �8�8Y 71:<$_"

|cω(t,x) − ω| ≤ α, ∀(t,x) ∈ [0,+∞[×Ω.
SUT6T\V � ¥ Y

�8�
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U 03$."%GH*?D=*?$@2`7.B�t©"%/146F+&OGH"lB1>\¤'$103250H:<$_B1*#GP"myz:<$'(?250H:<$
M0

ω *?2O*?$};12503G30H&W"%$@2mSUT5T\V � ¥ Y 7C03Gq��0H*?$@2

Mω
0 (cω(t,x)) = M0(c

ω(t,x)), ∀(t,x) ∈ [0,+∞[×Ω.

!nt©"%/146F+&wGP"n(+:<$'&62545;'(?250H:<$_B1*
Fω 7':<$�"l*?$}/."%45250H(?;1G30H*?4

D2Fω(cω) = D2F (cω)
&50

cω ∈ Sα.

� 03$'&50u7Cg84��<(+*rsASUT5T\V � ¥ Y 71:<$�:<p1250H*?$@2

Fω(cω) = F (cω) − F (ω) −DF (ω) · (cω − ω),

/1;10H&6R@;'* 3∑

i=1

(cωi − ωi) = 0
V !h"%$'&�GH*+&�>+R@;."%250H:<$'&nSUTWV3X�� Y 7

F
$qt 03$@26*?45��0H*?$@2hR@;'*rB'"%$'&OGH*+&�26*?45D=*+& ∇µi

V  ¡"%4
(+:<$'&6>+R@;'*?$@2`7�Gut©" ��:<;12rB�t ;1$'*nyU:<$'(?250H:<$�" R=$'*)s

F
$'*l(-,."%$1gZ*l/."<&#GP"�&6:<G3;1250H:<$qV|ª�$o*?$oB1>+BC;1032rR@;'*

cω *+&52
&6:<G3;1250H:<$AyU:<4526*kBC;}/146:<p1GHF?D=*k03$103250P"%GbSUT\V3X�� Y "`�i*+(hGH*#/]:<26*?$@250H*?G

F
*?2wGP"�D=:<p103G30326>

M0
V

acg�	
	���� � cω �ke�gne [�o�� g�d [ h p [� g�� � o%[ r 	 o � l�� 	 ^[ r o ]��
�mdyh<d
g�d 	 o 	 [ ��
d = 3

!#"%$'&wGH*r(`"<&OB1*#GP"lBC03D=*?$'&603:<$
3
71Gutv*+&52503D)"%250H:<$JB�tv>?$'*?45g80H*m*+&52wGP"nD��?D=*rR@;'*kB'"%$'&wGutv>?2-"%/]*

2
V � 03$'&50u7

k1*+&52wB1>\¤'$'0q/."%4mSUT5T\V � � Y *?2w26*?$'B}�Z*?46& �`>?46:=R@;."%$'B ∣∣c0 − ω
∣∣
H1

26*?$'BA�Z*?46& �`>?46:1V
 ¡:<;14�/146:<;1�i*?4�Gutv*\[C0H&526*?$'(+*wg8GH:<p."%GH*�B1*wGP"k&6:<G3;1250H:<$=yz:<4526*87i:<$);12503G30H&6*wGutv*+&52503D)"%250H:<$�SUT6T\Vv� �8Y :<p126*?$@;'*O/]:<;14

d = 3
Ri;10q/]*?;12O&`tv>+(?450346*#g84��<(+*r"%;C[�/146:</1450H>?26>+&�BC;�{ "%/1GP"<(?0H*?$

y′ω(t) + τyω(t) ≤ aω(t) + ky10
ω (t)yω(t)

:<�
yω =

3∑

i=1

εΣi

2
|∆cωi |2L2

*?2
τ
*+&52�;1$'*k(+:<$'&52-"%$@26*rR@;10qB1>?/]*?$'BAR@;'*#B1*

ε
7
Σi

*?2
Σ
V

I¢,.:<03&60H&6&6:<$'&
δ > 0

&5;SR)&-"%D=*?$@2O/]*?25032w/]:<;14OR@;'*#&50 ∣∣c0 − ω
∣∣
H2 ≤ δ

"%GH:<46&O:<$�"

ky10
ω (0) ≤ τ

2
.

Ib:<DlD=*=GH*+&r&6:<G3;1250H:<$'&#yz:<4526*+&r&6:<$@2r(+:<$@2503$@;'*+&m*?$o26*?Dl/'&`7�03G�*\[C0H&526*n;1$o26*?Dl/'&
t1 > 0

26*?G�R@;'*n/]:<;14r26:<;12
0 ≤ t < t1

71:<$_"
ky10

ω (t) ≤ τ.
SUT6T\V � � Y

��:<032
tm

GH*h26*?Dl/'&wD)"�[C03D)"%Gq/]:<;14wGH*+R@;'*?G (+*?2526*#/146:</1450H>?26>k46*+&526*#�@4-"%0H*8V �@;14wGut 03$@26*?45�<"%G3GH*
[0, tm[

7C03Gq��0H*?$@2

y′ω(t) + τyω(t) ≤ aω(t) + τyω(t)

(8tv*+&52�L�s�LNBC0346*
y′ω(t) ≤ aω(t).!nt©"%/146F+&wGutv*+&52503D)"%250H:<$¬SUT6TWV3X�� Y 7CGP"myz:<$'(?250H:<$

aω(t) = K1|∇cω|6L2

(
1 + |∇cω|β

L2

)

�i>?450x¤.*
∫ t+1

t

aω(s)ds ≤ k7,

:<�
k7

B1>?/]*?$'B�B1*
k1
V � 03$'&60u71:<$A:<p1250H*?$@2�*?$A;12503G30H&-"%$@2wGH*#GH*?DlD=*kB1*mc46:<$@�K"%G3G ;1$10xyU:<45D=*

yω(t) ≤ k7 + y(0) = k7 + k5 = k9, ∀0 ≤ t < tf .

�<�



�����������D	,��-�� �k�%	��+�����5�c�$	���	�� � ��)����n��	,�S	��:�c�$	j����	j��-��\��

!nt©"%/146F+&qGH*+&�/146:</1450H>?26>+&|B1*�46>?g8;1GP"%450326>�B1*+&q&6:<G3;1250H:<$'&�yu"%03p1GH*+&q*?2�yz:<4526*+&`7
k9
26*?$'B#�i*?46& �`>?46:�GH:<46&6R@;'* ∣∣c0 − ω

∣∣
H226*?$'B}�i*?46& �`>?46:1V'T�G�*\[C0H&526*

δ
"<&6&-* �#/]*?25032w26*?G Ri;'*#&60

∣∣c0 − ω
∣∣
H2 < δ

"%GH:<46&O:<$_"
k9 <

( τ
2k

) 1
10
.

 ¡"%4O(+:<$'&->+Ri;'*?$@2`7.:<$A:<p1250H*?$@2
ky10

ω (t) ≤ τ

2
, ∀0 < t ≤ tm.U 03$."%GH*?D=*?$@2`7Zg84��<(+*�scGP"#(+:<$@2503$@;10326>�*?$l26*?Dl/'&¢B1*

y
*?2¢scGP"hD)"�[C03D)"%G30326>OB1*

tm
78:<$)(+:<$'(?G3;12¢R@;'*

tm = +∞ V
� 03$'&50u7C03G *\[C0H&526*h;1$'*#;1$10HRi;'*k&-:<G3;1250H:<$}yU:<4526*#g8GH:<p."%GH*

cω "%;A/146:<p1GHF?D=*kD=:@BC0x¤.>#�i>?450x¤ "%$@2`7.B1*h/1G3;'&`7
yω(t) ≤ k9, ∀t ≥ 0

(+*kRi;10 *\$�254-"��H$'*
∣∣cω − c0

∣∣
L∞(0,∞;H2)

≤ h(δ).
SUT6TWV � X Y

ª�$�(+:<$'(?G3;12�*?$'&5;10326*k(+:<DlD=*kB'"%$'&wGutv>?2-"%/]*k/146>+(+>+B1*?$@26*8V
acg�	
	���� ��� [ � 	 [� g�� � �\h�g 	$e	� � 	�g [ g�d�
 � �

� ¤'$�B1*#&503Dl/1G30x¤.*?4OGH*+&�$':<2-"%250H:<$'&�7
cω *+&62�$':<26>+*

c
B'"%$'&wGP"n&5;'0x2-*#B1*#GP"�/146*?;1�i*8V

!nt©"%/146F+&wGH*+&O>+Ri;."%250H:<$'&mSUT\V3X�� Y 71:<$A/]*?;12O>+(?450346*#GP"�yU:<45Dm;1GP"%250H:<$��8"%450P"%250H:<$1$'*?G3GH*r&5;103�8"%$@26*

∀ϕ ∈ H2
n,

d

dt
(ci − ωi, ϕ) = −

∫

Ω

M0(c)

Σi
∇µi · ∇ϕdx

= −3

4
ε

∫

Ω
∆ci∇M0(c) · ∇ϕdx− 3

4
ε

∫

Ω
M0(c)∆ci∆ϕdx

− 4ΣT

εΣi

∫

Ω
M0(c)

∑

j 6=i

1

Σj

(
∇
(
∂iF (c) − ∂jF (c)

)
· ∇ϕ

)
dx.

 �46*?$':<$'&
ϕ = εΣi(ci − ωi)

B'"%$'&�G3*+&w>+Ri;."%250H:<$'&�V1��$A&6:<DlD)"%$@2�GH*+&w>+Ri;."%250H:<$'&w&5;14
i
*?2w*?$�;12503G30H&-"%$@2wGH*�yu"%032

R@;'* 3∑

i=1

(ci − ωi) = 0
7':<$A:<p1250H*?$@2

3∑

i=1

εΣi

2

d

dt
|ci − ωi|2L2 +

3∑

i=1

3

4
ε2ΣiM1|∆ci|2L2 +

3∑

i=1

12M1

∫

Ω
D2F (c)∂ic · ∂ic dx

≤
3∑

i=1

3

4
ε2Σi

∫

Ω
|DM0(c)||∆ci||∇c|2 dx. SUT5T\V � § Y

Ib:<DlD=*
D2F

*+&52�/]:8&5032503�i*k&5;14 Sα
71:<$�:<p1250H*?$@2

3∑

i=1

εΣi

2

d

dt
|ci − ωi|2L2 +

3∑

i=1

3

4
ε2ΣiM1|∆ci|2L2 ≤

3∑

i=1

3

4
ε2Σi|DM0(c)|∞|∆ci|L2 |∇c|2L4 .

ª�$�;12503G30H&6*m*?$'&5;10326*kGut 03$ �5*+(?250H:<$JB1*
H1 ⊂ L4 *?$_BC03D=*?$'&50H:<$JB1*?;C[A*?2O2546:<0H&�*?2OGH*+&O/146:</1450H>?26>+&cB1*k46>?g8;1GP"%450326>BC;�{ "%/1GP"<(?0H*?$�/]:<;14�*+&52503D=*?4wGH*h26*?45D=* |∇c|L4

|∇c|L4 ≤ K|∇c|H1 ≤ K|c −m(c)|H2 ≤ K|c −m(c)|
1
2

H2 |∆c|
1
2

L2 .

� ¥
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U 03$."%GH*?D=*?$@2`7 *?$�;12503G30H&-"%$@2kGut ,@j�/]:<25,'F+&6*�SUT5T\V©¨ �8Y &5;14
m(c)

*?2#GH*+&k>+Ri;."%250H:<$'&^SUT5T\V©¨8¨ Y 79SUT6TWV �<�ZY *?2)SUT6TWV � X Y 7]03G
��0H*?$@2

3∑

i=1

εΣi

2

d

dt
|ci − ωi|2L2 +

3∑

i=1

3

4
ε2ΣiM1|∆ci|2L2 ≤

3∑

i=1

3

4
ε2ΣiM3|∆ci|2L2 |c −m(c)|H2

≤
3∑

i=1

3

4
ε2ΣiM3|∆ci|2L2 |c − ω|H2

≤
3∑

i=1

3

4
ε2ΣiM3(h(δ) + δ)|∆ci|2L2 .

�@0 :<$A(-,':<0H&6032
δ
"<&6&-* �#/]*?25032w/]:<;14OR@;'*

M3(h(δ) + δ) ≤ M1

2

71:<$_"

3∑

i=1

εΣi

2

d

dt
|ci − ωi|2L2 +

3∑

i=1

3

4
ε2Σi

M1

2
|∆ci|2L2 ≤ 0.

��$^;12503G30H&-"%$@2�;1$'*�yz:<0H&�B1*w/1G3;'&�GH*+&�/146:</1450H>?26>+&bB1*�4->\g8;'GH"%460x2->�B1*wGutv:</]>?4-"%26*?;14b{|"%/1GP"<(?0H*?$q7@:<$^*?$^B1>+BC;1032bR@;qt 03G
*\[C0H&526*h;1$'*k(+:<$'&52-"%$@26*

β > 0
26*?G3GH*kR@;'*

|ci(t) − ωi|2L2 ≤ Ke−βt.

 ¡"%4l(+:<$'&6>+R@;'*?$@2`7
c(t) − ω

26*?$'B¬�i*?46& �+>?46:�B'"%$'&
L2(Ω)

Ri; "%$'B
t
26*?$'B¬�i*?46&mGut 03$C¤'$10uV�!h*^/1G3;'&`7£(+:<DlD=*

c − ω
"%/1/."%45250H*?$@2)s

L∞(R+; H2(Ω))
7£:<$�*?$~B1>+BC;1032l/."%4n03$@26*?45/]:<GP"%250H:<$ER@;'*

c(t) − ω
26*?$'B¬�Z*?46& �`>?46:

*\[C/]:<$'*?$@250H*?G3GH*?D=*?$@2cB'"%$'&
Hs(Ω)

71/]:<;14w26:<;12
0 ≤ s < 2

7'Ri;."%$'B
t
26*?$'B}�Z*?46&�Gut 03$C¤'$10uV
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Ib*c(-,."%/1032546*c*+&62bB1>+BC0H>h"%;C[)&-(-,'>?D)"<&¢$@;1D=>?450HR@;'*+&b;12503G30H&6>+&KB'"%$'&bGH*?&�"%/1/1G30H(`"%250H:<$'&K/146>+&6*?$@26>+*+&KB'"%$'&bGH*�(-,."�L
/1032546*wT��n7%/]:<;14�GP"c46>+&-:<G3;1250H:<$)BC;l/146:<p1GHF?D=*wB1*OIK"%,1$CLNM�03G3G30P"%46B.�%ah"`�@0H*?4�L��@26:<�i*+&¢"%$10H&-:<25,'*?45D=*8V@ª�$=&�t©"%252-"<(-,'*
*?$)/."%45250H(?;1G30H*?4�sh�i>?450x¤.*?4¢R@;'*�GH*wD=:@B1F?GH*�BC0H&6(?46*?2¢&-"%2603&5yz"%032¢B1*+&9/146:</1450H>?26>+&K"%$."%GH:<g8;'*+&Ksk(+*?G3GH*+&¢BC;)/146:<p1GHF?D=*
(+:<$@2503$@;qV

�c"%/1/]*?GH:<$'&wGH*+&w>+R@;."%250H:<$'&OBC;AD=:@B1F?GH* P

>+R@;."%250H:<$'&OB1*mIK"%,1$CLNMO03G3G30P"%46B ∂ci
∂t

+ u · ∇ci = ∇ ·
(
M0

Σi
∇µi

)
,
/]:<;14w0���X87©§C7�� SUT5T6TWV3X Y

µi = fF
i (c) − 3

4
εΣi∆ci,

/]:<;14w0���X87©§C7�� SUT5T6TWV©§ Y
>+R@;."%250H:<$'&OB1*kac"`��0H*?4�L��@26:<�Z*+& ∇ · u = 0,

SUT6T6TWV�� Y

%

(
∂u

∂t
+ u · ∇u

)
= ∇ · (2ηD(u)) −∇p+

3∑

i=1

µi∇ci + %g,
SzT5T6TWV  Y

>+R@;."%250H:<$�BC;Ap103GP"%$�B�tv>?$'*?45g80H*
%cp

(
∂T

∂t
+ u · ∇T

)
= ∇ · (λ∇T ).

SUT6T6TWV©� Y

:<��:<$}$.:<26*

fF
i (c) =

4ΣT

ε

∑

j 6=i

(
1

Σj
(∂iF (c) − ∂jF (c))

)
,

SUT5T6TWV©¨ Y

*?2
D(u) =

1

2
(∇u + ∇ut)

V¡ª�$¬4-"%/1/]*?G3GH*�Ri;'*)GH*+&m/ "%4-"%D=F?2546*+&�/1,@jC&50HR@;'*+&�S
%
7
η
7
cp
7
λ
Y B1>?/]*?$'B1*?$@2lB1*+&

/."%4-"%D=F?2546*+&AB�tv:<46BC4-*<7w"%03$'&60hR@;'*JGH"�D=:<p103G30326>8Vw!c*J/1G3;'&`7bGH*JD=:@B1F?GH*�B1*oIK"%,1$CLNMO03G3G30P"%46B "�>?26>�(+:<$'&62545;1032
"�¤'$~Bqtv"<&-&5;146*?4nR@;'*)GP"_&-:<DlD=*eB1*+&�/."%4-"%D=F?2546*+&lB�tv:<46BC46*e�8"%;12

1
sA26:<;12n03$'&52-"%$@2n*?2n*?$¬26:<;12n/]:<03$@2`V¡ ¡"%4

(+:<$'&6>+R@;'*?$@2`7'G3*+&O>+R@;."%250H:<$'&mSUT6T5T\V3X Y LWSUT6T5T\V©§ Y �Z>?450x¤.>+*+&O/."%4O*\[C*?Dl/1GH*k/."%4
(c3, µ3)

71/]*?;1�i*?$@2 �?2546*#46*?Dl/1GP"<(+>+*+&
/."%4

c3 = 1 − c1 − c2, µ3 = −
(

Σ3

Σ1
µ1 +

Σ3

Σ2
µ2

)
.

SUT5T6TWV �8Y

a�;1D=>?450HRi;'*?D=*?$@2`7 &6*?;1GH*+&�GH*+&O>+Ri;."%250H:<$'&OB1*mIK"%,1$CLNM�03G3G30P"%46BA�i>?450x¤.>+*+&�/."%4
(c1, µ1, c2, µ2)

&6:<$@2w46>+&6:<G3;'*+&`V
��:<0H*?$@2

Γ = Γc
D ∪ Γc

N

7
Γ = Γu

D ∪ Γu
t ∪ Γu

τ

*?2
Γ = ΓT

D ∪ ΓT
N

B1*+&k/."%452503250H:<$'&m46>?g8;1G30HF?46*+&�B1*
Γ
Vq{q*+&

� X
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(+:<$'BC03250H:<$'&c"%;C[�G303Dl0326*+&�"<&6&-:i(?0H>+*+&�"%;C[}>+Ri; "%250H:<$'&w/146>+(+>+B1*?$@26*+&�&6:<$@2

ci = ciD
*?2
M0∇µi · n = 0,

&6;14
Γc

D

SUT5T6TWV �ZY
∇ci · n = 0

*?2
M0∇µi · n = 0,

&6;14
Γc

N

SUT5T6TWV©¥ Y
u = uD,

&5;14
Γu

D

SUT6T6TWV3X�� Y
u · n = 0

*?2
(2ηD(u)n− pn) · t = 0,

&5;14
Γu

t

SUT6T6TWV3X8X Y
2ηD(u)n− pn = 0,

&6;14
Γu

τ

SUT6T6TWV3X`§ Y
T = TD,

&5;14
ΓT

D

SUT6T6TWV3X � Y
∇T · n = 0,

&6;14
ΓT

N

SUT6T6TWV3X  Y
:<�AGH*+&�g84-"%$'B1*?;146&

(ciD, uD, TD)
&6:<$@2wB1:<$1$'>+*+&`V

{ *+&K(+:<$'BC03250H:<$'&�B1*c!c03450H(-,1GH*?2K/]:<;14KGH*?&b/."%4-"%D=F?2546*+&wB�tv:<46BC46*h&6*?46:<$@2b;12503G30H&6>+*+&K/]:<;14�"<&6&6;146*?4¢GP"m(?46>`"%250H:<$
B�t ;1$=254-"%03$^B1*Kp1;1G3GH*+&¢B'"%$'&�GH*�/."%4-"%g84-"%/1,'*�T��nV  'V©§h*?29$qtv:<$@29/."<&�>?26>�254-"%0326>+*+&�B'"%$'&9GH*+&�>?25;'B1*+&�B1*+&9(-,."%/1032546*+&
T¢*?2OT6TWV

�9$C¤'$q7.s
t = 0

71:<$_"
u = u0,

ci = c0i
26*?GH&ORi;'* 3∑

i=1

c0i = 1
7

T = T 0,

SUT6T6TWV3X`� Y

:<�
(u0, c01, c

0
2, c

0
3, T

0)
&6:<$�2wB1:<$1$'>+&`V

ac:<;'&|/146*?$':<$'&¡B1*+&£BC0H&6(?46>?250H&-"%250H:<$'&¡&5/."%250P"%GH*+&¡*?2|26*?Dl/]:<46*?G3GH*+&¡26*?G3GH*?&¡R@;'*9GH*�/146:<p'G3F?D=*KBC0H&6(?46*?2£�Z>?450x¤.*bB1*+&
/146:</1450H>?26>+&b&503Dl03GP"%0346*+&Ks#(+*?G3GH*+&bBC;)/146:<p1GHF?D=*�(+:<$@2503$@;eRi;'*w$':<;'&�4-"%/1/]*?GH:<$'&bB'"%$'&�GP"#/146:</]:8&503250H:<$e&5;103�8"%$@26*8V
� ^[ 	 [ e�d%g�d [ h ������� � ���

u�w
(c,µ, u, p)

� ��� w � ��{ x SUT5T6TWV3X Y�� SUT6T5T\V  Y � w {$� w ��z�� � ����� v {D| wfxyw�v {$� � zm� v �N| SUT5T6T\V �ZY>� SUT6T6TWV3X`§ Y �<� v ���
�Z� � w mes(Γu

τ ) = 0 � x uD = 0
�<� v ��� � � � v � z ~ ��|\����� � ��z$� �D� � �L�Y��� x � v {$����� � � � z � v z��>��|tzx � ~ ���
d

dt

∫

Ω
ci dx = 0 � v z�� i = 1, 2, 3,

��� � w c0 ∈ S =
{
(c1, c2, c3) ∈ R

3, c1 + c2 + c3 = 1
} �<� v ��� c(t) ∈ S � v z\� x v z x t ≥ 0 �

� � � w u ≡ 0 � ��� ��{������ w � � w ���I� F ���	� 
��

Σ,ε

� ��� w � �
d

dt
F

��	� 
��

Σ,ε = −
3∑

i=1

M0

Σi

∫

Ω
|∇µi|2 dx.

 £:<;14m�Z>?450x¤.*?4rGP"AB1*?;C[�0HF?D=*)/146:</1450H>?26>87 $':<;'&rD=:<$@2546*?46:<$'&�Ri;'*=G3*=/146:<p1GHF?D=*^BC0H&6(?46*?2m>+(?45032m&6:<;'&kGP"�yU:<45D=*
B�t ;1$~&6j�&526F?D=*eB1*�IK"%,'$CLNMO03G3G30P"%46B~�Z>?450x¤.>^/."%4

(c1, µ1, c2, µ2)
*?2nB�t ;1$'*�>?R@;."%250H:<$�&503Dl03GP"%0346*�s¬SUT6T5T\V �8Y *+&52

>+R@;103�<"%GH*?$@2K"%;^/146:<p1GHF?D=*�B1*hIK"%,1$CLNMO03G3G30P"%46Be�Z>?450x¤.>O/."%4
(c1, µ1, c2, µ2, c3, µ3)

V�Ib:<DlD=*�GH*+&¢&5jC&526F?D=*+&�&-:<$@2
>+R@;103�<"%GH*?$@26&�7C$':<;'&w;12503G30H&6*?46:<$'&OGut ;1$�:<;}Gut©"%;12546*k/]:<;14wD=:<$@2546*?4OGH*+&�/146:</1450H>?26>+&�BC;�&6(-,'>?D)"lBC0H&6(?46*?2`V

ac:<;'&K;12503G30H&6:<$'&�;1$'*#&6*?Dl0xLNBC0H&6(?46>?250H&-"%250H:<$_*?$�26*?Dl/'&�/]:<;14wB1>+(+:<;1/1GH*?4wGH*+&K/146:<p1GHF?D=*+&OB1*kIK"%,1$CLNM�03G3G30P"%46B
*?2=B'*}ah"`�@0H*?4�L��@26:<�i*+&=B'"%$'&=;1$�/ "<&=B1*�26*?Dl/'&`V9ac:<;'&l$':<;'&=(+:<$'(+*?$@2546:<$.&=/'Gx;.&l/."%45250H(?;1G30HF?46*?D=*+$@2^&5;'4lGP"
yu"<d+:<$�B1*#BC0H&-(?46>?250H&6*?4O*?$A26*?Dl/'&wGH*+&w26*?45D=*+&w$':<$CLuG303$'>`"%0346*+&cB'"%$'&wGH*?&O>+R@;."%250H:<$'&mSUT6T5T\V©§ Y V Ib*+(?0q03$@26*?45��0H*?$@2OB'*
yu"<d+:<$A(?45;'(?0P"%GH*rB'"%$'&wGutv>?2-"%p1G30H&6&6*?D=*?$@2�B1*#Gutv*+&52503D)"%250H:<$_B1*#Gutv>?$'*?45g80H*rBC0H&6(?46F?26*8V
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Vci

D = {νci ∈ H1(Ω) | νci = ciD
&6;14

Γc
D}

Vc = {νc ∈ H1(Ω) | νc = 0
&5;14

Γc
D}

Vµ = {νµ ∈ H1(Ω)}.
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(cn+1
1 , cn+1

2 , µn+1
1 , µn+1

2 ) ∈ Vc1
D × Vc2

D × (Vµ)2
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∫

Ω

cn+1
1 − cn1

∆t
νµ dx = −

∫

Ω

M `
0

Σ1
∇µn+1

1 · ∇νµ dx,

∫

Ω
µn+1

1 νc dx =

∫

Ω
D1(c

n+1, cn)νc dx+

∫

Ω

3

4
Σ1ε∇cn+1

1 · ∇νc dx,

∫

Ω
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∆t
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Σ2
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(c1h

n+1, c2h
n+1, µn+1

1h , µn+1
2h ) ∈ (Vc

h)2 ×
(
Vµ

h

)2 26*?GqR@;'* ∀νµ
h ∈ Vµ

h

7 ∀νc
h ∈ Vc

h
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∫

Ω

c1h
n+1 − c1h

n

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σ1
∇µn+1

1h · ∇νµ
h dx,

∫

Ω
µn+1

1h νc
h dx =

∫

Ω
D1(c

n+1
h , cn

h)νc
h dx+

∫

Ω

3

4
Σ1ε∇c1h

n+1 · ∇νc
h dx+

∫

Ω

3

4
Σ1ε∇c1Dh · ∇νc

h dx,

∫

Ω

c2h
n+1 − c2h

n

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σ2
∇µn+1

2h · ∇νµ
h dx,

∫

Ω
µn+1

2h νc
h dx =

∫

Ω
D2(c

n+1
h , cn

h)νc
h dx+

∫
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3
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Σ2ε∇c2h
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h dx+
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[Cn+1

1 ,Cn+1
2 ,Mn+1

1 ,Mn+1
2 ] ∈ (RNc

)2 × (RNµ
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Rµ1(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,

Rc1(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,

Rµ2(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,

Rc2(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,
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ih

*?2
µn+1
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*?2 Vµ
h
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*?2 Rµi
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∀1 ≤ I ≤ Nµ 7

Rµi

I =

∫

Ω

cih
n+1 − cih

n

∆t
νµ

I dx+

∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
I dx,
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∀1 ≤ I ≤ N c

Rci

I =

∫

Ω
µn+1

ih νc
I dx−

∫

Ω
Di(c

n+1
h , cn

h)νc
I dx

−
∫

Ω

3

4
Σiε∇cihn+1 · ∇νc

I dx−
∫

Ω

3

4
Σiε∇ciDh · ∇νc

I dx.
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ih − cnih ∈ Vc
h

�
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cn+1
3h = 1 − cn+1

1h − cn+1
2h µn+1

3h = −
(

Σ3

Σ1
µn+1

1h +
Σ3

Σ2
µn+1

2h

)
.
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i = 1, 2, 3
∀νµ

h ∈ Vµ
h

7 ∀νc
h ∈ Vc

h

7
∫

Ω

cn+1
ih − cnih

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
h dx,

∫

Ω
µn+1

ih νc
h dx =

∫

Ω
Di(c

n+1
h , cn

h)νc
h dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇νc
h dx.

SUT6T6TWV©§ � Y

ª�$A;12503G30H&6*?4-"nGH*+&OB1*?;C[eyU:<45D�;1GP"%250H:<$'&OB'"%$'&wGP"l&5;10326*h/]:<;14wD=:<$@254-*\4OGH*+&w/146:</1450H>?26>+&OBC;�&6(-,'>?D)"CV
�9$C¤'$�(+:<DlD=*

1 ∈ Vµ
h

7103Gq*+&52O(?GP"%0x4�Ri;'*#/]:<;14
i = 1, 2, 3

∫

Ω

cn+1
ih − cnih

∆t
dx = 0.

������������� � �f"���.0$�"��'&)(��	� !�(P*� �
)�'* /h&�P 
F = F0ª�$=&`t 03$@26>?46*+&6&6*KD)"%03$@26*?$."%$@2bs�Gutv*+&52503D)"%250H:<$)B1*KGutv>?$'*?45g80H*�/]:<;14�GH*b/146:<p1GHF?D=*wB1*OIK"%,1$CLNM�03G3G30P"%46B=BC0H&6(?46*?2�"`�i*+(

F = F0
V

 ¡:<;14wGH*#/146:<p1GHF?D=*r(+:<$@2503$@;q7'$':<;'&O"`�i:<$'&���;AB'"%$'&wGH*#(-,."%/1032546*rT¢R@;'*hGutv>?$'*?45g80H*kG303p146*#�i>?450x¤.*

d

dt
F
����	�
��

Σ,ε = −
3∑

i=1

∫

Ω

M0

Σi
|∇µi|2 dx.

{ "wBC0H&6(?46>?250H&W"%250H:<$mB1*+&q26*?45D=*+& $':<$CLuG303$'>`"%0346*+&£B'"%$'& GH*+& >+R@;."%250H:<$'&|B1*¢IK"%,1$CLNM�03G3G30P"%46B ��:<;'*9;1$k4IV<GH*903Dl/]:<452-"%$@2
/]:<;149Gutv>?2-"%p1G30H&6&6*?D=*?$@2¢B1*KGutv*+&52503D)"%250H:<$^B�tv>?$'*?45g80H*8V � $'*�BC0H&6(?46>?250H&-"%250H:<$)$."%25;146*?G3GH*w*+&62�(+*?G3GH*�03Dl/1G30H(?0326*OB1>\¤'$10H*/]:<;14

i = 1, 2

∀νµ
h ∈ Vµ

h ,

∫

Ω

cn+1
ih − cnih

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
h dx,

∀νc
h ∈ Vc

h,

∫

Ω
µn+1

ih νc
h dx =

∫

Ω
fF

i (cn+1
h )νc

h dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇νc
h dx,

SUT6T6TWV©§  Y

:<�
fF

i (cn+1
h ) =

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF (cn+1

h ) − ∂jF (cn+1
h )

))

� ¨



���������$���3�f��'����$	��f�L�S	��%�<& � � ���D��- �\�D�c���)�Q���(&����3� � �k�
����� $	*���	����H��	��f��& �  ��&(���� �f

*?2
(cn+1

3h , µn+1
3h )

�i>?450x¤.*?$@2�GH*+&�>+R@;."%250H:<$'&rSUT5T6TWV©§8§ Y V'ª�$�"m0H(?0
Di(c

n+1
h , cn

h) = fF
i (cn+1

h )
VC ¡"%4w(+:<$@2546*87'(+*?2526*

BC0H&6(?46>?250H&W"%250H:<$_$'*k/]*?45D=*?2�/ "<&�B�t©"<&6&5;146*?4OGutv*+&62503D)"%250H:<$JB1*rGutv>?$'*?45g80H*87.$10|D��?D=*rGutv*\[�0H&526*?$'(+*mB1*kGP")&6:<G3;1250H:<$
BC0H&6(?46F?26*8V !nt©"%03G3GH*?;146&`7.GH:<46&6R@;'*kGutv*+&52503D)"%250H:<$J$qtv*+&52O/."<&O�Z>?450x¤.>+*87.$':<;'&c"`�i:<$'&�:<p'&6*?45�i>#$@;1D=>?450HR@;'*?D=*?$@2hR@;'*
&50';1$)B1*+&�(+:@*�R)(?0H*?$@26&

Σi
*+&529$'>?gi"%250xy "%GH:<46&9Gut©"%G3gZ:<450325,1D=*cB1*wac*?��26:<$=/]:<;'4946>+&-:<;'BC46*wG3*O&5j�&626F?D=*�B1*cIK"%,1$CL

M�03G3G30P"%46BA$'*r(+:<$@�i*?45gZ*k/."<&OGH:<46&�B1*kGut©"%/1/."%4503250H:<$�B1*+&O/]:<03$@26&O254503/1GH*+&`V�Ib*+(?0|*+&52O�@4-"%0H&6&-*?Dmp1GP"%p1GH*?D=*?$@2cB	2J"%;
yu"%032wR@;'*hGP"n&-:<G3;1250H:<$�BC;A/146:<p1GHF?D=*rBC0H&6(?46*?2w$qtv*\[�0H&626*h/."<&`V

 ¡:<;14�GH*h/146:<p1GHF?D=*kBC03/1,."<&50HR@;'*=SUTWV©§ Y 7C��j�46*l�  'X87  i§ � /146:</]:8&6*h;1$'*k"%;12546*#BC0H&6(?46>?250H&W"%250H:<$A*?$}26*?Dl/'&O"�¤'$
B�t©"`�i:<034¢;1$'*c*+&52503D)"%250H:<$�Bqt >?$'*?45g80H*h*?2bB�tv*?$�B1>+BC;10346*�Gutv*\[C0H&526*?$'(+*c*?2¢Gut ;1$10H(?0326>hB1*OGP"r&6:<G3;1250H:<$�BC0H&6(?46F?26*8V� ¡:<;14
(+*?GP"C7103G B1>+(+:<Dl/]:8&6*

F
*?$A/."%45250H*k(+:<$@�i*\[C*

F+ *?2O(+:<$'(`"`�i*
F− (+:<DlD=*r&5;1032

x2(1 − x)2 =

(
x− 1

2

)4

︸ ︷︷ ︸
F+

+
1

16

(
1 − 2(2x− 1)2

)

︸ ︷︷ ︸
F−

.

��$A03Dl/1G30H(?032-"%$@2OGP"�B'>\460x�i>+*kB1*
F+ *?2w*?$A*\[C/1G30H(?032-"%$@2O(+*?G3GH*kB1*

F− B'"%$'&�GH*+&w>+R@;."%250H:<$'&rSUT\V©§ Y 7CGutv*+&52503D)"%250H:<$
B1*#Gutv>?$'*?45g80H*rBC0H&6(?46F?26*k&`tv>+(?45032

F �
	�
�

σ,ε (cn+1
h ) −F �

	�
�
σ,ε (cnh) + ∆t

∫

Ω
M0

∣∣∇µn+1
h

∣∣2 dx ≤ 0.

ac:<;'&¢"%G3GH:<$'&�$':<;'&903$'&6/10346*?4¢B1*w(+*?2526*wD=>?25,':@B1*87i/]:<;14�GH*�/146:<p1GHF?D=*�B1*�IK"%,1$CLNM�03G3G30P"%46B)254503/1,."<&50HR@;'*�"`�i*+(
F = F0

V
ª�$�"���;E/146>+(+>+B1*?DlD=*?$@2�R@;'*}GH*A&5jC&526F?D=*�SUT6T5T\V©§CX Y LWSUT5T6TWV©§8§ Y *+&52^>+Ri;103�8"%GH*?$@2e"%;Q&5jC&526F?D=*AB1*JIK"%,1$CL

M�03G3G30P"%46B�SUT6T5T\V©§ � Y /]:<;'4
i = 1, 2, 3

V1ac:<;'&�;12503G30H&6*?46:<$'&wGH*+&OB1*?;C[eyU:<45D�;1GP"%250H:<$'&OB'"%$'&wGP"n&6;10326*8V

��� � ����� � � 	 � Z i [ ��	 [ e�d%g�d [ h i [ h � �jb ����i [ h�i 	 � �
{q:<46&-Ri;'*�26:<;'&�GH*+&9(+:@*�R)(?0H*?$@26&

Σi
&6:<$@2�/]:8&503250xyz&`7<$':<;'&�"`�i:<$'&���;=B'"%$'&�GH*�(-,."%/1032546*OT|R@;'*KGH*K/146:<p1GHF?D=*mSUTWV3X�� Y

*+&52�p10H*?$�/]:8&6>#*?$A/146*?$."%$@2
F = F0

B1>\¤'$10q/."%4

F0(c) =
Σ1

2
c21(1 − c1)

2 +
Σ2

2
c22(1 − c2)

2 +
Σ3

2
c23(1 − c3)

2, ∀c ∈ S.

 �"%4r"%$."%GH:<g80H*)"`�Z*+(nGH*�/146:<p1GHF?D=*=BC03/1,."<&50HR@;'*87�&50¡GH*+&#(+:@*�R)(?0H*?$@26&
Σi

&6:<$@2#/]:8&503250xyU&`7
F0

&6*nB1>+(+:<Dl/]:8&6*
*?$A/."%45250H*k(+:<$@�i*\[C*k*?2O(+:<$'(`"`�Z*kB1*#GP"�D)"%$10HF?46*r&6;103�<"%$@26*

F+
0 (c) =

Σ1

2

(
c1 −

1

2

)4

+
Σ2

2

(
c2 −

1

2

)4

+
Σ3

2

(
c3 −

1

2

)4

,

F−
0 (c) =

Σ1

32

(
1 − 2(2c1 − 1)2

)
+

Σ2

32

(
1 − 2(2c2 − 1)2

)
+

Σ3

32

(
1 − 2(2c3 − 1)2

)
.

!#"%$'&=GH*+&)>+R@;."%250H:<$'&_SzTWV3X�� Y 7�GH*+&)B1>?4503�Z>+*+&)/."%45250H*?G3GH*+&^B1*
F

&-:<$@2=/1450H&6*+&^"%;E26*?Dl/'&
tn+1 /]:<;14)GP"�/."%45250H*

(+:<$@�i*\[C*�*?2e"%;Q26*?Dl/'&
tn

/]:<;14)GP"�/."%45250H*_(+:<$'(`"`�Z*8V � 03$'&50u79*?$Q$':<2-"%$@2eRi;'*
cn+1
ih = cih

n+1 + ciDh

GH*+&
>+R@;."%250H:<$'&OBC0H&6(?46>?250H&6>+*+&O&6:<$@2w/]:<;14

i = 1, 2, 3

∀(νµ
h , ν

c
h) ∈ Vµ

h × Vc
h

∫

Ω

cn+1
ih − cnih

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
h dx,

∫

Ω
µn+1

ih νc
h dx =

∫

Ω
Di(c

n+1
h , cn

h)νc
h dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇νc
h dx,

SUT6T6TWV©§8� Y
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"`�i*+(

Di(c
n+1
h , cn

h) = f
F+

0
i (cn+1

h ) + f
F−

0
i (cn

h)

=
4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

+
0 (cn+1

h ) − ∂jF
+
0 (cn+1

h )
))

+
4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

−
0 (cn

h) − ∂jF
−
0 (cn

h)
))

.

��(?4503�Z:<$'&OD)"%03$@26*?$."%$@2OGutv*+&52503D)"%250H:<$_B1*#Gutv>?$'*?45g80H*rBC0H&6(?46F?26*8V ª�$_"C7'B�t ;1$'*#/."%452`71/."%4OB1>\¤'$103250H:<$

F
����	�
�

Σ,ε (cn+1
h ) −F

� � 	�
�

Σ,ε (cn
h) =

∫

Ω

12

ε

(
F0(c

n+1
h ) − F0(c

n
h)
)
dx

+

∫

Ω

3∑

i=1

3

8
Σiε

(∣∣∇cn+1
ih

∣∣2 − |∇cnih|2
)
dx.

SUT6T5T\V©§8¨ Y

!nt©"%;12546*k/."%452`7'*?$A/146*?$."%$@2
νµ

h = µn+1
ih

*?2
νc

h =
cn+1
ih − cnih

∆t

B'"%$'&rSzT5T6TWV©§8� Y 7C03Gq�@0H*?$@2w/]:<;14
i = 1, 2, 3

∫

Ω

cn+1
ih − cnih

∆t
µn+1

ih dx = −
∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx,
∫

Ω
µn+1

ih

cn+1
ih − cnih

∆t
dx =

∫

Ω

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

+
0 (cn+1

h ) − ∂jF
+
0 (cn+1

h )
)) cn+1

ih − cnih
∆t

dx

+

∫

Ω

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

−
0 (cn

h) − ∂jF
−
0 (cn

h)
)) cn+1

ih − cnih
∆t

dx

+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇
(
cn+1
ih − cnih

∆t

)
dx.

SUT6T6TWV©§ �8Y

ª�$A46*?D)"%46R@;'*kR@;'*

∇cn+1
ih · ∇(cn+1

ih − cnih) =
1

2

(∣∣∇cn+1
ih

∣∣2 − |∇cnih|2 +
∣∣∇cn+1

ih −∇cnih
∣∣2
)
.

��$�&-:<DlD)"%$@2wGH*+&w>+R@;."%250H:<$'&O&5;14
i
*?2O*?$}$':<2-"%$@2�Ri;'* 3∑

i=1

(cn+1
ih − cnih) = 0

71:<$�:<p1250H*?$@2c"%GH:<46&

∆t
3∑

i=1

∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx =

− 12

ε

∫

Ω

3∑

i=1

∂iF
+
0 (cn+1

h )
(
cn+1
ih − cnih

)
dx− 12

ε

∫

Ω

3∑

i=1

∂iF
−
0 (cn

h)
(
cn+1
ih − cnih

)
dx

− 3

8
ε

∫

Ω

3∑

i=1

Σi

(∣∣∇cn+1
ih

∣∣2 − |∇cnih|2
)
dx− 3

8
ε

∫

Ω

3∑

i=1

Σi

∣∣∇cn+1
ih −∇cnih

∣∣2 dx. SUT6T5T\V©§ �ZY

�8�
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F
����	�
�

Σ,ε (cn+1
h )−F

��� 	�
�

Σ,ε (cn
h) + ∆t

3∑

i=1

∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx =

−
∫

Ω

3

8
ε

3∑

i=1

Σi

∣∣∇cn+1
ih −∇cnih

∣∣2 dx

+
12

ε

∫

Ω

[
F+

0 (cn+1
h ) − F+

0 (cn
h) −∇F+

0 (cn+1
h ) ·

(
cn+1

h − cn
h

)]
dx

+
12

ε

∫

Ω

[
F−

0 (cn+1
h ) − F−

0 (cn
h) −∇F−

0 (cn
h) ·

(
cn+1

h − cn
h

)]
dx.
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!nt©"%/146F+&KGH*+&K/146:</1450H>?26>+&�gZ>+:<D=>?25450HRi;'*+&wB1*+&byz:<$'(?250H:<$'&�(+:<$@�i*\[C*+&�*?2K(+:<$'(`"`�i*+&�*?2KGP"m/146:</]:8&503250H:<$AT\V©§CV��C7@2-:<;'&
GH*+&�2-*\46D=*?&�BC;}D=*?Dmp146*rB1*kBC46:<0326*k&6:<$@2w$'>?gi"%250xyU&�V.ª�$_"nB':<$'(#Gutv*+&52503D)"%250H:<$_B�tv>?$'*?45g80H*rBC0H&6(?46F?26*k&6;103�<"%$@26*

F
��� 	�
�

Σ,ε (cn+1
h ) −F

����	�
��

Σ,ε (cn
h) + ∆t

3∑

i=1

∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx ≤ 0.
SUT6T5T\V���� Y
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F = F0

7
$':<26>+*#T �J 9{�L

F0
*?2�(+*?G3GH*#B1>\¤'$10H*h/."%4kSUT6T5T\V©§8� Y 7@$.:<26>+*k�����JTNLNT �J 9{�L

F0
V1ª�$A&`t 03$@26>?46*+&6&6*#"%;�/."<&-&-"%gZ*hB�t ;1$'*

p1;1G3GH*^se254W"`�Z*?46&k;1$'*l03$@26*?4�yu"<(+*=G30HRi;10HB1*���G30HR@;10HB1*8V ac:<;'&r"`�i:<$'&r(-,':<0H&50�(+*?2526*^"%/1/1G30H(+"%2603:<$¬:<��:<$o46>+&-:<;12kGH*+&
>+R@;."%250H:<$'&�(+:<;1/1GH>+*+&#IK"%,1$CLNM�03G3G30P"%46B.�%ah"`�@0H*?4�L��@26:<�i*+&c(`"%4c(8tv*+&52OGH:<46&�B1*kGut©"%/1/."%4503250H:<$�B1*k/]:<03$@26&�254503/1GH*+&�R@;'*
$':<;'&�"`�Z:<$'&r:<p'&-*?45�Z>)B1*+&k/146:<p1GHF?D=*+&�B1*=(+:<$@�i*?45gZ*?$'(+*^B1*lGut©"%G3gZ:<450325,1D=*eB1*=ac*?��26:<$�S¦/]:<;14rGP"�46>+&6:<G3;1250H:<$
BC;�&5jC&526F?D=*#B1*rIK"%,'$CLNMO03G3G30P"%46B Y Ri;10q&-:<$@2OsnGut :<460xg803$'*rB1*k(+*#254-"`�<"%03GuV

{ *=B1:<D)"%03$'*=B1*=(`"%GH(?;1G�SU*?$
m
Y *+&52

[0; 8.4 10−3] × [0; 6.3 10−2]
S¦gZ>+:<D=>?25450H* �<! "�[�0H&6j@D=>?25450HR@;'* Y *?2

GH*�4-"`ji:<$�B1*�GP")p1;1G3GH*n�8"%;12
rb = 4.2 10−3 m

V�a�:<;'&cyz"%0H&6:<$'&h�<"%450H*?4hGH*�/."<&#B1*�26*?Dl/'&=S
∆t = 10−3, 10−4 Y*?2b$':<;'&K(+:<Dl/."%46:<$.&KGH*+&b46>+&5;1G32-"%26&wsrB'*\;1[)03$'&52-"%$�26&KBC0 ��>?46*?$@26&�V1�@;14KGP"k¤'g8;146*hT5T6TWV3X87i$':<;'&K46*?D)"%46Ri;':<$'&�R@;'*

/]:<;14
∆t = 10−3 71GP"lBC0H&-(?46>?250H&-"%250H:<$������JTNLNT �J 9{�L F0

03$@2546:@BC;1032O;1$'*#yz:<4526*k*?4546*?;14�*?$A26*?Dl/'&O/."%4w4-"%/1/]:<452
sl(?*?G3GH*k03Dl/1G30H(?0326*8V]Ib*?2526*k*?4546*?;14�BC03Dl0x$�;'*#GH:<46&-Ri;'*#$':<;'&�/146*?$':<$'&

∆t = 10−4 VU 03$."%GH*?D=*?$@2`7�GP")BC0H&-(\4->\2603&W"%250H:<$������_TNLNT �_ 9{�L
F0

"<&-&5;146*rGutv*+&52503D)"%250H:<$�B1*mGutv>?$'*?45g80H*nBC0H&6(?46F?26*�D)"%0H&�$'>\L
(+*+&6&60x2-*kB1*#/146*?$'BC46*mB1*+&w/."<&OB1*k26*?Dl/'&wp]*`"%;'(+:<;1/_/1G3;'&wyz"%03p1GH*+&�Ri;'*#/]:<;14OGP"=BC0H&6(?46>?250H&-"%250H:<$JT �J 9{�L

F0
R@;10

&6*?4-"e;12503G30H&6>+*l*?$�/'4-"%250HRi;'*8Vq!c*n/1G3;'&`7]$':<;'&#$qt©"`�i:<$'&h/."<&k:<p'&6*?45�i>nB1*n/146:<p1GHF?D=*+&kB1*l(+:<$@�i*?45gZ*?$'(+*=B1*�Gut©"%GxL
gZ:<450325,1D=*kB1*#ac*?��26:<$�"`�Z*+(hGP"�BC0H&-(?46>?250H&-"%250H:<$�T �J 9{�L

F0
GH:<46&6Ri;'*h26:<;'&�GH*?&w(+:@*�R)(?0H*?$@26&

Σi
&6:<$@2�/]:8&503250xyU&w(+*

R@;10�$qtv*+&52w/."<&�GH*k(`"<&w&50
F = FΛ,0

S43-T5T6T\V3X8V  Y V
��� � ����� � � r acb�d%e�g��\h�i � �jg � h�dfikd%g Zml � o 	+e [Do�� g�d [ h l dfe�i  ]jg��
ac:<;'&^"%G3GH:<$'&^D=:<$@2546*?4^Gutv*\[C0H&526*?$'(+*_B1*AGP"o&6:<G3;1250H:<$�BC;f/146:<p1GHF?D=*¬SUT6T5T\V©§8� Y *?$f;12503G30H&-"%$@2^Gutv*+&52503D)"%250H:<$�B'*
Gutv>?$'*?45g80H*_BC0H&-(?46F?26*�SUT6T5T\V���� Y *?2)GH*A25,'>+:<46F?D=*_&5;103�8"%$@2^Ri;10�*+&52=;1$'*_"%/1/'Gx0H(`"%250H:<$ B1*AGP"�25,'>+:<450H*_BC;fB1*?g846>
26:</]:<GH:<g80HR@;'*r*?$ABC03D=*?$'&60H:<$}¤'$10H*=��� � � V
WYX�Z\[� ] �
������������� �

u�vtwyx
W z�{ ��� � � �>� � �I� x v � w � � |k�B| w%~ ��{$� w�v { � { w �n��z�� R � x g z�{��c� v {�� xywyv { � v { xyw {�z��:|\� W� ����� W �!� { ��z��j� v �L�3��z � w � �N� w � x ��z�{�� � v {�� xywyv { � v { xyw {�z�� h |\� W × [0; 1] | � {$� W � ��� w � � { x

�i�
h(·, 1) = g � x h(·, 0) ��� x z\{�� � v {D� xyw�v { ��� {�� �

�C� ∃R > 0
x � � �Lz$� ∀(w, δ) ∈W × [0; 1] � � w h(w, δ) = 0

�<� v ��� |w|W 6= R �
� �k� � �N�Lz � xyw�v { h(w, 0) = 0

� z\{���� v � z xyw�v { w ∈W
x � � � �3��z�� |w|W < R ��<� v �>� w � �I� w � x � � z ~nvtw {$��z\{���� v � z xyw�v { w ∈W

x � � � �3��z�� g(w) = 0 � x |w|W < R
�

� ¥



���������%	����������� ��'����D�H����&����c����� � �(���$	1���D�������f�$	�������� �c�<��� �\����f��'���$	

∆t = 10−3 ∆t = 10−4

T �J 9{�L
F0

�����_TNLNT �_ 9{�L
F0

T �_ 9{�L
F0

�����JTNLNT �J 9{�L
F0

∆t = 10−3 ∆t = 10−4

T �J 9{�L
F0

�����_TNLNT �_ 9{�L
F0

T �_ 9{�L
F0

��� �_TNLNT �J 9{�L
F0

� �T� � T5T6T\V3X T Ib:<Dl/."%4-"%0H&-:<$�B1*+&kBC0H&-(?46>?250H&-"%250H:<$'&r*?$�26*?Dl/'&rT �J 9{�L
F0

*?2m�����JTNLNT �J 9{�L
F0

"`�i*+(
F = F0/]:<;14OBC0 ��>?46*?$@26&w/."<&wB1*#26*?Dl/'&

∆t = 10−3, 10−4 s t = 0.08 s
*?2
t = 0.2 s

ª�$�B1>\¤'$1032�&5;14
R

Nc *?2
R

Nµ GH*+&w$':<45D=*+&O&5;103�8"%$@26*+&k���8¥ �

∀C ∈ R
Nc

, |C|Vc = |ch|Vc

*\2 ∀M ∈ R
Nµ

, |M|Vµ = |µh|Vµ

:<�
C
*?2

M
&6:<$�2�GH*+&��i*+(?26*?;146&w46*+&5/]*+(?250xyU&OB1*+&O(+:<Dl/]:8&-"%$@26*+&�B1*

ch
*?2
µh

B'"%$'&�GH*+&wp."<&6*+& Vc
h

*?2 Vµ
h

V
ª�$n/]:8&6*

W = R
Nc×R

Nc×R
Nµ×R

Nµ *?2¡:<$lB1>\¤'$1032¡GP"�$':<45D=*�&5;14
W

/]:<;14
w = (C1,C2,M1,M2)/."%4

|w|2W = |C1|2Vc + |C2|2Vc + |M1|2Vµ + |M2|2Vµ

= |c1h|2Vc + |c2h|2Vc + |µ1h|2Vµ + |µ2h|2Vµ

SUT6T6TWV��CX Y
"`�i*+(

Vc = {νc ∈ H1(Ω) | νc = 0
&5;14

Γc
D},

Vµ = {νµ ∈ H1(Ω)},
"%;C[1Ri;'*?GH&O:<$�"<&-&6:@(?0H*hGP"n$':<45D=*

H1 Vª�$J(+:<$'&50HB1F?46*mGH*k/146:<p1GHF?D=*�BC0H&6(?46>?250H&6>m*?$_26*?Dl/'&nSUT5T6TWV©§8� Y V]ª�$_03$@2546:@BC;1032#"%GH:<46&�GH"lyU:<$.(\2603:<$
h
(+:<DlD=*

&5;1032
h : W × [0; 1] →W

w = (C1,C2,M1,M2, δ) 7→ (Rµ1

δ ,Rc1
δ ,R

µ2

δ ,Rc2
δ )

¥��



���������$���3�f��'����$	��f�L�S	��%�<& � � ���D��- �\�D�c���)�Q���(&����3� � �k�
����� $	*���	����H��	��f��& �  ��&(���� �f

:<�
Rµ1

δI =

∫

Ω

cn+1
1h − cn1h

∆t
νµ

I dx+

∫

Ω

M `
0h

Σ1
∇µn+1

1h · ∇νµ
I dx,

/]:<;14
1 ≤ I ≤ Nµ,

Rc1
δI =

∫

Ω
µn+1

1h νc
I dx−

∫

Ω
δ

(
f

F+
0

1 (cn+1
h ) + f

F−

0
1 (cn

h)

)
νc

I dx

−
∫

Ω

3

4
Σ1ε∇cn+1

1h · ∇νc
I dx,

/]:<;14
1 ≤ I ≤ N c,

Rµ2

δI =

∫

Ω

cn+1
2h − cn2h

∆t
νµ

I dx+

∫

Ω

M `
0h

Σ2
∇µn+1

2h · ∇νµ
I dx,

/]:<;14
1 ≤ I ≤ Nµ,

Rc2
δI =

∫

Ω
µn+1

2h νc
I dx−

∫

Ω
δ

(
f

F+
0

2 (cn+1
h ) + f

F−

0
2 (cn

h)

)
νc

I dx

−
∫

Ω

3

4
Σ2ε∇cn+1

2h · ∇νc
I dx,

/]:<;14
1 ≤ I ≤ N c.

:<�
f

F+
0

i (cn+1
h ) =

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

+
0 (cn+1

h ) − ∂jF
+
0 (cn+1

h )
))

f
F−

0
i (cn

h) =
4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

−
0 (cn

h) − ∂jF
−
0 (cn

h)
)) V

{|"�yU:<$'(?250H:<$
g
*+&52wB1>\¤'$10H*k/."%4

g : W →W

w 7→ h(w, 1){q*#/146:<p1GHF?D=*
g(w) = 0

*+&52w>+R@;103�<"%GH*?$@2c"%;}/146:<p1GHF?D=*^SUT6T5T\V©§8� Y V
ª�$A�i>?450x¤.*#D)"%03$@26*?$."%$@2�R@;'*hGH*+&Kyz:<$'(?250H:<$'&

g
*?2
h
&-"%250H&�yz:<$@2�GH*+&�,@j�/]:<25,'F+&6*+&OBC;A25,'>+:<46F?D=*kT6T6TWV3X8V��CV

X8V ª�$�"np10H*?$
h(·, 1) = g

*?2
h(·, 0) *+&62�;1$'*hyU:<$'(?250H:<$J" R=$'*8V§CV¢�@0O:<$E&6;1/1/]:8&6*ARi;'*

h(w, δ) = 0
"%GH:<46&)*?$�46*?/14-*\$ "%$@2)GH*+&=(`"%GH(?;1GH&^BC;�/."%4-"%g84-"%/1,'*�/146>+(+>+B1*?$@2`7�:<$f"

Gutv*+&52503D)"%250H:<$_B1*#Gutv>?$'*?45g80H*rBC0H&6(?46F?26*k&6;103�<"%$@26*

F
����	�
�

Σ,ε,δ(c
n+1
h ) −F

����	�
�

Σ,ε,δ(c
n
h) + ∆t

3∑

i=1

∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx ≤ 0
SUT6T5T\V��8§ Y

"`�i*+( F � � 	�
�

Σ,ε,δ(c
k
h) =

∫

Ω
δ
12

ε
F0(c

k
h) +

3∑

i=1

3

8
εΣi

∣∣∣∇ckih
∣∣∣
2
dx.

ª�$�:<p1250H*?$@2c"%GH:<46&

F
����	�
��

Σ,ε,δ(c
n+1
h ) +

3∑

i=1

∆t

∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx ≤ F
����	�
�

Σ,ε,δ(c
n
h).

Ib:<DlD=*
0 ≤ δ ≤ 1

7
F = F0

*+&52w/]:8&5032503�i*)SU:<$_"l&5;1/1/]:8&6>
Σi > 0

Y *?2O*?$�&-"<(-,."%$@2�Ri;'*
cnih ∈ H1(Ω)

"%GH:<46&
03G *\[�0H&526*

k1
26*?G3GH*kR@;'*

0 < F
� � 	�
�

Σ,ε,δ(c
n+1
h ) +

3∑

i=1

∆t

∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx ≤ k1.

��$A/."%45250H(?;1G30H*?4`7 :<$_"�/]:<;14
i = 1, 2, 3 ∣∣∇cn+1

ih

∣∣
L2 < k1,*?2w03Gq*\[C0H&526*

k2
26*?G3GH*kR@;'*

∣∣∇µn+1
ih

∣∣
L2 < k2.

¥CX



���������%	����������� ��'����D�H����&����c����� � �(���$	1���D�������f�$	�������� �c�<��� �\����f��'���$	

��$A46*?D)"%46R@;."%$@2�R@;'*
m(cn+1

ih ) < +∞ 7':<$�"
∣∣cn+1

ih

∣∣
Vc < +∞.

ª�$EB1>\¤'$1032
θh
7£;1$'*eyz:<$'(?250H:<$Q"%/1/."%4526*?$."%$@2es Vµ

h

26*?G3GH*ARi;'*
m(θh) = 1

*?2n26*?G3GH*}R@;'*�&-:<$�&5;1/1/]:<452=*+&62
BC0H&��5:<03$@2wB1*k(+*?G3;10 B1*+&�yU:<$'(?250H:<$'&OB1*#p."<&6*kBC;}p]:<46B�V]ª�$�"="%GH:<46&

m(µn+1
ih θh) =

∫

Ω
δDi(c

n+1
h , cn

h)θh dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇θh dx.

 £:<;14)D=:<$@2546*?4eRi;'*
m(µn+1

ih θh) < +∞ 79:<$E;12503G30H&6*A;1$f"%45g8;1D=*?$@2^&603Dl03GP"%0346*_s�(+*?Gx;10�*?Dl/1GH:�ji>A/]:<;14=GH*
/146:<p1GHF?D=*#(+:<$@2503$@;}B'"%$'&bGH*c/."%4-"%g84-"%/1,'*#T5T\V3XO/]:<;14KGH*+&b26*?45D=*+&K$':<$eG303$'>`"%0346*+&w*?2bGH*Oyz"%032KR@;'*�GH*+&b$':<45D=*+&

H1B1*
cn+1
ih

*?2
θh

&-:<$@2K¤'$10H*+&`V'��$C¤'$q7.*?$A;12503G30H&-"%$@2mSUT6T5T\V��CX Y 71:<$�:<p1250H*?$@2
|w|W < K(k1, k2).

� 03$'&50u7C03G *\[�0H&526*
R > K(k1, k2) > 0

26*?G3GH*kRi;'* ∀(w, δ) ∈W × [0; 1]
71&50

h(w, δ) = 0
"%GH:<46& |w|W 6= R

V
�CV'{q*#/146:<p1GHF?D=*

h(w, 0) = 0
/]*?;12O&�tv>+(?450346*k&6:<;'&�GP"myz:<45D=*#/]:<;14

i = 1, 2, 3
P

� 4-:<;1�Z*?4
(cih

n+1, µn+1
ih ) ∈ Vc

h × Vµ
h

26*?GqR@;'* ∀νµ
h ∈ Vµ

h

7 ∀νc
h ∈ Vc

h

7

ai

(
(cih

n+1, µn+1
ih ), (νc

h, ν
µ
h )
)

=

∫

Ω
cih

nνµ
h dx−

∫

Ω

3

4
Σiε∇ciDh · ∇νc

h dx
SUT6T5T\V�� � Y

:<�

ai((cih
n+1, µn+1

ih ), (νc
h, ν

µ
h )) =

∫

Ω

[
cih

n+1νµ
h +

M `
0h

Σi
∆t∇µn+1

ih · ∇νµ
h

]
dx

+

∫

Ω

[
3

4
Σiε∇cihn+1 · ∇νc

h − µn+1
ih νc

h

]
dx.

 £:<;14�D=:<$@2546*?4OGutv*\[C0H&526*?$'(+*rBqt ;'$'*r&6:<G3;1250H:<$_B1*^SUT5T6T\V�� � Y 7'$':<;'&�"%G3GH:<$'&O254-"`�8"%03G3GH*?4�&6;14w;1$A/146:<p1GHF?D=*rD=:@BC0x¤.>
"�¤'$�B�t©"`�i:<034w;1$'*#/146:</1450H>?26>rB1*#(+:@*?46(?03��0326>8V]ª�$}03$@2546:@BC;'0x2�G3*+&O*+&5/."<(+*+&O&5;103�<"%$�26&

Vc
h,m = {ϕh ∈ Vc

h | m(ϕh) = 0} ,
Vµ

h,θ =
{
ψh ∈ Vµ

h | m(ψhθh) = 0
}
,

:<�
θh

*+&62h;1$'*myz:<$'(?250H:<$�"%/1/."%4526*?$."%$@2ms Vµ
h

26*?G3GH*lRi;'*
m(θh) = 1

*\2k&6:<$�&5;1/1/]:<452k*+&52#BC0H&��5:<03$@2#B1*l(+*?G3;10
B1*+&�yU:<$'(?250H:<$'&OB1*#p."<&6*kBC;}p]:<46B�V]ªO$�(-,'*?46(-,'*kD)"%03$@26*?$."%$@2OGutv*\[C0H&526*?$'(+*kBC;A/146:<p1GHF?D=*r&5;103�8"%$@2 P

� 4-:<;1�Z*?4
(dih, ξih) ∈ Vc

h,m × Vµ
h,θ

26*?G R@;'* ∀ϕh ∈ Vc
h,m

7 ∀ψh ∈ Vµ
h,θ

ãi

(
(dih, ξih), (ϕh, ψh)

)
=

∫

Ω
(cih

n −m(cih
n)θh)ψh dx−

∫

Ω

3

4
Σiε∇ciDh · ∇ϕh dx

−
∫

Ω

3

4
Σiεm(cih

n)∇θh · ∇ϕh dx
SUT6T5T\V��  Y

:<�

ãi

(
(dih, ξih), (ϕh, ψh)

)
=

∫

Ω

[
dihψh +

M `
0h

Σi
∆t∇ξih · ∇ψh

]
dx+

∫

Ω

[
3

4
Σiε∇dih · ∇ϕh − ξihϕh

]
dx.

{|")yU:<46D=*�p103Gx03$'>`"%0346*
ã =

3∑

i=1

ãi
*+&52#(+:<$@2503$@;'*l&5;14 (Vc

h,m × Vµ
h,θ

)3 V]!h*�/1G3;'&`7]g84��<(+*ls^Gut 03$'>?gi"%G30326>lB'*
 £:<03$'(`"%46>\L���03452503$'gZ*?4K*?2bs#GP"#/146:</]:8&503250H:<$�TWV©§CV��C7i*?G3GH*�*+&52¢(+:@*?46(?0x�i*�*?2¢:<$e"kB1:<$'(OGztv*\[C0H&526*?$'(+*�B�t ;1$'*�&6:<G3;1250H:<$
(dih, ξih)

"%;A/146:<p1GHF?D=*^SUT6T5T\V��  Y /]:<;14
i = 1, 2, 3

V
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�J:<$@2546:<$'&AD)"%03$@26*?$."%$@2_Gutv*\[�0H&626*?$'(+*oB�t ;1$'*o&6:<G3;12603:<$�"%; /146:<p1GHF?D=*fSUT5T6TWV�� � Y s~/."%4525034�BC; /146:<p1GHF?D=*
SUT6T5T\V��  Y V.��:<0H*?$@2

νµ
h ∈ Vµ

h

*?2
νc

h ∈ Vc
h

V.ª�$A/]:8&6*

ϕh = νc
h −m(νc

h)θh,

ψh = νµ
h −m(νµ

hθh).

B1*k&6:<4526*kRi;'*
ϕh ∈ Vc

h,m

*?2
ψh ∈ Vµ

h,θ

V
!nt©"%/146F+&mSUT6T6TWV��  Y 71:<$_"l"%GH:<46&`7'*?$A/146*?$."%$@2

ψh = 0
7

−
∫

Ω
ξih(νc

h −m(νc
h)θh) dx+

∫

Ω

3

4
Σiε∇dih · ∇(νc

h −m(νc
h)θh) dx =

−
∫

Ω

3

4
Σiε∇ciDh · ∇(νc

h −m(νc
h)θh) dx−

∫

Ω

3

4
Σiεm(cih

n)∇θh · ∇(νc
h −m(νc

h)θh) dx.
SUT6T5T\V��8� Y

Ib:<DlD=*
ξih ∈ Vµ

h,θ

"%GH:<46&
m(ξihθh) = 0

*?2O:<$�:<p1250H*?$@2

−
∫

Ω
ξihν

c
h dx+

∫

Ω

3

4
Σiε∇dih · ∇νc

h dx+

∫

Ω

3

4
Σiεm(cih

n)∇θh · ∇νc
h dx =

−
∫

Ω

3

4
Σiε∇ciDh · ∇νc

h dx+

∫

Ω

3

4
Σiεm(∇ciDh · ∇θh)νc

h dx

+

∫

Ω

3

4
Σiεm(cih

n)m(|∇θh|2)νc
h dx+

∫

Ω

3

4
Σiεm(∇dih · ∇θh)νc

h dx.
SUT6T5T\V��8¨ Y

��$A/]:8&W"%$@2

cn+1
ih = dih +m(cih

n)θh,

µn+1
ih = ξih +

3

4
Σiε

(
m(∇ciDh · ∇θh) +m(|∇θh|2) +m(∇dih · ∇θh)

)
,

03Gq�@0H*?$@2w/]:<;14w26:<;12
νc

h ∈ Vc
h

−
∫

Ω
µn+1

ih νc
h dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇νc
h dx = −

∫

Ω

3

4
Σiε∇ciDh · ∇νc

h dx

"`�i*+(
cn+1
ih ∈ Vc

h

*?2
µn+1

ih ∈ Vµ
h

V
!h*#/1G3;'&`7'*\$A/146*?$."%$@2

ϕh = 0
B'"%$'&mSUT5T6TWV��  Y 71:<$_"="%;'&6&50

∫

Ω
dih(νµ

h −m(νµ
hθh)) dx+

∫

Ω

M `
0h

Σi
∆t∇ξih · ∇(νµ

h −m(νµ
hθh)) dx =

∫

Ω
(cih

n −m(cih
n)θh)(νµ

h −m(νµ
hθh)) dx.

�C"<(-,."%$@2�R@;'*
dih

*+&62Os�D=:�ji*?$1$'*#$@;1G3GH*k*?2ORi;'* ∇ξih = ∇µn+1
ih

71:<$�:<p1250H*?$@2
∫

Ω
dihν

µ
h dx+

∫

Ω

M `
0h

Σi
∆t∇µn+1

ih · ∇νµ
h dx =

∫

Ω
cih

nνµ
h dx−

∫

Ω
m(cih

n)θhν
µ
h dx.

Ib:<DlD=*
cn+1
ih = dih +m(cih

n)θh

71:<$_"m¤'$."%GH*?D=*?$@2O/]:<;14w26:<;'2
νµ

h ∈ Vµ
h

∫

Ω
cn+1
ih νµ

h dx+

∫

Ω

M `
0h

Σi
∆t∇µn+1

ih · ∇νµ
h dx =

∫

Ω
cih

nνµ
h dx.
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ª�$_"nB1:<$'(#D=:<$�2546>#Gutv*\[C0H&526*?$'(+*kB�t ;1$'*k&-:<G3;1250H:<$_"%;}/146:<p'G3F?D=*
h(w, 0) = 0

V
ª�$J"l�Z>?450x¤.>kGH*+&O,@j@/]:<25,'F+&6*+&mX8V37 §CV37 �CV'BC;�25,'>+:<46F?D=*mT6T5T\V3X8V��C7':<$A/]*?;12cB1:<$'(r(+:<$'(?G3;146*m&5;14wGutv*\[C0H&526*?$'(+*

B�t ;1$'*k&-:<G3;1250H:<$_"%;A/146:<p1GHF?D=*^SUT5T6TWV©§8� Y V
ac:<;'&b"%G3GH:<$'&¢D)"%03$@26*?$."%$@2KD=:<$@2546*?4bGut ;1$10H(?0326>cB1*OGP"k&6:<G3;12603:<$ V@ £:<;14K(+*?GP"C7@:<$e&5;1/1/]:8&6*�Ri;qt 03G]*\[�0H&626*OB1*?;C[

&6:<G3;1250H:<$'&
(cn+1

h ,µn+1
h )

*?2
(dn+1

h , ξn+1
h )

"%;e/146:<p1GHF?D=*lSUT5T6T\V©§8� Y V���$e/146*?$."%$@2bGP"mBC0 ��>\4-*\$.(?*hB1*+&b>+R@;."%250H:<$'&
�i>?450x¤.>+*+&w/."%4w(-,."<(?;1$'*rB1*+&O&6:<G3;1250H:<$'&`7':<$_" ∀νµ

h ∈ Vµ
h

7 ∀νc
h ∈ Vc

h

7
∫

Ω

cn+1
ih − dn+1

ih

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σi
∇(µn+1

ih − ξn+1
ih ) · ∇νµ

h dx,

∫

Ω
(µn+1

ih − ξn+1
ih )νc

h dx =

∫

Ω
(f

F+
0

i (cn+1
h ) − f

F+
0

i (ξn+1
h ))νc

h dx+

∫

Ω

3

4
Σiε∇(cn+1

ih − dn+1
ih ) · ∇νc

h dx,

:<�
f

F+
0

i (cn+1
h ) =

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

+
0 (cn+1

h ) − ∂jF
+
0 (cn+1

h )
))

.

 946*?$':<$'&
νµ

h = µn+1
ih − ξn+1

ih

*?2
νc

h =
cn+1
ih − dn+1

ih

∆t

B'"%$'&wGH*+&w>+R@;."%250H:<$'&w/146>+(+>+B1*?$@26*+&
∫

Ω

cn+1
ih − dn+1

ih

∆t
(µn+1

ih − ξn+1
ih ) dx = −

∫

Ω

M `
0h

Σi

∣∣∇(µn+1
ih − ξn+1

ih )
∣∣2 dx,

∫

Ω
(µn+1

ih − ξn+1
ih )

cn+1
ih − dn+1

ih

∆t
dx =

∫

Ω
(f

F+
0

i (cn+1
h ) − f

F+
0

i (ξn+1
h ))

cn+1
ih − dn+1

ih

∆t
dx

+

∫

Ω

3

4∆t
Σiε
∣∣∇(cn+1

ih − dn+1
ih )

∣∣2 dx.

� 03$'&50u71*?$�&6:<DlD)"%$@2wGH*+&O>+Ri;."%250H:<$'&O&6;14
i
*?2O*?$A$':<2-"%$@2OR@;'* 3∑

i=1

(cn+1
ih − dn+1

ih ) = 0
71:<$�:<p1250H*?$@2

3∑

i=1

∫

Ω
∆t

M `
0h

Σi

∣∣∇(µn+1
ih − ξn+1

ih )
∣∣2 dx+

3∑

i=1

∫

Ω

3

4
Σiε
∣∣∇(cn+1

ih − dn+1
ih )

∣∣2 dx

+
12

ε

∫

Ω

(
∇F+

0 (cn+1
h ) −∇F+

0 (dn+1
h )

)
· (cn+1

h − dn+1
h ) dx = 0.

SUT6T5T\V�� �8Y
{ *+&cB1*?;C[A/146*?Dl0H*?46&c26*?45D=*+&h&6:<$@2�/]:8&503250xyz&�:<;_$@;1GH&cB�t©"%/146F+&cGP"=/146:</]:8&503250H:<$�TWV©§CV��^"%03$'&50£R@;'*rGH*rB1*?45$'03*?4

26*?45D=*k/1;10H&6Ri;'*#GP"myz:<$'(?250H:<$
F+

0

*+&52w(+:<$@�i*\[C*87'(+*#R@;10�/]*?45D=*?2�B1*k(+:<$'(?Gx;'46*k&6;14�Gut ;1$10H(?0326>rB1*+&w&6:<G3;1250H:<$'&�V
������������� � �f"���.0$�"��'&)(��	� !�(P*� �
)�'* /h&�P 

F = FΛ,0ª�$�&`t 03$@26>?46*+&6&6*#D)"%03$@26*?$."%$@2h"%;}D=:@B1F?GH*rB1*rI�"%,1$CLNMO03G3G30P"%46B_"��Z*+(
F = FΛ,0

B1>\¤'$10q/ "%4

FΛ,0 = F0 + 3Λc21c
2
2c

2
3.

ac:<;'&O"%G3GH:<$'&O(-,'*?46(-,'*?4O;1$'*kBC0H&6(?46>?250H&-"%250H:<$_*?$A26*?Dl/'&�/]:<;'4wGH*h26*?45D=*rB�tv:<46BC46*
6

P (c) = 3Λc21c
2
2c

2
3

/]*?45D=*?252-"%$@2#B�t©"`�i:<034�;1$'*m*+&52503D)"%250H:<$�B1*rGut >?$'*?45g80H*nBC0H&6(?46F?26*�&503Dl03GP"%0346*ns�SUT6T6TWV���� Y V. ¡:<;14c(+*?GP"C7]:<$J&`t 03$'&5/10346*
B1*+&k254-"`�8"%;C[oB1*��h03D � x �8�3���©¨8¥ � :<�oGH*+&k26*?45D=*+&r$':<$CLuG303$'>`"%0346*+&n"%;�26*?Dl/'&

tn+1 &6:<$�2m"%/1/146:@(-,'>+&r/."%4mB1*+&
yz:<$'(?250H:<$'&ORi;10 B1>?/]*?$'B1*?$@2�B1*

cn+1 *?2 cn V
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� ¤'$~Bqt :<p'26*?$1034l;1$'*�*+&52503D)"%250H:<$EB�tv>\$.*\46g803*87�$':<;'&n(-,'*?46(-,.:<$'&lB1*+&�yU:<$'(?250H:<$'&
p1
7
p2

*?2
p3

26*?G3GH*+&lR@;'*
pi(x, x) =

∂P

∂ci
(x)

*?2

P (cn+1
h ) − P (cn

h) − p1(c
n+1
h , cn

h)(cn+1
1h − cn1h)

− p2(c
n+1
h , cn

h)(cn+1
2h − cn2h) − p3(c

n+1
h , cn

h)(cn+1
3h − cn3h) ≤ 0.

ª�$A/]:8&6*
ci = cn+1

ih

7
di = cnih

*?2
δi = ci − di

V
IK"%GH(?;1GH:<$'&

c21c
2
2c

2
3 − d2

1d
2
2d

2
3

&6:<;'&�GP"myz:<45D=*

c21c
2
2c

2
3 − d2

1d
2
2d

2
3 =

1

3

(
c21c

2
2c

2
3 − (c1 − δ1)

2d2
2d

2
3

)
+

1

3

(
c21c

2
2c

2
3 − (c2 − δ2)

2d2
1d

2
3

)

+
1

3

(
c21c

2
2c

2
3 − (c3 − δ3)

2d2
1d

2
2

)
.

��$A46*?D)"%46R@;."%$@2�R@;'*

c21c
2
2c

2
3 − (c1 − δ1)

2d2
2d

2
3 = (2c1 − δ1)d

2
2d

2
3δ1 +

1

2
(2c2 − δ2)c

2
1d

2
3δ2 +

1

2
(2c2 − δ2)c

2
1c

2
3δ2

+
1

2
(2c3 − δ3)c

2
1d

2
2δ3 +

1

2
(2c3 − δ3)c

2
1c

2
2δ3,

:<$�:<p1250H*?$@2
c21c

2
2c

2
3 − d2

1d
2
2d

2
3 =

1

3

[
d2

2d
2
3 +

1

2
c22d

2
3 +

1

2
d2

2c
2
3 + c22c

2
3

]
(2c1 − δ1)δ1

+
1

3

[
d2

1d
2
3 +

1

2
c21d

2
3 +

1

2
d2

1c
2
3 + c21c

2
3

]
(2c2 − δ2)δ2

+
1

3

[
d2

1d
2
2 +

1

2
c21d

2
2 +

1

2
d2

1c
2
2 + c21c

2
2

]
(2c3 − δ3)δ3.

� 03$'&50q*?$A/]:8&-"%$@2
pi(c,d) = 2Λci

[
d2

jd
2
k +

1

2
c2jd

2
k +

1

2
d2

jc
2
k + c2jc

2
k

]

03Gq�@0H*?$@2
P (c) − P (d) − p1(c,d)δ1 − p2(c,d)δ2 − p3(c,d)δ3 ≤ 0,

SUT6T5T\V�� �ZY
*?2

pi(c, c) =
∂P

∂ci
(c).

U 03$."%GH*?D=*?$@2`7 :<$A(+:<$'&50HB1F?46*kGP"lBC0H&6(?46>?250H&-"%250H:<$_*?$}26*?Dl/'&O&6;103�<"%$@26*
∀(νµ

h , ν
c
h) ∈ Vµ

h × Vc
h

∫

Ω

cn+1
ih − cnih

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
h dx,

∫

Ω
µn+1

ih νc
h dx =

∫

Ω
f

F+
0

i (cn+1
h )νc

h dx+

∫

Ω
f

F−

0
i (cn

h)νc
h dx

+

∫

Ω
fP

i (cn+1
h , cn

h)νc
h dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇νc
h dx.
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:<�
f

F+
0

i (cn+1
h ) =

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

+
0 (cn+1

h ) − ∂jF
+
0 (cn+1

h )
)) 7

f
F−

0
i (cn

h) =
4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF

−
0 (cn

h) − ∂jF
−
0 (cn

h)
)) 7

fP
i (cn+1

h , cn
h) =

4ΣT

ε

∑

j 6=i

(
1

Σj

(
pi(c

n+1
h , cn

h) − pj(c
n+1
h , cn

h)
)) V

ª�$_"�0H(?0
Di(c

n+1
h , cn

h) = f
F+

0
i (cn+1

h ) + f
F−

0
i (cn

h) + fP
i (cn+1

h , cn
h)
V

�@0|GH*+&c(+:@*�R)(?0H*?$@26&
Σi
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F = FΛ,0

F
��� 	�
�

Σ,ε (cn+1
h ) −F

����	�
��

Σ,ε (cn
h) + ∆t

3∑

i=1

∫

Ω

M `
0h

Σi

∣∣∇µn+1
ih

∣∣2 dx ≤ 0.
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P
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F0

/]:<;14)GH*?&=26*?45D=*+&
B�tv:<46BC46*

4
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F0
D��?D=*e&50
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F = FΛ,0
7�$':<26>+*#T �_ 9{�L

P
"`�i*+(cGP"nBC0H&6(?46>?250xL

&-"%250H:<$�&5;103�8"%$@26*871$':<26>+*m�����JTNLNT �J 9{�L
P
7 ∀(νµ

h , ν
c
h) ∈ Vµ

h × Vc
h

∫

Ω

cn+1
ih − cnih

∆t
νµ

h dx = −
∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
h dx,

∫

Ω
µn+1

ih νc
h dx =

∫

Ω
fF0

i (cn+1
h )νc

h dx+

∫

Ω
fP

i (cn+1
h , cn

h)νc
h dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇νc
h dx,SUT6T6TWV  � Y
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fF0

i (cn+1
h ) =

4ΣT

ε

∑

j 6=i

(
1

Σj

(
∂iF0(c

n+1
h ) − ∂jF0(c

n+1
h )

)) 7

fP
i (cn+1

h , cn
h) =

4ΣT

ε

∑

j 6=i

(
1

Σj

(
pi(c

n+1
h , cn

h) − pj(c
n+1
h , cn

h)
)) V
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F = FΛ,0

*+&52m;12503G30H&6>e&50¢;1$~B1*+&�(+:@*�R)(?0H*?$@26&
Σi

*+&62m$'>?gi"%250xy�V£!#"%$'&n(+*
(`"<&`7 GP")BC0H&6(?46>?250H&-"%250H:<$�&6*?Dl0xLu03Dl/1G30H(?0326*n*?$J26*?Dl/'&c/]:<;14cGH*r26*?45D=*

P
B�tv:<46BC46*

6
46*+&626*r�<"%GP"%p1GH*m/]:<;14h>?2-"%p1G3034

Gutv*+&52503D)"%250H:<$�B1*)Gutv>\$.*\46g803*eG303p146*^BC0H&6(?46F?26*8V£ ¡"%4n(+:<$@2546*87|/]:<;14mGH*+&m26*?45D=*+&�B�tv:<46BC46*
4
BC;�/]:<G3j�$�V<D=*

F0
7 03G

yu"%;'BC4-"%032 2546:<;1�i*?4 ;1$'*¢BC0H&6(?46>?250H&-"%250H:<$�*?$r26*?Dl/'&|R@;10Z/]*?45D=*?252-*�Gutv>?2-"%p1G30H&6&6*?D=*?$@2¡B1*9Gutv*+&52503D)"%250H:<$�B1*9Gutv>?$'*?45g80H*
R@;'*?GHRi;'*)&6:<032rGH*)&503g8$'*)B1*+&r(+:@*�R)(?0H*?$@26&

Σi
*?2mR@;109$'*=$'>+(+*+&6&50326*=/."<&mB1*+&r/."<&rB1*=26*?Dl/'&r2546F+&kyz"%03p1GH*+&�V|Ib*

254-"`�8"%03G.46*+&626*�shyz"%0346*8VCIb*?/]*?$'B'"%$@2`7@GP"kBC0H&6(?46>?250H&W"%250H:<$e*?$^26*?Dl/'&cSUT6T5T\V  � Y "#/]*?45Dl0H&¢B1*�&503Dm;1GH*?4¢/."%4¢*\[1*?Dl/1GH*
GH*#/."<&-&-"%gZ*kB�t ;1$'*kp1;1G3GH*kB�t©"%034csn254-"`�i*?46&w;1$'*#03$@26*?4�yu"<(+*r*`"%; ��,@;103GH*m:<�AGut ;1$_B1*+&O(?:@*�R)(?0H*?$@26&

Σi
*+&52�$'>?gi"%250xy

S43-T6T5T\V3X8V©� Y (+:<$@254-"%0346*?D=*?$@2�s�GP"¬BC0H&6(?46>?250H&-"%250H:<$�0xDl/'Gx0H(?0326*ESUT6T5T\V©§  Y "`�i*+(
F = FΛ,0

:<��Gut©"%G3gZ:<450325,1D=*�B'*
ac*?��26:<$A$'*#(+:<$��Z*?45gZ*#/."<&wGH:<46&6R@;'*hGP"np1;1G3GH*r"%2526*?03$@2wGut 03$@26*?4�yu"<(+*8V
������������� � $����%$ 
)* � � � (P*�� �����'* � � $��' 	� "� �$�
)*� �� �F(P* �4()"�*8 �X$��	* *�$ ����� �F���'*

ª�$�(+:<$'&50HB1F?46*=;1$'*lp1;1G3GH*=B�t©"%034rB'"%$'&#;1$op."%03$�&5254-"%250x¤.>=*`"%; ��,@;103GH*8V¡Ib*?2526*=&503Dm;1GP"%250H:<$�*+&52rseGutv:<4503g803$'*
BC;A254-"`�8"%0xGq/146>+(+>+B1*?$@2�&6;14�Gutv*+&52503D)"%250H:<$_B1*#Gutv>?$'*?45g80H*r*?2�Gutv*\[C0H&526*?$'(+*kB1*#GP"n&-:<G3;1250H:<$�BC0H&6(?46F?26*8V
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∆t = 10−3 ∆t = 10−4

T �J 9{�L
P

�����JTuLNT �_ �{�L
P

T �J 9{�L
P

�����_TNLNT �_ 9{�L
P

∆t = 10−3 ∆t = 10−4

T �J 9{�L
F0

�����JTuLNT �J 9{�L
P

T �_ 9{�L
P

�����JTuLNT �J 9{�L
P

� �T� � T6T5T\V©§ T Ib:<Dl/."%4-"%0H&6:<$AB1*+&�BC0H&6(?46>?250H&-"%250H:<$'&w*?$�26*?Dl/'&�T �J 9{�L P *?2O�����JTuLNT �J 9{�L
P
/]:<;14�GH*�26*?45D=*

P*?$�/146*?$."%$@2wGH"nBC0H&6(?46>?250H&-"%250H:<$AT �_ �{�L
F0

/]:<;14KGH*+&K26*?45D=*+&wB�tv:<46BC46*
4
B1*
F
7�/]:<;14wBC0 ��>?46*?$@26&�/."<&�B1*c26*?Dl/'&

∆t = 10−3, 10−4 s t = 0.08 s
*?2
t = 0.2 s

{ *+&�2-*\$.&50H:<$'&OB1*#&5;14�yu"<(+*#&-:<$@2
σ ��������� 	�� = 7. 10−2 N.m−1,

σ � � 	�� �	��� 	�� = 2. 10−2 N.m−1,

σ � � 	�� �	��� 	�� = 3. 10−2 N.m−1.

{q*k(+:@*�R)(?0H*?$@2
Σ � � 	�� �

*+&52�$'>?gi"%250xy5V'{q*+&�"%;12546*+&w/146:</1450H>?26>+&O/1,@jC&50HRi;'*+&w&6:<$�2
% � 	�� = 1.29 kg.m−3, η � 	�� = 1.85 10−5 Pa.s,

% ����� = 1000 kg.m−3, η ����� = 10−3 Pa.s,

% � � 	�� � = 970 kg.m−3, η � � 	�� � = 5 10−2 Pa.s.
{ *O/146:<p1GHF?D=*c*+&62�46>+&6:<G3;�*\$^gZ>+:<D=>?25450H* �<!«"�[�0H&5j�D=>?25450HR@;'*�&5;14�;1$eB1:<D)"%03$'*h(?j@G303$'BC450HR@;'*8V�{q*�B1:<D)"%03$'*

B1*k(`"%GH(?;1G¢SU*?$
m
Y *+&52

[10−5; 1.25 10−2] × [0; 7. 10−2]
*?2�GH*#4-"`ji:<$AB1*#GP"�p1;1G3GH*k�<"%;12

rb = 5 10−3 m
V

ª�$_46>+&6:<;12OGH*+&�>+R@;."%250H:<$'&cB1*�IK"%,1$CLNM�03G3G30P"%46B.�%ac"`��0H*?4�L��@2-:<�i*?&h(+:<;1/1GH>+*+&`V {|"=BC0H&6(?46>?250H&W"%250H:<$JB1*+&O26*?45D=*+&
$':<$CLuG303$'>`"%0346*+&�/]:<;'4OG3*+&�>+Ri;."%250H:<$'&�B1*�IK"%,1$CLNM�03G3G30P"%46B_*+&52O(+*?G3GH*k/146:</]:8&6>+*mB'"%$'&mSUT6T5T\V  � Y V'ac:<;'&�"`�Z:<$'&O/1450H&
∆t = 5. 10−4 V�@;'4�GP"h¤'g8;146*OT6T5T\V��C7Z:<$)46*?D)"%46Ri;'*�R@;'*�GP"#2-"%03G3GH*�B1*wGP"hp1;'GxGH*�BC03Dl03$@;'*c"%GH:<46&¢R@;'*w&6:<$)�i:<G3;1D=*

V
7Z(`"%GH(?;1GH>

/."%4
V =

∫

Ω
cn1h dx

46*+&526*O(+:<$'&52-"%$@2�/]:<;14�26:<;12
n > 0

V@Ib*?2526*OBC03Dl03$@;1250H:<$e�@0H*?$@2¢BC;=yz"%032¢Ri;'*�GH*+&��<"%GH*?;146&¢BC;
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/."%4-"%D=F?2546*lB�tv:<46BC46*
c1
7 46*?/146>+&-*?$@2-"%$@2hGP")p1;1G3GH*87�&6:<$@2cGH>?gZF?46*?D=*?$@2k&5;1/]>?450H*?;146*+&ks

0
*?$�B1*?,':<46&#B1*mGP")p1;1G3GH*

*?2�&5;1/]>?450H*?;146*+&Os
1
B'"%$'&�(+*?G3GH*\LN(?0�S ¤'g8;146*#T6T5T\V  Y V�a�:<;'&w"`�Z:<$'&�:<p'&6*?45�i>cR@;'*c(+*h(+:<Dl/]:<4526*?D=*?$�2O*+&52�"%2526>?$@;'>

GH:<46&6R@;qtv:<$A4-" R=$'*#GH*#D)"%03G3GP"%gZ*8V

03$'&52-"%$@2
t = 0.02 s t = 0.04 s t = 0.06 s t = 0.08 s03$103250P"%G

t = 0.1 s t = 0.12 s t = 0.14 s t = 0.16 s t = 0.18 s

� �T� � T5T6T\V�� T ���i:<G3;1250H:<$_B�t ;1$'*#p1;1G3GH*kB�t©"%034�B'"%$'&�;1$Ap."%03$�&5254-"%250x¤.>k*`"%; ��,@;103GH*

0 0.07
z

0

1

c 1

� � � � T6T5T\V  T Ib:<;1/]*rBC;A/."%4-"%D=F?2546*rB�tv:<46BC46* c1 S¦p1;1G3GH* Y s
t = 0.15 s

*?$
r = 0.001 m
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.�.�. ��� � �I=�����2<?��I=�K ?��I4H@ 7���� 4�7Y65G ���<4	� �3GI2�
�����������H�
�����������
ª�$o&`t 03$@26>?46*+&6&-*�D)"%03$@26*?$."%$@2�s^GP"eBC0H&-(?46>?250H&-"%250H:<$�BC;�/146:<p1GHF?D=*=(+:<;1/1GH>=B1*=I�"%,1$CLNMO03G3G30P"%46B.�%ah"`�@0H*?4�L��@26:<�i*+&
"%$10H&6:<25,'*?45D=*8V8ac:<;'&£B1:<$1$':<$'&`7%26:<;12¡B�t©"%p]:<46B�7%GP"�B1>?D)"%46(-,'*�B'"%$'&£;1$�/."<&£B1*¢26*?Dl/'&¡/1;10H&|GH*+&¡BC0H&6(?46>?250H&W"%250H:<$'&
&5/."%250P"%GH*+&OB1*+&O>+Ri;."%250H:<$'&�V

��������� ��� �������	 �!#"����%$�"��'&)(+*,(-"�*�.0/1�

{ "�BC0H&6(?46>?250H&-"%250H:<$ 26*?Dl/]:<46*?G3GH*J/1450H&6*�/]:<;14eGH*�/146:<p1GHF?D=*J(+:<;1/1GH>~SzT5T6TWV3X Y LWSUT5T6TWV©� Y *+&52e&6*?Dl0xLu03Dl/1G30H(?0326*�"�¤'$
B1*nB1>+(+:<;1/1GH*?4kG3*+&#>+R@;."%250H:<$'&#B1*=IK"%,1$CLNM�03G3G30P"%46B�*?2#B1*nah"`�@0H*?4�L��@26:<�i*+&#B'"%$'&h;1$�/."<&#B1*�26*?Dl/'&`V � 03$'&50u7]:<$
46>+&6:<;12�26:<;12cB�t©"%p]:<46B_GH*+&�>+Ri;."%2603:<$.&�B'*�IK"%,1$CLNM�03G3G30P"%46BJ*?$�/146*?$."%$�2�GP"l��0326*+&6&6*rB�t©"<BC�i*+(?250H:<$�"%;�26*?Dl/'&

tn
V

{q*+&w&-:<G3;1250H:<$'&
cn+1 *?2 µn+1 :<p126*?$@;'*+&O&6:<$@2w*?$'&5;10326*h;12503G30H&6>+*+&w/]:<;14�GH*#(`"%GH(?;1G B1*hGP"myz:<46(+*#(`"%/103G3GP"%0346*kB'"%$'&GH*+&w>+R@;."%250H:<$'&OB1*kac"��@0H*?4�L��@26:<�i*+&`V

{ *+&#B1>?4503�Z>+*+&#26*?Dl/]:<46*?G3GH*+&k&6:<$@2#BC0H&6(?46>?250H&->+*?&r"`�i*+(m;1$�&6,'>?D)"eB�tv��;1GH*?4#03Dl/1G30H(?0326*=B�tv:<46BC46*
1
V�!#"%$'&hGH*+&

>+R@;."%250H:<$'&�B1*bac"`��0H*?4�L��@26:<�i*+&`7�GH*¢26*?45D=*
(u·∇)u

*+&52£G303$'>`"%450H&6>K*?$n/146*?$."%$@2¡GP"O��0326*+&6&6*bB�t©"<BC�Z*+(?250H:<$=*\[�/1G30H(?0326*8V
 ¡:<;14r&503Dl/1G30x¤.*?4kGH*+&#$':<2-"%250H:<$'&`7q:<$o>+(?45032

%n+1 = %(cn+1)
B'"%$'&#GP"�&6;10326*87q"%03$'&509R@;'*n/]:<;14#GH*+&r"%;12546*+&

/."%4-"%D=F?2546*+&O/1,@jC&50HR@;'*+&rS
η
7
cp
7
λ
Y V

U 03$."%GH*?D=*?$@2`7.GP"nB1>?D)"%46(-,'*rB'"%$'&w;1$A/."<&wB1*#26*?Dl/'&O*+&52�GP"l&5;103�<"%$@2-* P
X8Vw(`"%GH(?;1G B1*

cn+1 7 µn+1 (?:<$'$."%0H&6&-"%$@2 cn 7 un

cn+1
i − cni

∆t
+ un · ∇cn+1

i = ∇ ·
(
M `

0

Σi
∇µn+1

i

)
,
/]:<;14

i = {1, 2} 7

µn+1
i = Di(c

n+1, cn) − 3

4
εΣi∆c

n+1
i ,

/]:<;14
i = {1, 2}

SUT6T6TWV  'X Y

:<�
` = n

:<;
n+ 1

*?2
Di(c

n+1, cn) =
4ΣT

ε

∑

j 6=i

(
1

Σj

(
di(c

n+1, cn) − dj(c
n+1, cn)

)) V
ª�$A/]:8&6*#*?$'&5;'0x2-*

cn+1
3 = 1 − cn+1

1 − cn+1
2 , µn+1

3 = −Σ3

(
1

Σ1
µn+1

1 +
1

Σ2
µn+1

2

)
,

SUT6T6TWV  i§ Y

§CVw(`"%GH(?;1G B1*
un+1 7 pn+1 (+:<$1$."%0H&6&-"%$@2 cn+1 7 µn+1 *?2 un

∇ · un+1 = 0,

%n+1

(
un+1 − un

∆t
+ un · ∇un+1

)
= ∇ · (2ηn+1D(un+1)) −∇pn+1 +

3∑

i=1

µn+1
i ∇cn+1

i + %n+1g

SUT6T6TWV  � Y
�CVw(`"%GH(?;1G B1*

Tn+1 (+:<$1$."%0H&6&-"%$@2 Tn 7 un+1 *?2 cn+1

%n+1cn+1
p

(
Tn+1 − Tn

∆t
+ un+1 · ∇Tn+1

)
= ∇ · (λn+1∇Tn+1).

SUT6T6TWV   Y

��������� ��� �������	 �!#"����%$�"��'&)(-�%/ $,"���$ �'*

ac:<;'&�/146>+&6*?$@26:<$'&c0H(?0|GP"^BC0H&6(?46>?250H&-"%250H:<$�B1*+&h>+Ri;."%250H:<$'&hB1*nI�"%,1$CLNMO03G3G30P"%46B.�%ah"`�@0H*?45L��@26:<�i*+&#(+:<;1/1GH>+*+&h*?2cBC;
p103GP"%$_B�tv>?$'*?45g80H*8V ac:<;'&OBC0H&6(?;126:<$'&�*?$'&5;10326*rBC;�(-,':<0x[AB1*+&�>?GH>?D=*\$�26&O/]:<;14OGut©"%/1/146:`[C03D)"�2603:<$�B1*+&w03$'(+:<$1$@;'*+&
"�¤'$�R@;'*hGH*h/'46:<p1GHF?D=*rBC0H&6(?46*?2O(+:<;1/1GH>#�i>?450x¤.*kB1*+&�/146:</1450H>?26>+&c"%$."%GH:<g8;'*+&csn(+*?G3GH*+&OBC;A/146:<p1GHF?D=*r(+:<$@2503$@;qV
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��� � � � � � � 	 a�
 � 	Sg�d [ h�e l � � 	 X h����}d oyo d 	  l SUT5T6T\V  'X Y
 £:<;14rGH*+&r>+R@;."%250H:<$'&rB1*^IK"%,'$CLNMO03G3G30P"%46B�SUT6T5T\V  'X Y 7q:<$o46*?/146*?$'B�GP"}BC0H&6(?46>?250H&-"%250H:<$�&6/."%250P"%GH*l/146>+&6*?$@26>+*)B'"%$'&
GH*�/."%4-"%g84W"%/1,'*=T5T6TWV3X8V©§CV�{q*+&kB1>\¤'$103250H:<$'&kB1*+&#*+&6/."<(+*+& Vc

h

*?2 Vµ
h

&6:<$@2h03$'(-,."%$1gZ>+*+&`Vq��$�" ��:<;12-"%$�2#G3*n26*?45D=*
B�t©"<BC�i*+(?250H:<$q7.:<$A:<p'250H*\$�2wGH*#/146:<p1GHF?D=*r&5;103�8"%$@2 P

� 4-:<;1�Z*?4
[Cn+1

1 ,Cn+1
2 ,Mn+1

1 ,Mn+1
2 ] ∈ (RNc

)2 × (RNµ

)2
26*?G R@;'*





Rµ1(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,

Rc1(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,

Rµ2(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,

Rc2(Cn+1
1 ,Cn+1

2 ,Mn+1
1 ,Mn+1

2 ) = 0,

SUT6T6TWV  i� Y

:<�}GH*+&�03$'(+:<$1$@;'*+&
Cn+1

i

*?2
Mn+1

i

&6:<$�2KGH*+&��i*+(?26*?;146&�46*+&5/]*+(?250xyz&wB1*+&w(+:<Dl/]:8&-"%$@26*+&OB1*
cn+1
ih

*?2
µn+1

ih

B'"%$'&
GH*+&Kp."<&6*+&�B1* Vc

h

*?2 Vµ
h

VC{q*+&KyU:<$'(?250H:<$'&�$':<$�G303$'>`"%0346*+& Rci
*?2 Rµi

sm�8"%GH*?;146&K46*+&5/]*+(?2503�i*?D=*?$@2wB'"%$'&
R

Nc *?2
R

Nµ &6:<$@2wB1>\¤'$10H*+&O0H(?0�/."%4
∀1 ≤ I ≤ Nµ 7

Rµi

I =

∫

Ω

cih
n+1 − c1h

n

∆t
νµ

I dx+

∫

Ω
un

h · ∇cn+1
ih νµ

I dx+

∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
I dx,

∀1 ≤ I ≤ N c 7

Rci

I =

∫

Ω
µn+1

ih νc
I dx−

∫

Ω
Di(c

n+1
h , cn)νc

I dx−
∫

Ω

3

4
Σiε∇cn+1

1h · ∇νc
I dx.

!h*#/1G3;'&`7':<$}/]:8&6*k(+:<DlD=*kB'"%$'&wGH*#/."%4-"%g84-"%/1,'*rT6T5T\V3X8V©§

cn+1
3h = 1 − cn+1

1h − cn+1
2h µn+1

3h = −
(

Σ3

Σ1
µn+1

1h +
Σ3

Σ2
µn+1

2h

)
.

SUT6T6TWV  i¨ Y

��� � � � � � � r a�
 � 	Sg�d [ h�e l ��� 	 ��d �  �	��g [ � �ke
 £:<;14�>+(?450346*#GP"�yU:<45Dm;1GP"%250H:<$��8"%450P"%250H:<$1$'*?G3GH*rB1*+&O>+Ri;."%250H:<$'&mSUT6T6TWV  � Y 71:<$A03$@2546:@BC;1032OGH*+&w*+&5/."<(+*+&O&5;103�8"%$@26&

U =
{
v ∈ H1(Ω)d | v = uD

&6;14
Γu

D

*?2
v · n = 0

&5;14
Γu

t

}
,

X =
{
v ∈ H1(Ω)d | v = 0

&5;14
Γu

D

*?2
v · n = 0

&5;14
Γu

t

}
,

Q =
{
q ∈ L2(Ω)

}
.

 £:<;14�&503Dl/1G30x¤.*?4wGH*+&w$':<2-"%250H:<$'&`7.:<$A>+(?45032OB."%$'&�GP"l&5;10326*
En+1 =

3∑

i=1

µn+1
i ∇cn+1

i + %n+1g
V

�9$J;12503G30H&-"%$@2hGH*+&h(+:<$'BC03250H:<$'&k"%;Jp]:<46B�SUT5T6T\VxX�� Y LWSUT6T5T\V3X`§ Y 7 GP"=yU:<45Dm;1GP"%250H:<$��<"%450P"%250H:<$1$'*?G3GH*lBC;J/146:<p1GHF?D=*
SUT6T5T\V  � Y &`tv>+(?45032 P

� 4-:<;1�Z*?4
un+1 ∈ U

*?2
pn+1 ∈ Q

26*?GH&wR@;'*

∀v ∈ X,

∫

Ω
%n+1u

n+1 − un

∆t
v dx+

∫

Ω
%n+1un · ∇un+1v dx =

−
∫

Ω
2ηn+1D(un+1) : ∇v dx+

∫

Ω
pn+1∇ · v dx+

∫

Ω
En+1v dx,

∀q ∈ Q,

∫

Ω
∇ · un+1q dx = 0.

X����
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ª�$A03$@2546:@BC;1032OGH*+&�"%/1/1G30H(`"%250H:<$'&Op103G303$'>`"%0346*+&�*?2�G303$'>`"%0346*+&�&5;103�8"%$@26*+&

mn+1(·, ·) : H1(Ω)
d × H1(Ω)

d → R,

(u, v) 7→
∫

Ω
%n+1uv dx,

an+1(·, ·) : H1(Ω)
d × H1(Ω)

d → R,

(u, v) 7→
∫

Ω
2ηn+1D(u) : ∇v dx+

∫

Ω
%n+1un · ∇uv dx,

b(·, ·) : H1(Ω)
d × L2(Ω) → R,

(v, q) 7→ −
∫

Ω
q∇ · v dx,

ln+1(·) : H1(Ω)
d → R,

v 7→
∫

Ω
En+1v dx.

 £:<;14�&503Dl/1G30x¤.*?4wGH*+&w$':<2-"%250H:<$'&`7.:<$A>+(?45032
mn+1 = m

7
an+1 = a

*?2
ln+1 = l

V
Ib:<DlD=*oGP"~�@0326*+&6&-*J�i>?450x¤.*oB1*+&A(+:<$'BC03250H:<$'&_B1*o!c03450H(-,1GH*?2A$':<$ ,':<D=:<gZF?$'*+&_&5;14

Γu
D

7w:<$�;12503G30H&-*�;1$
46*?GHF?�i*?D=*?$@2`VC{|"r$':<;1�i*?G3GH*c03$'(+:<$1$@;'*871B1>\¤'$10H*c/."%4

un+1 = un+1 − uD
7�:<�

uD ∈ U
7�*+&62¢$@;'GxGH*h&6;14

Γu
D

*?2KGH*
/146:<p1GHF?D=*r&`tv>+(?45032 P

� 4-:<;1�Z*?4
un+1 ∈ X

*?2
pn+1 ∈ Q

26*?GH&OR@;'*

∀v ∈ X,
m(un+1, v)

∆t
+ a(un+1, v) + b(v, pn+1) = l(v) − a(uD, v) +

m(un, v)

∆t
,

∀q ∈ Q, b(un+1, q) = −b(uD, q).

SUT6T6TWV  �8Y

ª�$�03$@2546:@BC;1032
Xh

*\2
Qh

GH*+&h*+&6/."<(+*+&h>?GH>?D=*?$@26&h¤'$10H&#"%/1/146:@(-,."%$@2k46*+&5/]*+(?2503�i*?D=*?$@2
X

*?2
Q
7�:<p126*?$@;'&

sJ/."%4525034=B1*�GP"_25450P"%$1g8;1GP"%250H:<$ T h V9ª�$E:<p1250H*?$@2)B1*e$':<;1�i*?G3GH*+&)"%/1/1G30H(`"%250H:<$'&=p103G303$'>`"%0346*+&)*?2lG303$'>`"%0346*+&=R@;10
B1>?/]*?$'B1*?$@2�B1*

h
*?2ORi;10q&-:<$@2w*?$'(+:<46*k$':<26>+*+&OB'"%$'&�GP"l&5;10326*

a
7
m
7
b
*?2
l
V1��$�>+(?4503�8"%$@2

e(vh) = l(vh) − a(uDh, vh)
*\2
g(qh) = −b(uDh, qh),

GH*#/146:<p1GHF?D=*rBC0H&6(?46*?2O*+&52�GH*k&5;103�8"%$@2 P
� 4-:<;1�Z*?4

uh
n+1 ∈ Xh

*?2
pn+1

h ∈ Qh

26*?GH&ORi;'*

∀vh ∈ Xh,
m(uh

n+1, vh)

∆t
+ a(uh

n+1, vh) + b(vh, p
n+1
h ) = e(vh) +

m(uh
n, vh)

∆t
,

SUT6T6TWV  �ZY
∀qh ∈ Qh, b(uh

n+1, qh) = g(qh).
SUT6T6TWV  i¥ Y

ac:<26:<$'&KRi;'*OGP"r�@0326*+&6&-*OB�t©"<BC�i*+(?250H:<$
un

h

B'"%$'&¢GH*+&K>+Ri;."%250H:<$'&#SUT6T5T\V©§CX Y *?2hSUT6T5T\V  �ZY �Z>?450x¤.*�GH*+&b(+:<$'BC03250H:<$'&
B1*�!c03450H(-,1GH*?2h$':<$J,':<D=:<gZF?$'*+&k&5;14

Γu
D

*?2#"%/1/."%45250H*?$@2rs=Gutv*+&6/."<(+*
Uh = uDh +Xh

V]!#"%$'&cGH*m/."%4-"%g84-"%/1,'*
T6T5T\V©§CV©§CVvB�7C$':<;'&w;12503G30H&6*?46:<$'&wGutv>+R@;."%250H:<$¬SUT5T6TWV  i¥ Y >+(?450326*r&6:<;'&�GP"myz:<45D=*

∀qh ∈ Qh, b(un+1
h , qh) = 0,

"`�Z*+(
un+1

h ∈ Uh

V SUT6T6TWV©��� Y
� ¤'$�B�t©"<&6&5;146*?4bGP"m(+:<$@�Z*?45gZ*?$'(+*#B1*OGP"m&6:<G3;1250H:<$}BC0H&6(?46F?26*��i*?46&¢GP"m&6:<G3;1250H:<$�(+:<$@2503$@;'*87�$':<;'&b/146*?$':<$'&�B1*+&

*+&5/."<(+*+&=B�t©"%/1/146:`[C03D)"%250H:<$Q/]:<;14lGP"J�@0326*+&-&6*�*?2nGP"J/146*+&6&60H:<$�R@;10K�i>?450x¤.*?$@2lGP"�(+:<$'BC03250H:<$E03$Cy¦LN&5;1/EBC0H&6(?46F?26*
�©§��17 �8¥17  ��� V'{q*k(-,':<0x[}B1*+&O>?GH>?D=*\$�26&�yz*?4-"�Gutv:<p �5*?2OBC;}/."%4-"%g84-"%/','*rT5T6T\V©§CV©§CVvB�V

��(?4503�Z:<$'&�D)"%03$@26*?$."%$@2�GH*)/146:<p1GHF?D=*�SUT6T6TWV  �ZY LWSUT5T6T\V  i¥ Y &6:<;'&kyz:<45D=*)D)"%25450H(?0H*?G3GH*8V9ªO$¬B1>\¤'$1032�GH*+&mp."<&6*+&
>?GH>?D=*?$@26&w¤'$10H&wB1*

Xh

*?2
Qh

/."%4
Xh =

�Z*+(?2 {ϕI | 0 ≤ I ≤ Nv}, Qh =
�Z*+(?2 {πI | 0 ≤ I ≤ Np}.

X��CX



���������%	����������� ��'����D�H����&����c����� � �(���$	1���D�������f�$	�������� �c�<��� �\����f��'���$	

��:<0H*?$@2
U

n+1 GH*O�Z*+(?26*?;14¢46*?/146>+&-*?$@2-"%$@2bGH*O(-,."%Dl/
uh

n+1 B'"%$'&¢GP"#p."<&-*OB1* Xh
*?2

Pn+1 (+*\G3;10]46*?/146>+&6*?$@2-"%$@2
pn+1

h

B'"%$'&�GP"np."<&6*kB1*
Qh

V U 03$."%GH*?D=*?$@2`7.GH*h/146:<p1GHF?D=*kD)"%25450H(?0H*?G|&�tv>+(?45032
(

M

∆t
+ A(Un) BT

B 0

)(
U

n+1

Pn+1

)
=

(
E +

M

∆t
U

n

G

) SUT6T6TWV©�CX Y

:<�
[E]I = e(ϕI)

/]:<;14
I ∈ {1 · · ·N v},

[G]I = g(πI)
/]:<;14

I ∈ {1 · · ·Np},
[M]IJ = m(ϕJ , ϕI)

/]:<;14
I ∈ {1 · · ·N v}, J ∈ {1 · · ·N v},

[A]IJ = a(ϕJ , ϕI)
/]:<;14

I ∈ {1 · · ·N v}, J ∈ {1 · · ·N v},
[B]IJ = b(ϕJ , πI)

/]:<;14
I ∈ {1 · · ·Np}, J ∈ {1 · · ·N v}.

��� � � � � � � i a�
 � 	Sg�d [ h l � r<d o 	�h l�� Z h �  �Dd �
��:<0H*?$@2

TD
*?2

T
B1*+&w&-:<;'&�LN*+&5/."<(+*+&OB1*

H1(Ω)
B1>\¤'$10H&w46*+&5/]*+(?2503�i*?D=*?$@2O/."%4

TD =
{
τ ∈ H1(Ω) | τ = TD

&5;14
ΓT

D

} *?2
T =

{
τ ∈ H1(Ω) | τ = 0

&6;14
ΓT

D

}
.

�9$¬;12503G30H&-"%$�2�GH*+&n(+:<$'BC03250H:<$'&)"%;¬p]:<46B�SUT5T6T\V3X � Y LWSUT6T5T\V3X  Y 7|GP"Ayz:<45Dm;1GP"%250H:<$~�8"%450P"%250H:<$1$'*?G3GH*A"<&6&6:@(?0H>+*�"%;
/146:<p1GHF?D=*^SUT6T5T\V   Y *+&52 P

� 4-:<;1�Z*?4
Tn+1 ∈ TD

26*?GqR@;'* ∀τ ∈ T

∫

Ω
%n+1cn+1

p

(
Tn+1 − Tn

∆t
+ un+1 · ∇Tn+1

)
τ dx = −

∫

Ω
λn+1∇Tn+1 · ∇τ dx.

Ib:<DlD=*b/146>+(+>+B1*?DlD=*+$@2`78:<$�;12503G30H&6*¢;1$�46*?GHF?�i*?D=*\$�2
T

n+1
= Tn+1−TD

"`�i*+(
TD ∈ TD

V<ª�$�03$@2546:@BC;1032
*?$'&5;10326*

Th

Gutv*+&5/."<(+*}>?GH>?D=*?$@26&�¤'$10H&="%/1/146:@(-,."%$@2
T

s_/."%4525034=B1*^GP"_25450P"%$1g8;1GP"%250H:<$ T h *?2�GH*e/146:<p1GHF?D=*
BC0H&6(?46*?2O&�tv>?(?45032 P

� 4-:<;1�Z*?4
Th

n+1 ∈ Th
26*?G Ri;'* ∀τh ∈ Th

∫

Ω
%n+1cn+1

p

(
Th

n+1 − Th
n

∆t
+ un+1

h · ∇Th
n+1

)
τh dx = −

∫

Ω
λn+1∇Th

n+1 · ∇τh dx

−
∫

Ω
%n+1cn+1

p un+1
h · ∇TDhτh dx−

∫

Ω
λn+1∇TDh · ∇τh dx.

SUT6T5T\V©�8§ Y

ª�$~B1>\¤'$1032�GP"�p."<&6*e>?GH>?D=*?$@26&m¤'$10H&nB1*
Th =

�Z*+(?2 {τI | 0 ≤ I ≤ NT } *?2
Th

n+1
=

NT∑

I=1

TI
n+1

τI
V¡ª�$

:<p1250H*?$@2O;1$A&6j�&52-F\D=*hG303$'>`"%0346*rB1>\¤'$10 /."%4 P
� 4-:<;1�Z*?4

Th
n+1 ∈ Th

26*?G Ri;'* ∀0 ≤ I ≤ NT

∫

Ω
%n+1cn+1

p

(
Th

n+1 − Th
n

∆t
+ un+1

h · ∇Th
n+1

)
τI dx = −

∫

Ω
λn+1∇Th

n+1 · ∇τI dx

−
∫

Ω
%n+1cn+1

p un+1
h · ∇TDhτI dx+

∫

Ω
λn+1∇TDh · ∇τI dx.

X��8§
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��� � � � � � � l � X�[ d%b l �\e Z\ofZ � �\h�g�e
!#"%$'&K(+*�/."%4W"%g84-"%/1,'*87C$':<;'&�"%G3GH:<$'&�BC0H&6(?;126*?4�BC;�(-,':<0x[eB1*cGP"mBC0H&6(?46>?250H&-"%250H:<$�sr/146*?$'BC46*h/]:<;14bGH*+&KBC0 ��>?46*?$@26&
(-,."%Dl/'&w03$'(+:<$1$@;.&

(c1, c2, µ1, µ2, u, p, T )
V

ac:<;'&h"`�Z:<$'&cB1> �5s=��;_B'"%$'&�GH*r/."%4-"%g84-"%/1,'*nT5T6T\V©§CVv§CV pJR@;'*k$':<;'&��i:<;1GH:<$'&cRi;'*rGH*+&cBC0H&6(?46>?250H&-"%250H:<$'&c/]:<;14
GP"h��0326*+&6&6*�*?29GP"h/146*+&6&50H:<$=�i>?450x¤.*?$@2�GP"h(+:<$'BC03250H:<$^03$Cy LN&6;1/qV@Ictv*+&529GH*w(`"<&�/."%4¢*\[C*?Dl/1GH*87i&50':<$=/146*?$'B=Gutv>?GH>?D=*?$@2
P2

/]:<;14wGut©"%/1/146:`[C03D)"%250H:<$JB1*#GH"n��0326*+&6&6*#*?2
P1

/]:<;14O(+*?G3GH*kB1*hGP"n/146*+&6&50H:<$����8¥ � V
{|"wD=>?25,':@B1*bB1*+&£>?GH>?D=*?$@26&|¤'$10H&|/]:<;14|Gut©"%/1/146:`[C03D)"%250H:<$lB1*+&|>+R@;."%250H:<$'&¡B1*bIK"%,'$CLNMO03G3G30P"%46Bl"w>?26>¢>?25;'BC0H>+*

$':<2-"%DlD=*?$@2)B'"%$'&}� � 7KX��C7��8�17  �C7   .7¡¨8� � V¡{q*+&l/."%4-"%D=F?2546*+&=B�tv:<46BC46*A*?2nGH*+&n/]:<26*?$@250H*?GH&=(-,103Dl0HR@;'*+&l&-:<$@2
gZ>?$'>?4-"%GH*?D=*?$@2h"%/1/146:@(-,'>+&O/."%4OB1*+&Kyz:<$'(?250H:<$'&�" R=$'*+&w/."%4wD=:<46(+*`"%;C[�V

!h*r/1G3;'&`7.$':<;.&��Z:<;1GH:<$'&hRi;'*rGH*r/146:<p1GHF?D=*�BC0H&-(?46*?2��i>?450x¤.*mB1*+&�/146:</1450H>?26>+&#"%$."%GH:<g8;'*+&ks)(+*\G3GH*+&hBC;_/146:%L
p1GHF?D=*=(+:<$�2503$@;q7q>?$':<$'(+>+*+&mB'"%$'&kGP"e/146:</]:8&603250H:<$�T6T6TWV �CV3X8V��|:<;12rB�t©"%p]:<46B�7qGut©" �5:<;12rBC;�26*?45D=*)B1*n254-"%$'&6/]:<452
B'"%$'&�GH*+&}>+R@;."%250H:<$'&}B1*oIK"%,1$CLNM�03G3G30P"%46B $'*�/]:8&6*J/."<&�B1*�BC0 R)(?;1G326>+&A/]:<;14�D=:<$@2546*?4AR@;'*JGH*+&�>+R@;."%250H:<$'&
SUT6T5T\V  i� Y LWSUT5T6TWV  i¨ Y &-:<$@2w>+R@;103�<"%GH*?$@26*+&�s
∀νµ

h ∈ Vµ
h

7 ∀νc ∈ Vc
h

∫

Ω

cn+1
ih − cnih

∆t
νµ

h dx+

∫

Ω
un

h · ∇cn+1
ih νµ

h dx = −
∫

Ω

M `
0h

Σi
∇µn+1

ih · ∇νµ
h dx,

/]:<;14
i = 1, 2, 3

∫

Ω
µn+1

ih νc
h dx =

∫

Ω
Di(c

n+1
h , cn

h)νc
h dx+

∫

Ω

3

4
Σiε∇cn+1

ih · ∇νc
h dx,

/]:<;14
i = 1, 2, 3.

ª�$_&�t 0x$�26>?46*+&6&6*r*?$'&5;10326*msnGP"=(+:<$'&6*?45�8"%250H:<$JBC;A�i:<G3;1D=*rB1*+&O/1,."<&6*+&O*?$_BC0H&6(?46*?2`V�ª�$_:<p1250H*?$@2c"%GH:<46&O;1$'*
(+:<$@254-"%03$@26*�*?$@2546*bGH*+&£BC0H&-(?46>?250H&-"%250H:<$'&�B1*+&£/."%4-"%D=F?2546*+&�B�tv:<46B146*K*?2¡B1*¢GP"O/146*+&6&50H:<$qV<��$n*���*?2`7%(+:<DlD=*

1 ∈ Vµ
h

7
:<$A/]*?;12O>+(?450346*

∫

Ω

cn+1
ih − cnih

∆t
dx = −

∫

Ω
un

h · ∇cn+1
ih dx =

∫

Ω
cn+1
ih ∇ · un

h dx−
∫

Γ
cn+1
ih un

h · n ds.

�@0£:<$�&5;1/1/]:8&6*mR@;'*
mes(Γu

τ )
*?2
uD = 0

SU&503$':<$J03G|$qt j�"=/."<&h(+:<$'&6*?45�<"%250H:<$�BC;_�i:<G3;1D=*mB1*+&�/',."<&6*+& Y 7 :<$
:<p1250H*?$@2

∫

Ω

cn+1
ih − cnih

∆t
dx =

∫

Ω
cn+1
ih ∇ · un

h dx.

�@0
cn+1
ih

*+&52�B'"%$'&9GH*�D��?D=*O*+&5/."<(+*wBC0H&-(\4-*\2¢R@;'*KGP"h/146*+&-&50H:<$^"%GH:<46&�B�t©"%/146F+&cSUT6T5T\V©��� Y 7<Gut 03$@26>?g84-"%GH*�BC;=D=*?Dmp146*
B1*kBC46:<0326*k*+&52w$@;1G3GH*k*?2w:<$_"�p10H*?$AGH*#�i:<G3;1D=*kB1*+&�/1,."<&6*+&ORi;10 *+&52w(+:<$'&6*?45�i>8V

ac:<;'& B1:<$1$':<$'& ;1$r*\[1*?Dl/1GH*9:<�r$':<;'& :<p'&6*?45�i:<$'&qGP"K�<"%450P"%250H:<$mB1;k�Z:<G3;1D=*�B1*+&q/1,."<&6*+&qGH:<46&6R@;'*�Gut©"%/1/146:`[C0xL
D)"%250H:<$^/]:<;149GH*+&�/."%4-"%D=F?2546*+&¢B�tv:<46BC46*�*?29GP"h/146*+&-&50H:<$=$'*O&6:<$@29/."<&9GH*+&9D��?D=*+&�V�ª�$)&`t 03$@26>?46*+&6&-*OshGP"hD=:<$�26>+*
B�t ;1$'*)p1;1G3GH*)B'"%$.&r;1$�G30HRi;10HB1*8V|{q*)B1:<D)"%03$'*eB�tv>?25;'B1*JSU*?$

m
Y *+&52

[−8.5 10−3; 8.5 10−3] × [0; 3.4 10−2]S¦gZ>+:<D=>?25450H*e§<! (`"%4526>+&50H*?$1$'* Y *\2rGH*l4-"`jZ:<$�B1*=GP"�p1;1G3GH*l�8"%;12
rb = 0.00425 m

Vq{ "}��0326*+&6&6*l*?2kGP"�/146*+&-&50H:<$
&6:<$@2#"%/1/146:@(-,'>+*+&h46*+&5/]*+(?2503�Z*?D=*?$@2#/."%4�GH*+&h>?GH>\D=*?$�26&
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∫
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I
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Ω

1
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I dx+
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Ω
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h · ∇νc
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I dx,
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∂Mi
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]
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1 ≤ J ≤ Nµ
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∂Rµi

I

∂(Mi)J
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1 ,C

(k)
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(k)
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Ω
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∇νµ
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I dx,
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∫
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Ω
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0h

Σi
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BU = G.
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U

(k+1) − U
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+ A(Un)U
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(k+1) − G) = E
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P = P(κ+1)

:<�
κ
*+&52�GP"n/146*?Dl0HF?46*k�<"%GH*?;14OB1*

k
&-"%250H&�yu"%0H&-"%$@2�GH*k(?450326F?46*kB'*#(+:<$@�i*?45gZ*?$'(+*r&5;103�<"%$�2
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[Mp]IJ =

∫

Ω
πIπJ dx

/]:<;14
I, J ∈ {1, ..., Np}.
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[Mp`]IJ
=


 ∑

0≤K≤Np

[Mp]IK


 δIJ
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0 ≤ I, J ≤ Np.
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+ A(Un)Ũ + BTPn = E,

SUT6T5T\V©� �ZY

>?2-"%/]*m§ P (`"%GH(?;1G|B1*
Φ = P − Pn �@0P"nGutv>+Ri;."%250H:<$

∆tBM−1BTΦ = BŨ − G,
SUT6T5T\V©�8¥ Y

>?2-"%/]*�� P (`"%GH(?;1G|B1*hGP"n�@0326*+&-&6*
U

M

(
U − Ũ
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Ũ − U

n

∆t

)
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Ũ − U

n

∆t

)
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rb = 7.9 10−4 m

V¡�@;14�GH*+&m¤'g8;146*+&nT6T5T\V � *?2
T6T5T\V � 7�:<$}(+:<Dl/."%46*#GH*+&K46>+&5;1G32-"%26&�:<p126*?$�;'&K/]:<;14�GH*+&�BC0 ��>?46*?$@26*+&�D=>?25,':@B1*+&�/146>+&6*?$@26>+*+&�/146>+(+>+B1*?DlD=*?$�2`V'{ "
D=>?25,':@B1* � {o>?2-"%$@2OGP"�/1G3;'&w/146>+(?0H&6*871GH*k(`"%GH(\;'G :<p126*?$@;J"`�Z*+(k(+*?2526*#D=>?25,':@B1*r&6*?452wB1*#46>\yz>\4-*\$.(?*8V

�@;'4�GP"h¤'g8;146*�T5T6TWV � 7Z:<$)4-*\D)"%4-Ri;'*�R@;'*�GP"#p1;1G3GH*c"#GP"#D��?D=*wyU:<45D=*O/]:<;14�GH*+&¢BC0 ��>?46*?$@26*+&�D=>?25,':@B1*+&�V@ ¡"%4
(+:<$@2546*87q/]:<;14#GH*+&kD=>?25,':@B1*+&rB1*l/146:���*+(?250H:<$�03$'(?46>?D=*?$@2-"%GH*)T� 

L

*?2kT� 
Ml

7�GP"e��0326*+&6&6*lB1*nD=:<$@26>+*=B'*np1;1G3GH*
*+&52hp]*`"%;'(+:<;1/o/1G3;'&cyu"%03p1GH*lRi;'*�/]:<;14#GH*+&k"%;12546*+&#D=>?25,':@B1*+&`Vq{q*�26*?45D=*=B�t©"%;1g8D=*?$@2-"%250H:<$�B'"%$'&hGutv>?2-"%/]*lB'*
/146>+BC0H(?250H:<$^/]:<;149GH*+&9D=>?25,':@B1*+&¢B1*K/]>?$."%G30326>\Lu/146: ��*+(?250P:<$^46>+BC;1032¢&6*?$'&503p1GH*?D=*?$@2�Gutv*?4546*?;14¢B1*Ky¦4-"<(?250H:<$1$'*?D=*?$@2`V

ª�$�&`t 03$@26>?46*+&6&6*_D)"%03$@26*?$."%$@2�soGP"�(+:<$'&-*\46�<"%250H:<$�BC;��i:<G3;1D=*JB1*_GP"�p1;1G3GH*8Vbac:<;'&�"`�i:<$'&e�@; B'"%$'&eGH*
/."%4-"%g84-"%/1,'*wT5T6T\V©§CVv§CVvBnRi;'*b/]:<;14�(+:<$'&6*?45�i*?4¡GH*b�Z:<G3;1D=*�B1*+&£/1,."<&6*+&�7%:<$="�p]*+&6:<03$l*?$@2546*�"%;12546*�Ri;.*

BU = G
V

Ib*+(?0�$qtv*?&62)/."<&=�i>?450x¤.>AGH:<46&6R@;'*AGP"�D)"%25450H(+*
BM−1BT *+&52^"%/1/'46:@(-,'>+*�/."%4

L
V¢�@;14)GP"�¤'g8;146*_T6T5T\V � 7�:<$

:<p'&6*?45�i*�R@;'*OGH*+&¢D=>?25,':@B1*+&� 9 
L

*?2KT� 
L

$'*c(?:<$.&6*?45�Z*?$@2b/."<&bGH*O�i:<G3;1D=*cB1*OGP"rp1;1G3GH*8V�{q:<46&6R@;qtv:<$}"%;1g8D=*?$@26*
GH*#/."%4-"%D=F?2546*

r
71:<$A46*?D)"%46R@;'*k&5;14wGP"m¤'g8;146*rT5T6TWV � S¦p Y R@;'*hGP"lBC03Dl03$@;1250H:<$_BC;A�i:<G3;1D=*k*+&52�46>+BC;10326*8V

�9$o(+:<$'(?G3;'&50H:<$q7�$':<;'&#;12503G30H&6*?46:<$.&kB'"%$'&#GP"�&5;10326*nGH*+&hD=>?25,':@B1*+&rB1*n/]>?$."%G30326>\Lu/146: ��*+(?250H:8$¬"`�Z*+(
r
"<&6&6* �

g84-"%$'B�R@;10¡&-:<$@2cD=:<03$'&#(+:�2126*?;'&6*+&#*?$�26*?Dl/'&#(`"%GH(?;1G9Ri;'*�GH"^D=>?25,':@B1*lBC;�{ "%g84-"%$1g80H*?$�"%;1g8D=*?$@26>l*?2h/1G3;'&
/146>+(?0H&6*+&OR@;'*hGH*+&�D=>?25,':@B1*+&�B1*#/146:���*+(?250H:<$�03$'(?46>?D=*?$@2-"%GH*8V ��G3GH*+&w46*?/146>+&6*?$@26*?$�2�B1:<$'(#;1$}p]:<$�(+:<Dl/146:<Dl0H&�V

X8X8X



���������%	����������� ��'����D�H����&����c����� � �(���$	1���D�������f�$	�������� �c�<��� �\����f��'���$	

t = 0

� { T� 
Ml

T� 
L

 9 
L r = 1

 9 
Ml

r = 100
 9 

L r = 100

� � � � T6T5T\V � T T�&6:��8"%GH*?;14 c = 0.5
/]:<;14wGH*+&OBC0 ��>?46*?$@26*+&OD=>?25,':@B1*+&OB1*#46>+&6:<G3;1250H:<$Js

t = 0.1 s

X8X`§



����������������� ��� ��	��%�<& &����c����� � �()� � ���D�<-��\�D�c����%� '���$	

0 0.02 0.04 0.06 0.08 0.1
t

0.85

0.9

0.95

1

1.05

1.1

0 0.02 0.04 0.06 0.08 0.1
0.85

0.9

0.95

1

1.05

1.1

 � 
Ml

r = 100

� {

 9 
L r = 100

 9 
L r = 1

T� 
L

T� 
Ml

V
/V

0

Sz" Y

0 0.02 0.04 0.06 0.08 0.1
t

0.995

1

1.005

0 0.02 0.04 0.06 0.08 0.1

1

 � 
Ml

r = 100

� {

 9 
L r = 100

 9 
L r = 1

L

T� 
Ml

V
/V

0

S¦p Y

� �T� � T6T5T\V � T ���i:<G3;1250H:<$�*?$�26*?Dl/'&#BC;J�i:<G3;1D=* V B1*�GP")p1;1G3GH*�$':<45D)"%G30H&6>�/ "%4cGH*m�i:<G3;1D=*�03$103250P"%G
V0

/]:<;14
GH*+&wB10 ��>?46*?$@26*+&wD=>?25,':@B1*+&�B1*#46>+&6:<G3;1250H:<$_B1:<$1$'>rsnB1*?;C[A>+(-,'*?G3G3*+&�BC0 ��>?46*?$@26*+&

X8X �



���������%	����������� ��'����D�H����&����c����� � �(���$	1���D�������f�$	�������� �c�<��� �\����f��'���$	
.�.�. ��� . @������5@���� 7�� � ���5G � �
�5= �OK ��K � 6<?����5=
!#"%$'&r(+*l/."%4W"%g84-"%/1,'*87 $':<;'&rB1:<$1$':<$'&mB1*+&r*\[1*?Dl/1GH*+&mB1*=&503Dm;1GP"%250H:<$'&m$@;1D=>?450HRi;'*+&eS¦D=:<$@2->?*^B�t ;1$'*=p1;1G3GH*
B'"%$'&e;1$fG30HR@;10HB1*87¢p1;1G3GH*_/10H>?gZ>+*JB'"%$'&e;1$'*_03$@26*?4�yz"<(+*JG30HRi;10HB1*���G30HR@;10HB1* Y "�¤'$ B1*_(+:<Dl/146*?$'BC46*�Gut 03$	�';'*?$'(+*
B1*AR@;'*?GHRi;'*+&=/."%4-"%D=F?2546*+&`Vbª�$f&`t 03$@26>?46*+&6&6*}/1G3;'&=/."%45250H(?;1G30HF?46*?D=*+$@2�s�GH"�46>?g8;1GP"%450H&W"%250H:<$fB1*+&=/."%4-"%D=F?2546*+&
/1,@jC&50HR@;'*+&`7'"%;A(+:@*�R)(?0H*?$@2cB1*hD=:<p103G30326>

M0
7.s�Gutv>?/."%0H&6&6*?;14�B1*hGut 03$@26*?4�yu"<(+*

ε
*\2�"%;A/."<&wB1*#D)"%03G3GP"%gZ*

h
V

���������P��� � ! 
 ����$� ���%$�"��'&�(��P*�� /F$� �$�.��#"� �*�� / ���P��� � �P*,�

ac:<;'&qB1:<$1$':<$'& R@;'*?GHRi;.*?& *\[C*?Dl/1GH*+& B1*�46>?g8;1GP"%450H&-"%250H:<$�B1*+&�/."%4-"%D=F?2546*+& /1,@jC&50HRi;.*?&
(%, η, cp, λ)

V` ¡"%4 *\[1*?Dl/1GH*87
GP"n46>?g8;1GP"%450H&-"%250H:<$_B1*#GP"nD)"<&6&6*h�i:<G3;1Dl0HRi;'*

%(c)
B1:<032w�i>\460 ¤ *\4

%(c) =
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=
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B'"%$'&hGutv*\[C*?Dl/1GH*8V�{q*�B1:<D)"%03$'*lB�tv>?25;'B1*}SU*?$

m
Y *+&52

[0; 7.65 10−2] × [0; 1.275 10−2]
S¦gZ>+:<D=>?25450H*

§<! (`"%452->?&60H*?$1$'* Y *?29GH*K4-"`ji:<$)B1*KGP"hp1;1G3GH*��8"%;12
4.25 10−3 m

VZ{q*+&9D)"<&6&6*+&��i:<G3;1Dl0HRi;'*+&�&6:<$@2
%1 = 1 kg.m−3/]:<;14¢GP"kp1;1G3GH*c*?2

%2 = 1000 kg.m−3 /]:<;14bGH*OG30HRi;10HB1*8VCª�$e;12503G303&-*OGP"#yU:<$'(?250H:<$�M�*`"`��jC&50HB1*w46>?g8;1GP"%450H&6>+*�/]:<;14GP"n�@0H&6(+:8&60326>#B'"%$'&wGH*+&�2546:<0H&O(`"<&`V
ª�$Q:<p'&6*?45�i*A&5;14lGP"J¤'g8;146*AT6T5T\V©¥JRi;.*�GP"JD=:�ji*?$1$'*},."%45D=:<$10HR@;'*}yz"`�i:<450H&6*}B'"%$'&=GP"��+:<$.*}03$@26*?4�yz"<(?0P"%GH*

GP"�Ri;."%$@250326>
%1

/]:<;14k(+*?2k*W[1*?Dl/1GH*8V�!nt©"%03G3GH*?;146&k&6;14hGP")¤'g8;146*lT6T5T\V3X��C7 GP"ep1;1G3GH*nD=:<$@26*n/1G3;'&h��0326*nR@;'*�/]:<;14
GH*+&)B1*?;C[f"%;12546*+&)46>?g8;1GP"%450H&-"%250H:<$'&^/1;10H&6R@;'*�B'"%$'&=/146*+&-Ri;'*A26:<;126*AGut 03$@26*?4�yu"<(+*87�GP"�D)"<&6&6*A�Z:<G3;1Dl0HR@;'*A�8"%;12
%1 = 1 kg.m−3 V{|"�D=:�jZ*?$1$'*r"%450325,1D=>?250HRi;'*r*?2KGP"myz:<$'(?250H:<$AMc*+"�j�&50HB1*h46>?g8;1GP"%450H&6>+*kB1:<$1$'*?$@2OB1*+&K46>+&5;1G32-"%26&w&-*\D�p1GP"%p1GH*?&�V
Ib*?/]*?$'B'"%$@2`7 03G�/]*?;12m"%454503�i*?4kR@;'*nGut 03$@26*?4�yu"<(+*=&�tv>?/."%0H&6&50H&6&6*87�/."%4r*\[C*?Dl/1GH*)B'"%$'&#GP"�/."%45250H*l03$CyU>?450H*?;146*)B1*lGP"
p1;1G3GH*KsO(`"%;'&6*¢B1*+&|D=:<;1�i*?D=*?$@26&¡(+:<$@�i*+(?250xyU&�S ¤'g8;146*bT5T6TWV3X �OBC; 3-T5T6TWV  'V©§ Y V�!#"%$'&£(+*¢(`"<&�7�GH*�/."%4-"%D=F?2546*bB�tv:<46BC4-*
/]*?;12w�8"%GH:<034

0.1
&6;14�;1$'* �`:<$'*r:<�}GP"nD)"<&6&6*#�Z:<G3;1Dl0HR@;'*kB1:<032 �?2546*r>?gi"%GH*rs

%2
V.ª�$A�i:<032w&5;14wGP"�¤'g8;146*kT6T5T\V©¥

R@;'*�B'"%$'&b(+*�(`"<&�7iGP"kD=:�ji*\$'$'*h"%450325,1D=>?250HRi;'*c03$@2546:@BC;1034-"m;1$'*c*?4546*?;14b/."%4Ksk4-"%/1/]:<452wsr(+*?G3GH*cB1*OGP"#yz:<$'(?250H:<$
Mc*`"`j�&60HB1*h46>?g8;1GP"%450H&6>+*8V

 �"%49(+:<$'&6>+R@;'*?$@2`7<$':<;'&�"`�i:<$'&¡;12503G30H&6>KGP"�yU:<$'(?250H:<$)M�*`"`jC&50HB1*b46>?g8;1GP"%450H&6>+*wB'"%$'&�$':8&�>?25;'B'*?&�78B1>\¤'$10H*�B'"%$'&
GH*k(`"<&�254503/1,."<&50HR@;'*#/."%4

%(c) = (%1 − %3)He(c1 − 0.5) + (%2 − %3)He(c2 − 0.5) + %3,

X8X  
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"`�i*+(
e = 0.4

V.Ib*?2526*#46>?g8;1GP"%450H&-"%250H:<$_*+&52�;12503G30H&6>+*r"%;'&6&50�/]:<;14wGP"��@0H&6(+:8&60326>
η
7CGP"n(-,."%GH*?;14OD)"<&6&50HR@;'*

cp
*?2wGP"

(+:<$'BC;'(?2503��0326>k25,'*?45Dl0HRi;'*
λ
V

0 0.5 1

%

c

%2%2

%1%1

0 0.5 1

%

c

%2%2

%1%1

0 0.5 1

%

c

%2%2

%1%1

"%450325,1D=>?250HR@;'* ,."%45D=:<$10HR@;'* Mc*`"`��j�&50HB1*h46>?g8;1GP"%450H&6>

� � � � T6T5T\V©¥ T ��>?g8;1GP"%450H&-"%250H:<$_B1*hGP"nD)"<&6&6*#�Z:<G3;1Dl0HR@;'*k*?$�yz:<$'(?250H:<$�BC;A/."%4-"%D=F?2546*rB�tv:<46BC46* c

"%450325,1D=>?250HRi;.* ,."%45D=:<$10HR@;'* M�*`"`��jC&50HB1*h46>?g8;1GP"%450H&6>
� �T� � T5T6TWV3X�� T T�&6:��<"%GH*?;14 0.5

s
t = 0.1 s

*?2
t = 0.25 s

/]:<;14#BC0 ��>?46*?$@26*+&h46>?g8;1GP"%450H&-"%250H:<$'&#B1*
%
*?2cGH*m254-"%032

/1GH*?03$)(+:<4546*+&5/]:<$'B^scGP"hBC0H&62-"%$'(+*wRi;qt©"%;14-"%0329/."%4-(?:<;'45;'*�GP"hp1;1G3GH*w*?$@2546*w(+*+&9B1*?;C[n03$'&52-"%$@26&�&501&W"���0326*+&6&6*w"`�<"%032
>?26>k(+*?G3GH*kB1:<$1$'>+*rB'"%$'&k�©§8¨ �

���������P��� �%(�� �P*�( �	* �P* �'$ .0& � �����l"�!

!#"%$'&r(+*=/."%4-"%g84-"%/1,'*87 $':<;'&m>?25;'BC0H:<$'&rGut 03$	�';'*?$'(+*^B1*lGP"}D=:<p103G30326>)/]:<;14kGH*=D=:@B1F?GH*)B1*eIK"%,1$CLNMO03G3G30P"%46B¬*?2
(+*?G3;10 B1*mIK"%,1$CLNM�03G3G30P"%46B.�%ac"`��0H*?4�L��@2-:<�Z*+&�V]ª�$A&-*h/1GP"<(+*kB'"%$'&OB1*+&w(+:<$C¤'g8;14-"%250H:<$'&cBC03/1,."<&50HR@;'*+&`V

{|"e/146*?Dl0HF?46*=03G3G3;'&5254-"%250H:<$�*+&52#Gutv>?�i:<G3;1250H:<$�B�t ;1$'*lp1;1G3GH*87�03$103250P"%GH*?D=*?$�2mB1*�yz:<45D=*l*?G3G303/'&-:��uB'"%GH*87��i*?46&k&-"
/]:8&503250H:<$eB�tv>+R@;103G303p146*�:<�e*?G3G3*O/146*?$'B);1$'*wyU:<45D=*�&5/1,'>?450HRi;'*�S ¤'g8;146*�T6T5T\V3X8X Y V@��*?;1GH*+&¢GH*+&¢>+R@;."%250H:<$'&¢B1*hIK"%,1$CL
M�03G3G30P"%46BA&6:<$@2w46>+&6:<G3;'*+&mS

u ≡ 0
Y *?2w$':<;'&w/146*?$':<$'&w;1$'*#D=:<p103G30326>rB1>?gZ>?$'>?46>+*87.BC0H&6(?46>?250H&6>+*r*\[�/1G30H(?0326*?D=*?$@2

Mn
0 = Mcn2(1 − cn)2.

X8X`�



���������%	����������� ��'����D�H����&����c����� � �(���$	1���D�������f�$	�������� �c�<��� �\����f��'���$	

�@;14OGP"�¤'g8;146*rT5T6T\V3X`§C7C$':<;'&w/146>+&6*?$�26:<$'&wGut 03$@26*?4�yu"<(+*ms=BC0 ��>?46*?$@26&O03$'&52-"%$@26&O/]:<;14OBC0 ��>?46*?$@26*+&O�<"%GH*?;146&�B1*
M
V

{q*b254-"%032�/1GH*?03$n46*?/146>+&6*?$@26*KGP"c&6:<G3;1250H:<$="%$."%G3j�250HRi;'*wsOGutv>+R@;103G303p146*8Viª�$l:<p'&6*?45�i*¢;1$'*K>?�i:<G3;1250H:<$n2546F+&�BC0 ��>?46*?$@26*
&6*?GH:<$oGH*+&k�<"%GH*?;146&rB1*

M
Vq{q*l/."%4-"%D=F?2546*

M0
>?2-"%$@2rGH*=(?:@*�R)(?0H*?$@2�B1*=BC0 ��;'&50H:<$�B'"%$'&kGutv>+Ri;."%250H:<$��i>?450x¤.>+*

/."%4
c
71G3:<4-&6Ri;'*

M
"%;1g8D=*?$@26*87'Gut 03$@26*?4�yz"<(+*m"%2526*?03$@2�&-"�/]:8&503250H:<$�B�tv>+R@;103G303p146*k/1G3;'&�4-"%/10HB1*?D=*?$@2�V

0x$.&52-"%$@2w03$103250P"%G >?2-"%2OB�tv>+R@;103G303p146*

� � � � T6T5T\V3X8X T �b;1G3GH*rs�Gut 03$'&52-"%$@2w03$103250P"%G|*?2�s�Gutv>+Ri;103G303p146*

M = 4.7 10−3

M = 4.7 10−4

M = 4.7 10−5

t = 200 t = 600 t = 1000

� �T� � T5T6TWV3X`§ T ���i:<G3;1250H:<$�B1*OGut 03$@26*?4�yz"<(+*c*?$)yz:<$'(?250H:<$eBC;^26*?Dl/'&�"`�Z*+( M0 = Mc2(1− c)2 /]:<;14bBC0 ��>?46*?$@26*+&�8"%GH*?;146&wB1*
M

*?2���0H&5;."%G30H&-"%250H:<$�B'*hGP"l&6:<G3;1250H:<$_"%$."%G3j�250HRi;'*)SU254-"%032w/1GH*?03$ Y snGut >+R@;103G303p146*
T�G¢*+&52r03$@26>?46*+&-&-"%$@2�B�tv>?25;'BC0H*?4�D)"%03$@26*?$."%$@2nGut 03$	�';'*?$'(+*eB1*)GP"AD=:<p103G30x2->)GH:<46&-Ri;'*)GP"}p1;1G3GH*e*+&52m*?$¬>+(+:<;CL

GH*?D=*?$@2`V�a�:<;'&c/146*?$':<$'&#GH"^p1;1G3GH*�03$103250P"%GH*?D=*?$@2r&5/1,'>?450HRi;'*8V�!nt©"%/146F+&hGH*+&c/146:</1450H>?26>+&#/1,@j�&60HRi;'*+&h*?2cGP"^2-"%03G3GH*
B1*kGP"lp1;1G3GH*87.03G|*+&52w/]:8&-&503p1GH*rB1*k/146>+BC0346*m&-"�yz:<45D=*r*?2�&-"l�@0326*+&6&-*kB1*kD=:<$@26>+*eS43-T ��V3X Y V.ac:<;'&�"`�i:<$'&w/'450H&w;1$
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���������(���I&�� � �(�&('� �� � �( � � �(���������� �c�$	�����

>+(+:<;1GH*?D=*?$@2k:<��GP")p1;1G3GH*n&6*�B1>\yz:<45D=*�&-*?$'&503p1GH*?D=*?$@2`V��9G3GH*�/146*?$'BJGP"=yz:<45D=*�B�t ;1$'*n(`"%GH:<2526*l&5/1,'>?450HRi;'*l"`�i*+(
B1*+&O254-"��H$'>+*+&�&5;14wGH*r(+:<$@26:<;14wyz:<45D)"%$@2�(+:<DlD=*r;1$'* 	 ��;1/]*�	)S¦p1;1G3GH*rB1*k2�j�/]* 	?&5��034526*+B�	kB'"%$'&wGP"lG3032526>?4-"%25;146*
�©§8¨ �¦Y V���;14¢GH"#¤'g8;146*cT5T6TWV3X �C7Z$':<;'&b:<p'&6*?45�i:<$'&¢R@;'*wGP"kD=:<p103G30326>�03$	�';'*?$'(+*�/]*?;^GP"k�@0326*+&-&6*OB1*wGP"kD=:<$@26>+*cB1*OGP"
p1;1G3GH*cD)"%0H&K03$@26*?45�@0H*?$@2w&5;14K&-"kyz:<45D=*8VC{q:<46&6R@;'*�GP"mD=:<p103G30326>#*+&52¢yu"%0xp'G3*87�GH*c26*?45D=*hB1*�264-"%$'&5/]:<452�*+&52b/146>?/]:<$CL
B1>?4-"%$@2rB'"%$'&#Gutv>+R@;."%250H:<$�B�tv>?�i:<G3;1250H:<$�B1*

c
7�*?$@254-"��H$."%$@2r;1$'*lB1>\yz:<45D)"%250H:<$�B1*nGut 03$@26*?4�yz"<(+*=*?2r"%;'g8D=*\$�2-"%$@2

GP"m2-"%03GxGH*#B1*�Gutv>?/."%0H&6&6*?;14`V1��$}*���*?2`7CB'"%$'&bGH*+&K>+R@;."%250H:<$'&�B1*#IK"%,1$CLNM�03G3G30P"%46B�7CGH*c26*?45D=* ∇ · (M0∇µ)
(+:<$@250H*?$@2

B1*+&�/ "%45250H*+&bBC0 �];'&60x�i*+&¢*?2b"%$�250xLNBC0 �];'&503�i*+&bRi;10 (+:<$@264503p1;'*?$@2�"%;^D)"%03$@250H*?$�B1*wGutv>?/."%0H&6&6*?;14KB1*wGut 03$@26*?4�yu"<(+*
ε
"%;

(+:<;146&OBC;A26*?Dl/'&`V

M = 3.4 10−4 M = 3.4 10−5 M = 3.4 10−6 M = 3.4 10−7

� �T� � T6T6TWV3X � T T�&6:��8"%GH*?;146& 0.1
7
0.5

*?2
0.9

B1*
c
s
t = 0.85 s

"`�i*+(
M0 = Mc2(1 − c)2

/]:<;14rBC0 ��>?46*?$@26*+&
�8"%GH*?;146&wB1*

M

U 03$."%GH*?D=*?$@2`7¡03Gw"%/1/."%4-"��H2lR@;qt 03G¢yu"%;12�/146*?$'BC46*�GH"_D=:<p103G30326>�GP"�/1G3;'&myu"%03p1GH*e(+:<$'&-*?45�<"%$@2nGutv>?/."%0H&6&6*?;14lB'*
Gut 03$@26*?4�yu"<(+*�(+:<$'&52-"%$@26*8V�{q*�(-,':<0x[ BC; /."%4-"%D=F?2546*�B1*JD=:<p103G30326>�*+&62e;1$'*�B1*+&}BC0 R)(?;1G326>+&}$@;1D=>?450HR@;'*+&}BC;
D=:@B1F?GH*rB1*rIK"%,1$1LNMO03G3G30P"%46B.�%ah"`�@0H*?4�L��@26:<�i*+&`V

���������P��� � / $������%* �P � � ��(�"�*� �X$��	* *#" /F$�� �P* . $���� �b$ 
]*

!#"%$'&O(+*k/."%4-"%g84-"%/1,'*87 $':<;'&OB':<$1$':<$'&O;1$_*\[C*?Dl/1GH*mB�t ;1$'*kp1;1G3GH*k/10H>?gZ>+*m*?$@2546*rB1*?;C[}/1,."<&6*+&�&5254-"%250x¤.>+*+&�:<�
$':<;'&�yz"%0H&-:<$'&��<"%450H*?4wGH*#/."<&wB1*#D)"%03G3GP"%gZ*r*\2wGutv>?/."%0H&6&6*?;14�B1*hGut 03$@26*?4�yu"<(+*8V

ª�$�(+:<Dl/."%46*msnGutv>+Ri;103G303p146*87'Gutv>?$'*?45g80H*kG303p146*kBC0H&6(?46F?26*

F
����	�
�

Σ,ε,h(tn+1) = F
� � 	�
�

Σ,ε (cn+1
h ) =

∫

Ω

12

ε
F (cn+1

h ) dx+

∫

Ω

3∑

i=1

3

8
εΣi

∣∣∇cn+1
ih

∣∣2 dx,

"`�i*+(hGutv>?$'*?45g80H*rBC;A/146:<p1GHF?D=*ms�03$@26*?4�yu"<(+*#03$C¤'$103D=*?$@2O¤'$'*#B'>W¤.$10H*#/."%4

Fs = σ12A12 + σ13A13 + σ23A23

:<�
Aij

*+&62�Gut©"%0346*kB1*#Gut 03$@26*?4�yz"<(+*r*?$@2546*#GP"n/1,."<&6*
i
*?2
j
V

X8X �



���������%	����������� ��'����D�H����&����c����� � �(���$	1���D�������f�$	�������� �c�<��� �\����f��'���$	

{ *+&¢/1,."<&6*+&b$'*�&6:<$@2¢/."<&K&6:<;1Dl0H&6*+&KskGP"rg84-"`�@0326>c*?2¢GH*+&¢/146:</1450H>?26>+&K/1,@jC&50HRi;'*+&b&6:<$@2¢GH*+&¢D��?D=*+&KB'"%$'&bGH*+&
2546:<0H&w/1,."<&6*+&

%i = 1 kg.m−3 *?2
ηi = 1 Pa.s.

{q*�B1:<D)"%03$'*oB�tv>?25;'B1*QSU*?$
m
Y *+&62

[0; 0.1] × [0.02; 0.08]
S¦gZ>+:<D=>?25450H*�§<! (`"%4526>+&50H*?$1$'* Y *?2}Gut©"%0346*�B1*�GH"

GH*?$@2503G3GH*m*+&52
1.14 10−4m2 V'ac:<;'&O/146*?$':<$'&�GH*+&O2546:<0H&O26*?$'&50H:<$'&cB1*r&5;14�yu"<(+*r>?gi"%GH*+&cs 1 N.m−1 V]Ib:<$1$."%0H&6&W"%$@2GH*+&�/]:8&603250H:<$'&OB1*+&�03$@26*?4�yu"<(+*+&�s�Gutv>+R@;103G303p146*^S43-T��nV©§C7'"%$1$'*\[1*k! Y 7CGutv>?$'*?45g80H* Fs

�<"%;12

Fs ' 1.47 10−1 J.

�@;'4=GP"�¤'g8;146*�T5T6TWV3X  '7�$':<;'&):<p'&-*?45�Z:<$'&)Gutv>?�Z:<G3;1250H:<$�B1* F
� � 	�
�

Σ,ε,h

"%;f(+:<;146&)BC;Q26*?Dl/'&=/]:<;'4)BC0 ��>?46*?$@26&
D)"%03G3GP"%gZ*+&�s

ε = 0.0028 m
¤1[1>8V9{q:<46&6R@;qtv:<$Q4-" R=$'*AGH*AD)"%03G3GP"%gZ*87¢:<$E46*?D)"%46R@;'*�R@;'* F

����	�
�

Σ,ε,h

26*?$'BE�Z*?46&
GP"��<"%GH*?;14

0.146
seGutv>+R@;103G303p146*8V {9tv>+(`"%452m*?$@2546*=(+*?2526*l�<"%GH*?;14r*?2r(+*?G3G3*)B1* Fs

��0H*?$@2kB1*lGutv>?/."%0H&6&50H&6&6*?D=*?$@2rB'*
Gut 03$@26*?4�yu"<(+*kB'"%$'&wGH*#D=:@B1F?GH*kB1*mIK"%,1$CLNM�03G3G30P"%46B�V

�9$o*���*?2`7�GH:<46&6R@;qtv:<$�yz"%032#26*?$'BC46*
ε
�i*?46&

0
"`�i*+(nGH*nD)"%03G3GP"%gZ*=*?$�/146*?$."%$@2

ε = 3h
7�:<$o:<p'&6*?45�i*lRi;.*�GP"

�8"%GH*?;14mB1* F
� � 	�
�

Σ,ε,h
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1 < Eo < 100
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1
V� £:<;14eB1*+&=yz"%03p1GH*+&)$':<Dmp146*+&eB1*��O*?j�$':<GHB1&_S

Re < 10
Y GP"�p1;1G3GH*�/146*?$'BE;1$'*AyU:<45D=*�B1*�(`"%GH:<2526*
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Eo > 600
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	`�@�@03452-*?B 	<V

X`§��



��� ���$���*��&�	���)�  ��(&��- � � �k)�D��&(� �(& �k� � �(�f��

�!��-<� T��nV3X T !c0P"%g84-"%DlD=*rB1*#BC0 ��>?46*?$@26&w46>?g803D=*+&OB1*hD=:<$@26>+*kB1*hp1;1G3GH*k&6:<;'&KGutv*���*?2wB1*hGP"�g84-"`��0326>87 I¢G30xy¦2 � x�<�H�~S��©§8¨ � 7qX`¥ �<�ZY

ac:<;'&k46*?/146*?$':<$'&mGP"AB1>?D)"%46(-,'*)/146:</]:8&6>+*)/."%4 �J*?03*?4 � x �8�3�¢� � ¨ � R@;109;12503G30H&6*?$@2rGP"}D=>?25,':@B1* 	 ��:<G3;1D=*:%y U G3;10HB�	<V|ª�$�¤1[1*nGH*+&#D)"<&6&6*+&#�i:<G3;1Dl0HRi;'*+&`7�GH*n4-"%/1/]:<452rB1*+&#��0H&6(+:8&50326>+&k*?2#GP"e26*?$'&50H:<$�B1*l&6;14�yz"<(+*8V�ac:<;'&
/146*?$':<$'&O/]:<;14O(+*+&�/."%4-"%D=F?2546*+&OGH*+&�/146:</1450H>?26>+&�B1*#Gutv*`"%;�*?2wGut©"%034





σ = 0.07 N.m−1,

%b = 1 kg.m−3, %` = 1000 kg.m−3,

η` = 102ηb Pa.s.
ª�$_yu"%0x2h*?$'&5;10326*m�8"%450H*?4cGH*?&c$':<Dmp146*+&#"<BC03D=*?$'&60H:<$1$'*?GH&
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η` =

(
M%2

`σ
3

g(%` − %b)

) 1
4 *?2

ηb = 10−2η`
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db =

(
Eoσ

g(%` − %b)

) 1
2

.
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ª�$A$':<26*
rb = db

2

GH*#4-"`jZ:<$�>+R@;103�<"%GH*?$@2`V
{ *k/146:<p1GHF?D=*�*+&52O46>+&6:<G3;_*?$_gZ>+:<D=>?25450H*�<! "�[C0H&5j�D=>\26450HRi;'*r&6;14w;1$JB1:<D)"%03$'*m(?j�G303$'BC450HRi;'*mB1*k,."%;126*?;14

18rb
*?2wB1:<$�2wG3*#4-"`ji:<$AB1*#GP"�p "<&6*h�8"%;12

3rb
S ¤'g8;14-*kT ��V3X Y V

{ *+&w(+:<$'B10x2603:<$.&�"%;Ap]:<46BA&6:<$@2

∇ci · n = 0
*?2
M0(c)∇µi · n = 0,

&5;14
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4,

u · n = 0
*?2

(2ηD(u)n− pn) · t = 0,
&5;14

Γ1 ∪ Γ3,

u = 0,
&5;14

Γ2,

2ηD(u)n− pn = 0,
&5;14

Γ4.

S �C7 � Y S
3rb

7 � Y

S �C7
18rb

Y S
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7
18rb
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Γ2

Γ4

Γ1 Γ3
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M Eo Re η`

S
Pa.s

Y
db

S
m
Y

uT
S
m.s−1 Y

	?!c03Dl/1GH*+B�	
103.5 160 2 3.24 0.033 0.19

	?��G3G303/'&-:<0HB'"%G 	
10−2.1 10 12 0.129 8.5 10−3 0.18

	`�@��034526*+B�	
102.2 600 23 1.53 6.5 10−2 0.54

	?!c03Dl/1GH*+B�	 	?��G3G303/'&6:<0HB'"%G 	 	`�@�@034526*+B�	
M = 103.5 M = 10−2.1 M = 102.2

Eo = 160 Eo = 10 Eo = 600
Re = 2 Re = 12 Re = 23
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M = 3.4 10−4 M = 3.4 10−5 M = 3.4 10−6 M = 3.4 10−7

� �T� � T��nV�� T T�&6:��<"%GH*?;146& 0.3
7
0.5

*?2
0.7
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c
s
t = 0.6 s

"`�i*+(
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"<&6&6:@(?0H>+*A�<"�&�tv>\2W"%G3*?4 x v,x �<� � ~ ��{ x *?$@2546*AGH*+&)B1*?;C[Q"%;12546*+&)/1,."<&6*+&`V �

Gutv>+R@;103G303p146*87'03G�$qt j}"l"%GH:<46&w/."<&wB1*#/]:<03$@26&w254503/1GH*+&mS�� �Z� 7 � ¥ � 7'"%$1$'*\[1*k!n7�¤'g8;146*kT �nV3X`§ Y V

11

2

1

2

1

2 2

3 3

3

3

étalement partiel étalement total étalement totalétalement total
S1 > 0

S2 < 0;S3 < 0
S1 < 0;S2 < 0;S3 < 0

S3 > 0
S1 < 0;S2 < 0

S2 > 0
S1 < 0;S3 < 0

� �T� � T��nV3X`§ T �92-"%GH*?D=*?$@2 � � � xyw � �C:<; x vjx �<�CB�t ;1$'*#/1,."<&6*k*?$@2546*kB1*?;C[�"%;12546*+&
ac:<;'&m"%G3GH:<$'&k/146>+&6*?$@26*?4rGP"}&503Dm;'GH"%2603:<$¬B1*=(+*+&rBC0 ��>?46*?$@26&m(+:<Dl/]:<4526*?D=*?$@26&`V|{q*)B1:<D)"%03$'*)B�tv>?25;'B1*_SU*?$

m
Y *+&62

[0; 0.1] × [0.02; 0.08]
S¦gZ>+:<D=>?25450H*�§<!�(`"%4526>+&50H*?$1$'* Y *?2wGH*+&w(+:<$'BC03250H:<$'&c"%;Ap]:<46BA&6:<$@2

∇ci · n = M0(c)∇µi · n = 0,

u = 0.

{ "nGH*?$@2503G3GH*r*+&52�03$103250P"%GH*?D=*?$@2c&5/1,'>?450HR@;'*kB1*h4-"`ji:<$
rb = 0.012 m

V
��� ��� ��� � "�$ �'*�.0*�(�" / $� �"��'* �

!#"%$'&kGH*)(`"<&rB�t ;1$¬>\2W"%G3*?D=*?$@2�/."%45250H*?Gu7qGutv>?2-"%2�B�tv>+Ri;103G303p146*)GH:<46&6R@;qtv:<$�(+:<$'&50HB1F?46*)GH*+&k03$@26*?4�yu"<(+*+&r03$C¤'$103D=*?$@2
¤'$'*+&�S

ε → 0
Y 71/]*?;12 �?2546*r(`"%GH(?;1GH>m"%$."%G3j�250HRi;'*?D=*?$@2nSz"%$1$'*\[1*r! Y�P GP"nyU:<45D=*rB1*#GP"nGH*?$@2503G3GH*m*+&52OB1:<$1$'>+*k/."%4

Gut 03$@26*?46&6*+(?250H:<$EB1*eB1*?;C[¬BC0H&6R@;'*+&m26*?GH&nR@;'*^GH*+&�2546:<0H&l"%$1g8GH*+&lB1*e(+:<$@2-"<(?2
θ1
7
θ2
7
θ3
7£B1>\¤'$10H&l&5;14�GP"A¤'g8;146*

T ��V3X ���i>?450x¤.*?$@2wGP"n46*?GP"%250H:<$_B1* �¢:<;1$1g
sin θ1
σ23

=
sin θ2
σ13

=
sin θ3
σ12

.

X �CX



���������%	������� ���O��� �k�f'D�S	��f��&���&��<��������� �(��

��*?GP"%250H:<$�B1* �¢:<;1$1g P
sin θ1
σ23

=
sin θ2
σ13

=
sin θ3
σ12

θ1

θ2

θ3

�������
	
1

�������
	
2

�������
	
3

� � � � T ��V3X � T U :<45D=*kB1*hGP"nGH*?$@2503G3GH*ms�Gutv>+Ri;103G303p146*r*?2�"%$1g8GH*+&OB1*k(?:<$�2-"<(?2�"%;C[�/]:<03$@26&w254503/1GH*+&

ac:<;'&�46>+&6:<G3�Z:<$'&�0H(?0�GH*#&5j�26F?D=*hB1*rIK"%,1$CLNM�03G3G30P"%46B.�%ah"`�@0H*?4�L��@26:<�i*+&mSUT6T5T\V3X Y LWSzT5T6TWV  Y *?$}Gut©"%p'&6*?$'(+*kB1*hg84-"�L
��0326>8V�{q*+&#D)"<&6&6*+&h�i:<G3;1Dl0HR@;'*+&#*?2#GH*+&h��0H&6(+:8&50326>+&#&6:<$@2h;1$10xyz:<45D=*+&k*?2#�<"%GH*?$@2#46*+&5/]*+(?2503�i*?D=*?$@2

1 kg.m−3 *?2
1 Pa.s

VqIb:<DlD=*l:<$�&�t 03$�26>?46*+&6&6*ls^;1$�>?2-"%GH*?D=*?$@2k/."%452603*?Gu7�GH*+&h/."%4-"%D=F?2546*+&
Si

&-:<$@2h$'>?gi"%250xyU&)S¦0uVv*8V]2-:<;'&hGH*+&
(+:@*�R)(?0H*?$@26&

Σi
&6:<$@2¡/]:8&503250xyU& Y 7�$':<;'&¡/]:<;1�i:<$'&�B1:<$'(K/146*?$'BC46*

F = F0
(+:<DlD=*K/]:<26*?$@250H*?G'B1*wIK"%,1$CLNM�03G3G30P"%46B�V

ac:<;'&ryu"%0H&6:<$'&m�<"%450H*?4�GH*+&m�8"%GH*?;146&�BC;¬254503/1GH*?2nB1*^26*?$'&50H:<$'&nB1*^&5;14�yu"<(+*JS
σ12

7
σ13

7
σ23

Y 7 GH*+&�BC0 ��>?46*?$@26&
46>+&5;1G32-"%26&O&-:<$@2wB1:<$1$'>+&OB'"%$'&wGP"m¤'g8;146*rT��nV3X  'V1{ " �`:<$'*#p1GP"%$'(-,'*87.(+:<4546*+&5/]:<$.B'"%$@2c"%;C[�/]:<03$@26&O:<�

(1 − c1)(1 − c2)(1 − c3) >
3

16
,

B1>+(?45032nGP" �`:<$'*^03$@26*?4�yu"<(?0P"%GH*}:<p126*?$@;'*e/."%4nGH*^D=:@B1F?GH*�B1*AIK"%,1$CLNM�0xG3G30P"%46BE*\2nGH*^254-"%032n/1GH*?03$�(+:<4546*+&5/]:<$'BEs
GP"=GH:@(+"%G30H&W"%250H:<$�B1*+&O03$@26*?4�yu"<(+*+&�03$C¤'$103D=*?$@2�¤'$'*+&`7.(`"%GH(?;1GH>+*+&#"%$."%G3j�250HRi;'*?D=*?$@2`V�ª�$_46*?D)"%46R@;'*m&5;14OGP"l¤'g8;146*
T ��V3X  =R@;'*hGP"n/]:8&503250H:<$�B1*+&w03$@26*?4�yz"<(+*+&�*\2wGH*+&O"%$1g8GH*+&OB1*k(+:<$@2-"<(?2�&6:<$@2w(+:<4546*+(?26*?D=*?$�2�(`"%GH(?;1GH>+&`V

S
1
�
0.8

�
1.4

Y S
1
�
1
�
1
Y S

1
�
0.6

�
0.6

Y

� �T� � T��nV3X  T ��2-"%26&�B�tv>+R@;103G303p146*m:<p126*?$�;'&c"`�i*+( F = F0
/]:<;14cBC0 ��>?46*?$@26&�254503/1GH*?26&cB1*k26*?$'&50H:<$'&cB1*r&5;14�yu"<(+*

(σ12;σ13;σ23)
SU*?$

N.m−1 Y /]:<;14OB1*+&w&50325;."%250H:<$'&�B�tv>?2-"%GH*\D=*?$�2O/."%45250H*?G
� Gutv>+R@;103Gx03p14-*<7¡*?$�Gut©"%p'&6*?$'(+*eB1*=yU:<46(+*+&�*\[�26>?450H*?;146*+&`7|GP"A�@0326*+&6&-*l25,'>+:<450HR@;'*e*+&52r$@;1G3GH*^*?2mGH*+&r/146*+&6&60H:<$'&

&6:<$@2h;1$10xyU:<45D=*+&kB'"%$'&#(-,."<(?;1$'*lB1*+&c/1,."<&6*+&`V�{9tv>+(`"%452kB1*�/146*+&6&50H:<$�*?$@2546*nG3*+&h/1,."<&6*+&#*+&52hB1:<$1$'>n/."%4hGP")GH:<0
B1*k{ "%/1GP"<(+*rR@;10q&`tv>+(?45032O*?$_§<!

pi − pj =
σij

r
,

:<�
r
*+&52cGH*m4-"`jZ:<$�B1*�(+:<;145p1;146*lB1*mGut 03$�26*?4�yz"<(+*n*?$@2546*�GH*+&�/',."<&6*+&

i
*?2
j
"%;J/]:<03$@2#(+:<$'&50HB1>?46>8V�!#"%$'&c$':<2546*

(`"<&`7':<$�"nGH*+&�46*?GP"%250H:<$'&�&5;103�<"%$@2-*?&



p1 = p2,
σ13

r1
= p3 − p1 = p3 − p2 =

σ23

r2

SUT��nV3X Y

:<�
ri
*+&52lGH*�4-"`ji:<$EBC;E(+*?46(?GH*A(+:<Dl/]:8&-"%$�2=Gut 03$@26*?4�yz"<(+*�*?$@2546*�GP"�/1,."<&6*

i
*?2=GH"�GH*?$@2503G3GH*8V9 £:<;14)BC0 ��>?46*?$@26&

254503/1GH*?26&�B1*#26*?$'&60H:<$'&OB1*k&6;14�yz"<(+*87':<$_>?25;'BC0H*kGH*k&-"%;12OB'*#/146*+&6&50H:<$_*\$Ayz"%0H&W"%$@2w�<"%450H*?4OGH*#/."<&OB1*#D)"%03G3GP"%gZ*
h
V

ª�$o46*?D)"%46Ri;'*)&5;14#GP"e¤'g8;146*=T��nV3X`��*?2kB'"%$.&#GH*l2-"%p1GH*`"%;�T ��V���R@;'*nGH*nD=:@B1F?GH*)B1*)IK"%,1$CLNM�03G3G30P"%46B.�%ah"`�@0H*?4�L
�@26:<�i*+&wB1:<$1$'*rB1*+&�46>+&5;1G32-"%26&O&-"%250H&5yz"%0H&-"%$@26&�V

X �8§



��� ������� �&�	�� � �\����%�8� ����&�	���)�� ��# �������������	����S	�� �S�f����

 �"%4n(+:<$@2546*87|GP"A��0326*+&6&6*^(`"%GH(?;1GH>+*^$@;1D=>?450HR@;'*?D=*?$@2n$qtv*+&62m/."<&m$@;1G3GH*^D)"%0H&m254-F?&myz"%03p1GH*8V�ª�$¬:<p.&6*?45�Z*^GP"
/146>+&6*?$'(+*nB1*�(+:<;14-"%$@26&h/."%4-"<&60326*+&hR@;10£*+&62�;1$J/146:<p1GHF?D=*l(+:<DlDm;1$o"%;C[_D=>?25,':@B1*+&#:<�JGP"=yz:<46(+*�B1*m26*?$'&50H:<$
B1*=&5;14�yz"<(+*=*+&52r"%/1/146:@(-,'>+*=/."%4#;1$'*nyz:<46(+*n�i:<G3;1Dl0HRi;'*A�©¨8§17q¥��C7q¥8� � V Ib*+&k(+:<;14-"%$@26&mBC03Dl03$@;'*?$@2rG3:<4-&6Ri;'*lGH*
&5jC&526F?D=*�26*?$'BJ�i*?46&#&-")/]:8&603250H:<$oB�tv>+Ri;103G303p146*8Vq��$o*���*?2`7�&6;14cGP"^¤'g8;146*lT��nV3X`¨C7�:<$�46*?D)"%46R@;'*lRi;'*�Gutv>?$'*?45g80H*
(?03$'>?250HR@;'*kB1>\¤'$10H*k/."%4

ke =
1

2

∫

Ω
%u2 dx

BC03Dl03$@;'*m"%;�(+:<;146&wBC;A26*?Dl/'&w/]:<;14wGH*+&OBC0 ��>?46*?$@26&w254503/1GH*?26&�B1*h26*?$'&50H:<$'&OB1*k&5;14�yu"<(+*#>?25;'BC0H>+&`V

�!��-<� T��nV�� T ��4546*?;14O46*?GP"%2503�i*#/]:<;14wGH*k&W"%;12wB1*#/146*+&6&60H:<$A/]:<;14OBC0 ��>?46*?$@26&w254503/1GH*?26&�B1*#26*?$'&50H:<$'&OB1*k&5;14�yu"<(+*
(σ12;σ13;σ23)

s
t = 7.5

/]:<;'4OB1*+&w&50325;."%250H:<$'&�B�tv>?2-"%GH*\D=*?$�2O/."%45250H*?G

(σ12
�
σ13

�
σ23) p3 − p2 = p3 − p1

*?4546*?;14w46*?GP"%2503�i*
h = 1.4 10−3 h = 10−3 h = 8.3 10−4 h = 7. 10−4

(1
�
0.8

�
1.4) 57.87 3.1% 2.3% 2% 1.9%

(1
�
1
�
1) 52.11 3.05% 2.1% 1.8% 1.7%

(1
�
0.6

�
0.6) 14.11 3.9% 2.7% 2.6% 2.5%
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pression calculée
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S
1
�
0.8

�
1.4

Y S
1
�
1
�
1
Y S

1
�
0.6

�
0.6

Y
� �T� � T��nV3X`� T �9;'*O*?$e(+:<;1/]*cB1*OGP"k/146*+&6&60H:<$e*?$ x = 0.05

/]:<;14bBC0 ��>?46*?$@26&¢254503/1GH*?26&KB1*O26*?$'&50H:<$'&bB1*�&6;14�yz"<(+*
(σ12;σ13;σ23)

s
t = 7.5 s

/]:<;14OB1*+&w&50325;."%2603:<$.&OB�tv>?2-"%GH*?D=*?$@2O/."%45250H*?G

1 2 3 4 5 6 7
t

1e-13

1e-12

1e-11

1e-10

1e-09

1e-08

2 4 6

1e-12

1e-09

k
e

1 2 3 4 5 6 7
t

1e-13

1e-12

1e-11

1e-10

1e-09

1e-08

2 4 6
1e-13

1e-12

1e-11

1e-10

1e-09

1e-08

k
e

1 2 3 4 5 6 7
t

1e-13

1e-12

1e-11

1e-10

1e-09

1e-08

2 4 6

1e-12

1e-09

k
e

S
1
�
0.8

�
1.4

Y S
1
�
1
�
1
Y S

1
�
0.6

�
0.6

Y
� �T� � T ��V3X`¨ T ���i:<G3;1250H:<$ B1*QGutv>?$'*?45g80H* (?03$'>?250HRi;'*�/]:<;14¬BC0 ��>?46*?$@26&¬254503/1GH*?26&~B1*Q26*?$'&50H:<$'&~B1*f&5;14�yu"<(+*
(σ12;σ13;σ23)

B'"%$'&KB1*+&K&60325;."%250H:<$'&�B�tv>?2-"%GH*?D=*\$�2�/."%45250H*?G9SU&6*?;1GH&KGH*?&K03$'&52-"%$@26&
t > 0.5

&6:<$@2K46*?/146>+&6*?$@26>+&`7�GP"
��0326*+&6&6*h03$103250P"%GH*r>?2-"%$@2w;1$10xyU:<45D=>?D=*?$@2�$@;1G3GH* Y

X � �



���������%	������� ���O��� �k�f'D�S	��f��&���&��<��������� �(��

��� ��� ��� � "�$ �'*�.0*�(�" "�&]"�$ �

!#"%$'&¡GH*b(`"<&�:<�n;1$lB1*+&¡/."%4-"%D=F?2546*+&
Si
*+&52¡/]:8&503250xy57�Gutv>?2-"%GH*?D=*?$@2�*+&52¡26:<2-"%GuV � ¤'$lB�tv>?�<"%G3;'*?4�GP"�/]*?452503$'*?$'(+*�BC;

D=:@B1F?GH*=SUT\V3X�� Y B'"%$'&KGH*+Ri;'*?G�:<$�/146*?$'B
F = FΛ,0

7C:<$}(+:<$'&50HB1F?46*hGH*h&5jC&526F?D=*cB1*kIK"%,1$CLNM�03G3G30P"%46B�$':<$A(+:<;1/1GH>
"`�i*+(hGH*+&O>+Ri;."%250H:<$'&OB1*kah"`�@0H*?4�L��@26:<�i*+&`V ª�$}/146*?$'B

Λ = 7
"�¤'$�B�t©"<&-&5;146*?4wGH*+&�/146:</1450H>?26>+&�B1*#(+:<$'&60H&52-"%$'(+*8V

!h*?;C[�(+:<$C¤'g8;14-"%250H:<$.&rB�tv>?2-"%GH*?D=*?$@2k26:<2-"%G9&-:<$@2#&503Dm;1GH>+*+& P (+*?G3GH*lB1*nGP"^GH*?$@2503G3GH*=*?$@2546*nGH*+&#B1*?;C[ �';10HB1*+&
&5254-"%250x¤.>+&�*?2¡(+*?G3GH*KB1*bGP"O/1,."<&6*b&6;1/]>?450H*?;146*K*?$@2546*bGP"OGH*?$@2503G3GH*�*?2£GP"O/1,."<&-*¢03$Cyz>?450H*\;'46*8V<{q*+&¡26*?$'&50H:<$'&�B1*b&5;14�yu"<(+*
SU*?$

N.m−1 Y &6:<$@2
T /]:<;14wGutv>?2-"%GH*?D=*?$@2cB1*hGP"nGH*?$@2503G3GH* P

(σ12
�
σ13

�
σ23)

�nS
3
�
1
�
1
Y 7

Σ3 < 0
7

T /]:<;14wGutv>?2-"%GH*?D=*?$@2cB1*hGP"n/1,."<&6*k&5;1/]>?450H*?;146* P S
σ12

7
σ13

7
σ23

Y �nS
1
�
1
�
3
Y 7

Σ1 < 0
V

ª�$f46*?D)"%46Ri;'*_&5;14)GP"�¤'g8;146*�T �nV3X � R@;'*AB'"%$'&)GH*+&^B1*?;C[Q(+"<&�7�GP"�/1,."<&-*�&`tv>?2-"%GH*�B1*AD)"%$10HF?46*Js�yu"%0346*
BC0H&5/."%4-"��H2546*eGH*+&m/]:<03$@26&�254503/1GH*+&`V£��$'&5;10326*eGH*^&5jC&526F?D=*)26*?$'B��i*?46&�&-"A/]:8&503250H:<$~B�tv>+R@;103G303p146* P GH*+&m03$@26*?4�yu"<(+*+&
&6:<$@2w/1GP"%$'*+&O:<;A&6/1,'>?450HRi;'*+&�V

S
σ12

7
σ13

7
σ23

Y �nS
3
�
1
�
1
Y 7

Σ3 < 0

S
σ12

7
σ13

7
σ23

Y �nS
1
�
1
�
3
Y 7

Σ1 < 0

� �T� � T��nV3X � T ���i:<G3;1250H:<$�B1*hGP"�p1;1G3GH*k*?$A&50325;."%250H:<$�B�tv>?2-"%GH*?D=*?$@2O26:<2-"%G *?$};12503G30H&-"%$@2 F = FΛ,0
"`�Z*+(

Λ = 7

X �  



��� �����<���5�������k	�D�c�&�	 �  ��(&(�- � � �k�����&(� ��&1-����f&1��	�����	�� ���f�
.���� � � 4 ����4 �D?�� ���5@c?F7:9��Y@�� M��3GIG �E73KH@Y= �3@ M3K �I@ =�?���K ?����O2

ª�$ >?25;'BC0H*_0H(?0�GP"�D=:<$@26>+*JB�t ;1$'*_p1;1G3GH*JB'"%$'&^;1$�p."%03$�(+:<Dl/]:8&->JB1*_B1*?;C[Q/1,."<&6*+&^G30HR@;10HB1*+&�&5254-"%250x¤.>+*+&`V
{q:<46&-Ri;'*#GP"np1;1G3GH*r"%2526*?03$@2wGut 03$@26*?4�yu"<(+*87.*?G3GH*#/]*?;12 P

T &6:<032w46*+&526*?4w/10H>?gZ>+*kB'"%$'&wGut 03$@26*?4�yz"<(+*kG30HR@;10HB1*���G30HRi;10HB1*��
T &6:<032w/]>?$'>?2546*?4�B'"%$'&�GP"n/1,."<&6*#GH>?gZF?46*8V

{q:<46&mB1*)&6:<$�/."<&6&-"%gZ*87 *?G3GH*=/]*?;12m*?$@254-"��H$'*?4�B'"%$'&m&6:<$�&503G3GP"%gZ*)B1*=GP"}/1,."<&6*=GH:<;146B1*)B'"%$'&rGP"}/1,."<&6*=GH>?gZF?46*
S ¤'g8;146*rT��nV3X �ZY V

3
1

2

2

3

1

2

3

1

2

p1;1G3GH*#/10H>?gZ>+* /."<&6&-"%gZ*#B'*hGP"np1;1G3GH*
&-"%$'&w*?$@254-"��H$'*?D=*?$@2

/."<&6&W"%gZ*#B1*#GP"�p1;1G3GH*
"`�i*+(#*?$@254-"��H$'*?D=*?$�2

� �T� � T��nV3X � T !c0 ��>?46*?$@26&w(+:<Dl/]:<452-*\D=*+$@26&�B�t ;1$.*#p1;1G3GH*kB'"%$'&w;1$}p."%03$�&6254-"%250x¤.>

h46*+*?$'* � x �<�3�K�©���17£�CX � >?25;'BC0H*?$@2l*\[�/]>?4503D=*?$@2-"%GH*?D)*?$@2=(+*+&�BC0 ��>?46*?$@26&n(+:<Dl/]:<4526*?D=*?$@26&=*?2m/146:</]:8&-*?$@2B1*+&�(?450326F?46*+&n&6;14mGH*)�i:<G3;1D=*^B1*^GP"Ap1;1G3GH*^/]:<;14�/146>+BC0346*^GH*^/."<&6&-"%gZ*^B1*e(+*?G3GH*\LN(?0�"%03$'&50KRi;'*)GH*^/1,'>?$':<D=F?$'*
B�tv*?$@254-"��H$'*?D=*?$�2`V'!h*�/1G3;'&�7@03GH&�&`t 03$@26>?46*+&6&-*?$@2wsrGP"�R@;."%$@250326>hB'*��i:<G3;1D=*h*?$@254-"��H$'>#*?$eyz:<$'(?250H:<$}B'*cBC0 ��>?46*?$@26&
/."%4-"%D=F?2546*+&�S¦��0H&6(+:8&50326>+&`71D)"<&6&6*+&��Z:<G3;1Dl0HR@;'*+& Y V

ac:<;'&#/146:</]:8&6:<$'&k03(?0�B�tv>?25;'BC0H*?4r(+*+&kBC0 ��>?46*?$�26*+&k&50325;."%250H:<$'&�V ª�$o&-*�/1GP"<(+*=B'"%$'&#;1$o(`"<&k:<��03G�jJ"e/]*?;
B1*^B1>\yU:<45D)"%250H:<$~B1*)GH"Ap1;1G3GH*e"�¤'$¬B1*=G303Dl0326*?4�GH*+&r/146:<p1GHF?D=*+&�(+:<$'&62-"%26>+&m/146>+(+>?B'*\DlD=*+$@2n(+:<DlD=*^Gutv>?/."%0H&�L
&50H&-&6*?D=*?$@2#B1*nGut 03$@26*?4�yz"<(+*=:<;�GH"�BC03Dl03$@;1250H:<$�B1*nGP"e2-"%03G3GH*lB1*�GP"ep1;1G3GH*AS43-T6T5T\V3X8V©�C7�3-T ��V3X8V3Xl*?2 3-T ��V3X8V©§ Y V�{q*+&
/."%4-"%D=F?2546*+&K/1,@jC&50HR@;'*+&¢&-:<$@2bB1>?2-"%03G3GH>+&KB'"%$'&bGH*O2-"%p1GH*`"%;}T��nV  �:<�^Gut 03$'BC0H(+*

1
46>\yzF?46*csrGP"kp1;1G3GH*87@Gut 03$'BC0H(+*

2
"%;

�';10HB1*hGH:<;146B}*?2�Gut 03$'BC0H(+*
3
"%; �';10HB1*hGH>?gZ*?4`V1�|:<;'&�GH*?&w(+:@*�R)(?0H*?$@26&

Σi
&-:<$@2K/]:8&503250xyz&`7�$':<;'&K/146*?$':<$.&

F = F0B'"%$'&wGH*+&w>+R@;."%250H:<$'&OB1*mIK"%,1$CLNMO03G3G30P"%46B�254503/1,."<&50HRi;'*+&�V

�!��-<� T ��V  T  �46:</1450H>?26>+&O/1,@jC&50HRi;.*?&

%
S
kg.m−3 Y η

S
Pa.s

Y
p1;1G3GH*)S

c1
Y

1 10−4G30HRi;10HB1*#GH:<;14-B�S
c2
Y

1200 0.15G30HRi;10HB1*kGH>\gZ*?4�S
c3
Y

1000 0.1

26*?$'&50H:<$'&OB1*#&6;14�yz"<(+*)S
N.m−1 Yp1;1G3GH*���G30HRi;10HB1*

σ12
7
σ13 0.07G30HR@;10HB1*���G30HRi;10HB1*
σ23 0.05

{ *k/146:<p1GHF?D=*�*+&52O46>+&6:<G3;_*?$_gZ>+:<D=>?25450H*�<! "�[C0H&5j�D=>\26450HRi;'*r&6;14w;1$JB1:<D)"%03$'*m(?j�G303$'BC450HRi;'*mB1*k,."%;126*?;14
20rb

*?2lB1:<$@2lGP"Jp."<&6*}"J;1$~4-"`ji:<$EB1*
2rb

:<�
rb

*+&62nGH*e4-"`ji:<$~03$103250P"%GOB1*eGP"Jp1;1G3GH*oS ¤'g8;146*AT��nV3X`¥ Y V¡{q*+&

X �8�



���������%	������� ���O��� �k�f'D�S	��f��&���&��<��������� �(��

(+:<$'BC03250H:<$'&c"%;Ap]:<46BA&6:<$@2

∇ci · n = 0
*?2
M0(c)∇µi · n = 0,

&5;14
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4,

u · n = 0
*?2

(2ηD(u)n− pn) · t = 0,
&5;14

Γ1 ∪ Γ2 ∪ Γ3,

2ηD(u)n− pn = 0,
&5;14

Γ4.

3

2

1

Γ1

Γ2

Γ3

Γ4

2rb

20rb

8rb

� � � � T ��V3X`¥ T !h:<D)"%03$'*kB1*k(`"%GH(?;1Gq/]:<;14wGutv>?25;'B1*rBC;�(+:<Dl/]:<4526*?D=*?$@2cB�t ;1$'*#p1;1G3GH*kB'"%$'&w;1$Ap."%03$�&5254-"%250x¤.>

��� ��� ��� � !�(F!#"� �$�"���&)( �P* �'$ � �����'* �P$�(F� ��$ / �F$��%* �'! 
 �8 �*

c46*+*?$'*A�8�3��/146:</]:8&6*?$@2#;1$o(?450326F?46*l&5;14#GH*��i:<G3;1D=*lB1*�GP"^p1;'GxGH*n/]:<;14#/14->?B10x4-*l&6:<$�/."<&-&-"%gZ*nB'"%$'&#GP"^/1,."<&6*
GH>?gZF?46*^:<��03GH&m&5;1/1/]:8&6*?$@2�Ri;qtv*?G3GH*^*+&52m&6:<;1Dl0H&6*)&6*?;1GH*?D=*?$@2ls�GP"�yz:<46(+*)B1* �.:<252-"%p103G30326>eR@;10926*?$'B¬s}GP"�yu"%0346*
D=:<$@26*?4K*?2bs#GP"#yU:<46(+*�B1*w26*?$'&50H:<$eB1*�&5;14�yu"<(+*OR@;10.26*?$'Bes#GP"#46*?26*?$1034KB'"%$'&�Gut 03$@26*?4�yu"<(+*�S��©��� � 7�"%$1$'*\[C*�� Y V@{q*+&
yz:<46(+*+&OB�t 03$'*?45250H*r*?2OB1*k�@0H&6(+:8&60326>#&-:<$@2w$'>?g8G303gZ>+*+&`V.{q*r(?450326F?46*k/146>+BC032OGH*#/."<&6&-"%gZ*rB1*#GP"np1;1G3GH*r&50q&-:<$A�Z:<G3;1D=*
V
*+&52O&5;1/]>?450H*?;14�s

Vp =


2π

(
3
4π

) 1
3 σ23

(%3 − %1)g




3
2

.

X �8¨



��� �����<���5�������k	�D�c�&�	 �  ��(&(�- � � �k�����&(� ��&1-����f&1��	�����	�� ���f�

 ¡:<;14qGutv*\[1*?Dl/1GH*9(-,':<0H&50u7+GH*��Z:<G3;1D=*
Vp

�<"%;12
8.87 10−8 m3 (+*�R@;10ZB1:<$1$'*�;1$k4-"`ji:<$ rp >?gi"%G@s 2.76 10−3 m

V
ac:<;'&9:<p126*?$':<$'&�R@;'*K/]:<;14�;1$=4-"`ji:<$l03$CyU>?450H*?;14bs

rp
7<GP"cp1;1G3GH*�46*+&526*K/10H>?gZ>+*wB'"%$.&�Gut 03$@26*?4�yz"<(+*wG30HRi;10HB1*���G30HR@;10HB1*

"%GH:<46&OR@;'*h/]:<;14w;1$A4-"`jZ:<$�&5;1/]>?450H*?;14cs
rp
GP"np1;1G3GH*#/]>?$'F?2546*rB'"%$'&�GP"n/1,."<&6*#GH>?gZF?46*)S ¤'g8;146*rT��nV©§�� Y V

r = 0.002 m < rp

r = 0.0029 m > rp

���������	�
�
t = 0.084 s t = 0.168 s t = 0.252 s t = 0.336 s t = 0.42 s����������	�

�������������������! ��"$#%������&'�)(+* ,���#.-�,����/#0(��	���1,��2-3�	���)����4��	���6537.89&',�4
r = 0.002 m

#%�
r = 0.0029 m

: ��;<�	�/���	�
�>='�	4��/#%4>�/#�4��@?A&'�)BC���	-��/#@�	, �D����EAFHG ��&',��>��4�&',�=A&'���JI
,K* ����#HLM�/����#�,��N4��@?A&'�O"%4������/IA,�#P�
,�QO7%4��/IA,3#
r RHS%Tp ' 0.0025 U 83�	4�����4.(M,�I
,�#%�V��W-�,����/#X��4��@=A#%4���#Y�<* ���
��#%4Z;<�'"$# �\[ �]4�#%QW�	4�IA,�#�I
,K* ���^#$���_"$&'`�7%4�#%�
�.I
,�#X"$#
4��@?A&'�X"%4������/IA,�#a��&'���b���M;c7%4��/#%,�4 U rp 8�,��/��I
,�#J�/#d"%4�����e%4�#a(�&'����7a(��	���af E��hg ��&',��Zi�#$������QO#j��P;k&'4�"$#d(�#Jl3&'�����	-���������7 G��,�4�#$������QO#_��X;k&'4�"$#.(�#.��#%�����/&'�)(�#0��,�4Z;<�'"$#.#%�1��7%m�����mn#.�/#$�o#Hp+#%���P`
?M(M4�&
(M?q�3�	QN�/IA,�#$� �

rdsVtV�u�D�X��EN�2v 7$��,������	���_&'-���#%�
,��_89&',�4_�/#X83�'�����	mn#�(+* ,���#X-�,����/# U ��4��@=A#%4��w,���#X���
��#%4Z;<�'"$#X���/IA,��/(�#hxy���/I
,��/(�#89&',�4o(M�6p+7%4�#%�
���14��@?A&'���
4��@?A&'�

rb
B
m
F

0.002 0.0025 0.0026 0.0027 0.0028 0.002983�'�����	mn#.(�#.���-�,����/# ��&'� ��&'� &',�� &',�� &',�� &',��

z@{A|



���������%	������� ���O��� �k�f'D�S	��f��&���&��<��������� �(��

��� ��� ��� � (�"� �$��4(P*,. *,()" �P* �'$ / �P$��%* ��&�F �P* �P$�(F� ��$ / �F$��%* �'! 
 �� �*

c46*+*?$'* � x �<�H�1�©��� � (+:<$'&50HB1F?46*?$@29R@;qt 03G�j�"c*?$@254-"��H$'*?D=*?$@29GH:<46&6R@;'*¢;1$'*KR@;."%$@250326>KB1*b/1,."<&6*bGH:<;146B1*�&6*bB1>?2-"<(-,'*GH:<46&OBC;�/."<&6&-"%gZ*kB1*#GP"np1;'GxGH*r*?2w/146:</]:8&-*?$@2O;1$�(?450326F?46*k/]:<;14O/146>+BC0346*r(+*#/1,'>?$':<D=F?$'*8V�Ib:<DlD=*k/146>+(+>+B1*?DnL
D=*?$@2`7.&-*?;1GH*+&wGH*+&�yz:<46(+*+&OB1*k26*?$'&50H:<$_B1*k&6;14�yz"<(+*r*?2OB1*��.:<252-"%p103G30326>m&6:<$@2�(+:<$'&50HB1>?46>+*+&�*?2OGutv*?$@254-"��H$'*?D=*?$@2h&6*
/146:@BC;1032�Sz"%$1$'*\[1*k� Y &50�GH*h�i:<G3;1D=*

V
B1*#GP"�p1;1G3GH*k*+&62w&5;1/]>?450H*?;14cs

Ve,S =


 2πσ23(

3
4π

)
1
3S

g[%3 − %1 − S
1
3

2 (%2 − %3)]




3
2

:<�
S
*+&52K;1$'*�yU:<$'(?250H:<$AR@;10]46*?/146>+&-*\$�26*hGH*c4-"%/1/]:<452w*?$@2546*cGH*hBC0P"%D=F?2546*#B1*hGP"r/14-:���*+(?250H:<$AB1*cGP"mp1;1G3GH*#&5;14bGP"

&5;14�yu"<(+*k"%;A46*?/]:8&O*?2O(?*?G3;10|B1*hGP"l&5/1,'F?46*kB1*#�Z:<G3;1D=*k>+R@;103�<"%GH*?$@2 P
S = 1

/]:<;14w;1$.*hp1;1G3GH*r&5/1,'>?450HRi;'*87
S > 1

/]:<;14w;1$.*hp1;1G3GH*m"`ji"%$@2wGP"myz:<45D=*kB�t ;1$'*k(`"%GH:<2526*r&5/1,'>?450HRi;'*8V
 ¡:<;14w$':<2546*r"%/1/1G30H(`"%250H:<$q7 *?$A/146*?$."%$@2

S = 1
7':<$A:<p1250H*?$@2

Ve,1 =

(
4πσ23(

3
4π

)
1
3

g[3%3 − 2%1 − %2]

) 3
2

= 1.04 10−7 m3

*?2
re,1 = 2.91 10−3 m

VC!#"%$'&�GH*h2-"%p1GH*`"%;�T��nV©¨C7�$':<;'&�46>?/]*?4526:<450H:<$'&OGH*+&�46>+&5;1G32-"%26&w:<p126*?$@;'&w/]:<;14wBC0 ��>?46*?$@26&
4-"`ji:<$'&`V a�:<;'&�2546:<;1�i:<$'&cRi;qt 03G|j�")*?$@254-"��H$'*?D=*?$@2h/]:<;14cB'*?&�4-"`ji:<$'&c&5;1/]>?450H*?;146&#s

r �
���

e,1 = 0.006 m
(+*mRi;10

*+&52k$'*?2526*?D=*?$@2�&5;1/]>?450H*?;14�s�GP"��<"%GH*?;14k/146>+BC0326*8V¡Ib*?2r>+(`"%452m*+&52#/146:<p "%p1GH*\D=*?$�2�B	2�*?$o/."%45250H*^"%;�yz"%032rR@;'*
GH*r(?450326F?46*k$'>?g8G303gZ*r(+*?452-"%03$'*+&OyU:<46(+*+&O$':<2-"%DlD=*?$@2�GH*+&�yz:<46(+*+&w��0H&6Ri;.*\;.&6*+&wR@;10 &6:<$@2w03Dl/]:<452-"%$@26*+&cB'"%$'&�(+*?2526*
>?25;'B1*8V��¡[C/]>?4503D=*?$@2-"%GH*+D=*?$@2`7bc46*+*?$'* � x �<�H��:<p'&-*?45�Z*?$@2l/]:<;14=(+*?452-"%03$'&=(+:<;1/1GH*+&=B1*eG30HR@;10HB1*+&n;1$��Z:<G3;1D=*
(?4503250HR@;'*=03$Cyz>?450H*?;14�sA(+*?G3;10bBC;�(?450326F?46*)D)"%0H&rGH*+&r>+(`"%4526&m46*+&526*?$@2rD=:<03$'&m0xDl/]:<462-"%$@26&�Ri;'*)(+*?G3;10b:<p126*?$@;�0H(?0
$@;1D=>?450HR@;'*?D=*?$@2`V

ac:<;'&e46*?D)"%46Ri;':<$'&�"%;'&6&50cR@;'*_GP"�D=:<p103G30326>J03$	�';'*�&5;14eGutv*?$@254-"��H$'*?D=*?$�2`V���$�*���*?2`7K*?$ BC03Dl03$@;."%$@2}GH*
(+:@*�R)(?0H*?$@2

M0
7 :<$J2546:<;1�Z*

r �
���

e,1 = 0.005 m
S¦2-"%p1GH*`"%;�T �nV �8Y V.T�G|j�")*?$@254-"��H$'*?D=*?$@2h/]:<;14hB1*+&�/1G3;'&c/]*?250326&

4-"`ji:<$'&lD)"%0H&=:<$E(+:<$'&52-"%26*};1$E>?/."%0H&6&50H&6&6*?D=*?$@2=034546>?g8;1G30H*?4)B1*�Gut 03$@26*?4�yu"<(+*A*?$@2546*�GP"Jp1;1G3GH*A*?2lGH*+&lG30HRi;10HB1*+&`V
{q:<46&-Ri;'*�GP"hD=:<p'0xG30326>�*+&52903Dl/]:<452-"%$@26*87i03G'jl"cD=:<03$'&¢B1*wB1>\yz:<45D)"%250H:<$'&¢B1*+&903$@26*?4�yz"<(+*+&¢(+*wR@;10'*+&62�/]>?$."%G30H&-"%$@2
/]:<;14wGH*#/1,'>?$':<D=F?$'*rB�tv*?$@254-"��H$'*?D=*+$@2`V

�!��-<� T��nV©¨ T �O>+&6;1G32-"%26&�:<p126*?$@;'&c/]:<;14cGutv*\$�254-"��H$'*?D=*?$@2#B1*rGP"=/1,."<&6*mGH:<;146B1*rGH:<46&cBC;J/."<&6&-"%gZ*mB1*rGP"=p1;1G3GH*/]:<;14OBC0 ��>?46*?$@26&w4-"`ji:<$'&O"`�i*+(
M0(c) = 1.1 10−5(1 − c1)

2(1 − c2)
2(1 − c3)

2

4-"`ji:<$
rb

S
m
Y

0.003 0.004 0.005 0.006*?$@254-"��H$'*?D=*?$@2 $':<$ $':<$ $':<$ :<;10

�!��-<� T��nV � T �O>+&6;1G32-"%26&�:<p126*?$@;'&c/]:<;14cGutv*\$�254-"��H$'*?D=*?$@2#B1*rGP"=/1,."<&6*mGH:<;146B1*rGH:<46&cBC;J/."<&6&-"%gZ*mB1*rGP"=p1;1G3GH*/]:<;14OBC0 ��>?46*?$@26&w4-"`ji:<$'&O"`�i*+(
M0(c) = 1.1 10−7(1 − c1)

2(1 − c2)
2(1 − c3)

2

4-"`ji:<$
rb

S
m
Y

0.003 0.004 0.005 0.006*?$@254-"��H$'*?D=*?$@2 $':<$ $':<$ :<;10 :<;10

X � �



��� �����<���5�������k	�D�c�&�	 �  ��(&(�- � � �k�����&(� ��&1-����f&1��	�����	�� ���f�

��� ��� ��� � �F$�(�"��b"�! �P* � �F� �P*��'& �P � *�(�"� �$ �?(P!

c46*+*?$'* � x �<�3�¡�©�CX � >?25;'BC0H*?$@2h*\[C/]>?4503D=*?$@2-"%GH*?D=*?$�2hGP")R@;."%$@250326>mB1* �';10HB1*mGH:<;146BJ*?$@254-"��H$'>�*?$�yz:<$'(?250H:<$�B1*+&/."%4-"%D=F?2546*+&w/1,@jC&50HR@;'*+&�(+:<DlD=*hGH*+&KD)"<&-&6*+&K�Z:<G3;1Dl0HR@;'*+&w*?2KGH*+&��@0H&6(+:8&60326>+&`VCTNGH&�(+:<Dl/."%46*?$@2w/]:<;14wBC0 ��>?46*?$@26&
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1200 0.15 30 600G30HR@;10HB1*#GH>?gZ*\4�S
c3
Y

1000 0.1 3 600

26*?$'&50H:<$'&OB1*#&6;14�yz"<(+*)S
N.m−1 Yp1;1G3GH*���G30HRi;10HB1*

σ12
7
σ13 0.07G30HR@;10HB1*���G30HRi;10HB1*
σ23 0.05

ac:<;'&�/146*?$':<$'&�;1$'*m(+:<$'BC;.(\260x��0326>m25,.*\46Dl03R@;'*�>?GH*?�i>+*mB'"%$'&�GH* �';10HB1*rGH:<;146BJ*?2�GH*+&�(-,."%GH*?;146&cD)"<&6&603R@;'*+&
&6:<$@290HB1*?$@250HR@;'*+&¢B'"%$'&9GH*+&�B1*?;C[lG30HRi;10HB1*+&`Vi{q*+&9/146:</1450H>?26>+&¢25,'*?45Dl0HRi;'*+&¢B1*wGP"hp1;1G3GH*O&6:<$@2�(+*?G3GH*+&�B1*�GP"#�<"%/]*?;14
B�tv*`"%;=s

2000K
V8Ib*+&¡(+:<$'BC;'(?2503��0326>+&�*?2�(+*+&¡(-,."%GH*?;146&¡D)"<&6&50HR@;'*+&¡(+:<4546*+&5/]:<$'B1*?$@2�s�(+*?G3GH*+&�B1*+&£/1,."<&6*+&¡:`[CjCB1*+&

*?2wD=>?2-"%G3G30HRi;'*+&�BC;�(+:<4503;1D�B'"%$'&wGH*#(`"<&w46>`"<(?26*?;14`V
{ *k/146:<p1GHF?D=*�*+&52O46>+&6:<G3;_*?$_gZ>+:<D=>?25450H*�<! "�[C0H&5j�D=>\26450HRi;'*r&6;14w;1$JB1:<D)"%03$'*m(?j�G303$'BC450HRi;'*mB1*k,."%;126*?;14

20rb
*?2nB1:<$@2nGP"�p."<&6*�"�;1$¬4-"`jZ:<$�B1*

2rb
:<�

rb
B1>+&60xg8$.*^GH*^4-"`ji:<$~B1*^GP"�p1;1G3GH*�s�Gut 03$'&52-"%$@2n03$103250P"%GuV9ª�$

03Dl/]:8&6*�GP"h26*?Dl/]>?4-"%25;146*cs
1800K

&5;14
Γ2

*?2¢s
2000K

&5;14
Γ4

S ¤'g8;146*wT ��V©§ �8Y VZa�:<;'&9(-,':<0H&60H&6&6:<$'&9B�t 03Dl/]:8&6*?4
GP"kBC0346*+(?250H:<$eB1; �';C[=*?$e" ��*+(?2-"%$@2�GP"#26*?Dl/]>?4-"%25;146*c(-,."%;'B1*�S¦46*+&6/qV8y¦46:<0HB1* Y s#GH"hyU46:<$@250HF?46*�&5;1/]>?450H*?;146*�S¦46*+&5/qV
03$Cyz>?450H*?;146* Y BC;^B1:<D)"%03$'*cB1*�(`"%GH(?;1G](+*�R@;10 *+&52¢(+:<,'>?46*?$@2�"`�i*+(wGH*�(`"<&�46>`"<(?26*?;14K:<�^GP"k/1;10H&6&-"%$'(+*�*+&52�gZ>?$'>?46>+*
/14503$'(?03/."%GH*?D=*?$�2�B'"%$'&wGP"n/1,."<&6*#GH>?gZF?46*8V' £:<;14OGH*h/."<&-&-"%gZ*#B�t ;1$'*kp1;1G3GH*<7'GH*+&w(+:<$'BC03250H:<$'&c"%;Ap]:<46BA&6:<$@2

∇ci · n = 0
*?2
M0(c)∇µi · n = 0,

&5;14
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4,

u · n = 0
*?2

(2ηD(u)n− pn) · t = 0,
&5;14

Γ1 ∪ Γ2 ∪ Γ3,

2ηD(u)n− pn = 0,
&5;14

Γ4,

∇T · n = 0
&5;14

Γ1 ∪ Γ3
7

T = 1800K
&6;14

Γ2,

T = 2000K
&6;14

Γ4.

 £:<;14�GH*c/."<&6&-"%gZ*hBC;�254-"%03$AB1*cp1;1G3GH*+&`7CGH*?&�(+:<$'BC03250H:<$'&O(-,."%$1gZ*?$@2w&5;14
Γ2

/]:<;14KGP"m��0326*+&6&6*c*?2KGH*+&K/."%4-"%D=F?2546*+&
B�tv:<46BC46*r:<��:<$}03Dl/]:8&6*kB1*+&O(+:<$'BC03250H:<$'&�B1*#!c03450H(-,1GH*?2�S43-T��nV  'V©§ Y V

 ¡:<;14l03$103250P"%G30H&6*?4lGH*�(-,."%Dl/EB1*�26*?Dl/]>\4W"%25;146*879:<$~/146*?$'B~GP"J&6:<G3;1250H:<$EB�tv>+R@;103G303p146*}B�t ;1$�/146:<p1GHF?D=*}B'*
(+:<$'BC;'(?250H:<$m/1;146*87�:<�kGH*+&q03$@26*?4�yz"<(+*+&|&6:<$@2�¤1[1*+&�S¦46>+&6:<G3;1250H:<$�&6*?;1GH*?D=*?$@2|B�t ;1$'*�>+Ri;."%250H:<$mB1*9BC0 ��;'&50H:<$k�i>?450x¤.>+*
/."%4

T
7 ∇ · (λ∇T ) = 0

Y V
!#"%$'&#(+*\2626*n>?25;'B1*87�:<$�&`t 03$@26>?46*+&-&6*�*?$�/."%45250H(?;1G30H*\4m"%; �';C[_25,'*?45Dl0HRi;.*ls)254-"`�i*?46&cGH*+&c03$@26*?4�yu"<(+*+&#B1>\¤'$10

/]:<;14w;1$'*#03$@26*?4�yu"<(+*
Iij
7C/."%4

φT = −
∫

Iij

λi∇T · nij ds = −
∫

Iij

λj∇T · nji ds.

Ib:<DlD=*)B'"%$'&#$':<2546*lD=:@B1F?GH*87�Gut 03$@26*?4�yu"<(+*=*+&62#>?/."%0H&-&50H*87�$':<;'&m"%G3GH:<$'&r"%/146:@(-,'*?4rGH* �';C[�/."%4k;1$'*n03$@26>?g84-"%GH*
�i:<G3;1Dl0HRi;'*#*?$�;12503G30H&-"%$�2KGP"nB1>\¤'$103250H:<$AB'*?&�/."%4-"%D=F?2546*+&wB�tv:<46BC46*8V ª�$}B1>\¤'$1032�GH* �';C[e25,'*?45Dl0HR@;'*k"%/1/146:@(-,'>87

X  �
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3

2

1

Γ1

Γ2

Γ3

Γ4

2rb

20rb

10rb

� �T� � T��nV©§ � T !h:<D)"%03$'*rB1*#(`"%GH(?;1G /]:<;14wGutv>?25;'B1*rB1*+&�254-"%$'&�yz*?4526&wB1*k(-,."%GH*?;14

sn254-"`�Z*?46&wGH*+&�03$@26*?4�yu"<(+*+&O*?$@2546*#;1$'*#/1,."<&6*
i
*?2�GH*+&wB'*\;1[A"%;12546*+&w/1,."<&6*+&�/."%4

φT (ci) = −
∫

Ω
λ(c)∇T · ∇ci dx.

ª�$A/146:</]:8&6*kB1* ��;.&5250x¤.*?4w(+*?2526*rB1>\¤'$103250H:<$�/."%4w;1$A(`"%GH(?;1GqyU:<45D=*?GuV'T�$@2546:@BC;10H&6:<$'&
f : R

d → R
26*?G3GH*kR@;'*

Ii = {X ∈ R
d | f(X) = 0}

*?2 |∇f | 6= 0
$'*k&`t©"%$1$@;1GH*#/."<&O&5;14

I
V1 £:<;14O;1$'*hyU:<$'(?250H:<$A46>?g8;1G30HF?46*

H
71:<$_"

∫

Ii

H ds = lim
ε→0

∫

Ω
δε(d(X, I))H(X) dx = lim

ε→0

∫

Ω
|∇f(X)|δε(f(X))H(X) dx

:<�
δε
*+&52w;1$'*m"%/146:`[�03D)"%250H:<$JB1*kGut ;'$10326>r*?2

d
*+&52wGP"�yz:<$'(?250H:<$_BC0H&52-"%$'(+*8V � 0x$.&50q*?$�;12503G30H&-"%$@2�R@;'*

n = ∇f
|∇f |03Gq�@0H*?$@2

∫

I

∇T · nds = lim
ε→0

∫

Ω
|∇f |δε(f(X))∇T · ∇f

|∇f | dx

= lim
ε→0

∫

Ω
∇T · ∇f δε(f(X)) dx.

U :<45D=*?G3GH*?D=*?$@2`7 :<$}/]*?;12O(-,.:<03&6034
δε
B1*k&6:<4526*kRi;.*

∇ci = ∇f δε(f).

X   
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��$�*���*?2`7103$@25;1032503�Z*?D=*?$@2
ci
&6*#(+:<Dl/]:<4526*r(+:<DlD=* 1

2
+

1

2
tanh

(
2f(X)

ε

) 7'*?2w:<$_"

∇ci =
1

ε

(
1 − tanh2

(
2f(X)

ε

))
∇f.

{ "eyz:<$'(?250H:<$
δε(x) = 1

ε

(
1 − tanh2

(
2x
ε

)) �5:<;'*="%GH:<46&#GH*l4IV<GH*lB�t©"%/1/146:`[C03D)"%250H:<$¬B1*nGut ;1$10326>lD��?D=*=&60�*?G3GH*
$qtv*+&52w/."<&Osl&5;1/1/]:<452O(+:<Dl/."<(?2`V

 ¡:<;14m(+*\2626*=>?25;'B1*87 :<$�&`t 03$@26>?46*+&6&-*l*?$o/ "%45250H(?;1G303*?4n"%; �';C[�25,'*?45Dl0HRi;'*^s�254-"`�i*?46&kGH*+&#03$@26*?4�yu"<(+*+&mB1*lGP"
/1,."<&6*#GH:<;146B1*87.(`"%GH(?;1GH>#/."%4

φT (c2) = −
∫

Ω
λ(c)∇T · ∇c2 dx.

��� ���P��� � $����f$ 
]* � � � (P*�� �����'* � "� �$�
)*8 �� �F(F* ��(�"�*� �X$��	*���� � �F� �P* ����� � �F� �P*

ª�$}(+:<$'&50HB1F?46*h0H(\0�GH*c/."<&6&-"%gZ*hB�t ;1$'*cp1;1G3GH*#sr254-"`�i*?46&bGut 03$@26*?4�yu"<(+*hG30HRi;10HB1*���G30HR@;10HB1*8V1ac:<;'&K(+:<Dl/."%46:<$'&�GH* �';C[
25,'*?45Dl0HR@;'*

φT (c2)
/]:<;14hGH*+&h&50325;."%250H:<$'&k"`�i*+(�:<;�&W"%$'&h*\$�254-"��H$'*?D=*?$@2kB1*�GP")/1,."<&6*�GH:<;146B1*nB'"%$'&hGP")/1,."<&6*

GH>?gZF?46*8Viª�$l&`t 03$@26>?46*+&6&-*¢/1G3;'&¡/."%45250H(?;1G30HF?46*?D)*?$@2¢"%;n4-"%/1/]:<452
R(c2)

BC; �';C[
φT (c2)

&5;14¡GH* �';C[m03$103250P"%G
φ0

T (c2)

R(c2) =
φT (c2)

φ0
T (c2)

.

 ¡"%4c4-"%/1/]:<452#"%;C[A46>+&6;1G32-"%26&c:<p126*?$@;'&hB'"%$'&�GH*r/."%4-"%g84-"%/1,'*m/146>+(+>+B1*?$@2`7]$':<;'&�/146*?$':<$'&
rb = 0.004 m

/]:<;14
GH*k(`"<&w&-"%$'&w*?$@254-"��H$'*?D=*?$�2�*?2

rb = 0.008 m
/]:<;14O(+*?G3;10|"`�i*+(#*?$@254-"��H$'*?D=*?$@2�V

�@;'4¢GP"#¤'g8;146*cT �nV©§ � 7i$':<;'&¢46*?D)"%46R@;':<$'&KRi;'*�B."%$'&¢GP"r&50325;."%250H:<$A"`�Z*+(�*?$@254-"��H$'*?D=*?$@2�7�GH*h�';C[e"%;1g8D=*?$@26*
2546F+&r$'*?2526*?D=*?$@2}S¦;1$�yz"<(?26*?;14

10
Y "%GH:<46&mR@;'*=/]:<;14

rb = 0.004 m
7q03G�jo"A&6*?;1GH*?D=*?$@2m;1$�yz"<(?26*?;14

1.5
V ��$

*���*?2`7'B'"%$'&OGH*#/146*?Dl0H*?4c(+"<&�71GP"n2-"%03G3GH*rB1*kGut 03$@26*?4�yz"<(+*m*?$@2546*kGH*+&OB1*?;C[}G30HRi;10HB1*+&c"%;1g8D=*?$@26*?$@2nS ¤'g8;146*mT��nV©§8¥ Y 7
03Gqj�"nB1:<$'(k/1G3;'&wB1* �`:<$'*+&OB�tv>+(-,."%$1gZ*r*?$@2546*#GH*+&wB1*?;C[ �';10HB1*+&`V

0 0.5 1 1.5 2
0

5

10

0 0.5 1 1.5 2
0

5

10

R
(c

2
)

t

rb = 0.008

rb = 0.004

� � � � T �nVv§ � T ���i:<G3;1250H:<$_BC;}4-"%/1/]:<452 R(c2)
/]:<;14OB1*?;C[�2-"%03G3GH*+&OB'*hp1;1G3GH*+&OBC0 ��>?46*?$@26*+&

X  i�
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t = 0.3 s t = 0.5 s t = 0.634 s t = 0.734 s t = 0.9 s

� �T� � T��nV©§8¥ T  �"<&6&-"%gZ*rB�t ;1$'*rp1;1G3GH*�sl254-"`�Z*?46&O;1$'*r03$@26*?4�yz"<(+*rG30HR@;10HB1*���G30HRi;10HB1*�*?2�>?�Z:<G3;1250H:<$JBC;J(-,."%Dl/_B'*26*?Dl/]>?4-"%25;146*r/]:<;14
rb = 0.008 m

!#"%$'&9GH*+&�B1*?;C[=(`"<&`78GH:<46&6R@;'*�GP"hp1;1G3GH*wD=:<$@26*wB."%$'&9GH* �';10HB1*wGH:<;146B^"`�<"%$@29GP"#B1>\yz:<45D)"%250H:<$eB1*�Gut 03$@26*?4�yz"<(+*
G30HR@;10HB1*���G30HRi;10HB1*87'GH*c4-"%/1/]:<452OB1*+& �';C[

R(c2)
BC03Dl03$@;'*8V'{q* �';10HB1*hGH:<;146B�/]*?46BAB1*cGutv>?$'*?45g80H*k*?$A(-,."%; �q"%$@2wGP"

p1;1G3GH*kR@;10q&6*#B1>?/1GP"<(+*rB'"%$'&w;1$'* �`:<$'*#/1G3;'&w(-,."%;'B1*rR@;'*#&-"�26*?Dl/]>?4-"%25;146*r03$103250P"%GH*8V
 ¡:<;14

rb = 0.008 m
7]:<$�$':<26*n*?$'&6;10326*�;1$'*myU:<4526*l"%;1g8D=*?$@2-"%250H:<$�B1*

R(c2)
GH:<46&6R@;'*mGP"^p1;1G3GH*n*?$@254-"��H$'*

B1*#GP"�/1,."<&6*#GH:<;146B1*rB'"%$'&�GP"n/1,."<&6*#GH>\gZF?46*^S¦GP"n26*?Dl/]>?4-"%25;146*rBC; �';10HB1*#GH>?gZ*?4O*+&52w/1G3;'&w>?GH>?�i>+*kRi;'*#(+*?G3GH*kBC;
�';10HB1*KGH:<;146B Y V � $'*�B1*?;C[�0HF?D=*w"%;1g8D=*?$@2-"%2603:8$)B1*1�';C[�*+&62�:<p'&6*?45�Z>+*KGH:<46&6R@;'*bGP"�p1;1G3GH*�&-:<452�BC;lB1:<D)"%03$'*8VZ{q*+&>+(-,."%$1gZ*+&�*?$@2546*KGH*bgi"��w*?2�GP"�/1,."<&-*bGH:<;146B1*wB1*?�@0H*?$1$'*?$@2¢"%GH:<46&�/1G3;'&¡03Dl/]:<452-"%$�26&9BC;nyu"%032�R@;'*bGP"�26*?Dl/]>?4-"%25;14-*
*?$),."%;12¢BC;^B1:<D)"%03$'*�*+&52903Dl/]:8&->?*8V@ £:<;14

rb = 0.004 m
78Gut 03$@26*?4�yu"<(+*�*\$�2546*wGH*+&�B1*?;C[=G303R@;10HB1*+&¢&6*wB1>\yz:<45D=*?$@2

2546F+&w/]*?;q7103G�j}"l"%GH:<46&w/]*?;�B1*h�8"%450P"%250H:<$�B1*
R(c2)

V
ª�$�(+:<Dl/."%46*=*?$'&5;10326*=&5;14hGP"^¤.g8;146*lT ��V����eGH*l(-,."%Dl/�B1*n26*?Dl/]>?4-"%25;146*=GH:<46&6R@;'*nGP"ep1;1G3GH*l*+&52k*?$�,."%;12

BC;EB1:<D)"%03$'*}/]:<;14
rb = 0.004 m

*?2
rb = 0.008 m

V�ªO$�46*?D)"%46R@;'*ARi;'*�GP"_26*?Dl/]>?4-"%25;146*�B'"%$'&lGP"J/."%4�L
250H*^&5;1/]>?450H*?;146*�Sz"%;�B1*+&-&5;'&rB1*)Gut 03$@26*?4�yu"<(?*^G30HR@;10HB1*���G30HRi;10HB1*^03$103250P"%GH* Y *+&52r/1G3;'&ryz"%03p1GH*)GH:<46&6R@;qt 03G�j�"A*?;�;1$
*?$@254-"��H$'*?D=*?$@2cR@;'*h/]:<;14

rb = 0.004 m
V

�9$�(+:<$'(?G3;'&50H:<$q7%GH*+&|46>+&5;1G32-"%26&¡:<p126*?$@;'&¡&6:<$@2|2546F+&£BC0 ��>?46*?$@26&£*?$@2646*�GH*+&£&50325; "%250H:<$'&¡"`�i*+(¢:<;�&-"%$'&£*?$@254-"��H$'*\L
D=*?$@2�B1*�GP"r/1,."<&6*�GH:<;146B1*8VC{q*+&K254-"%$'&�yU*?4526&b25,'*?45Dl0HR@;'*+&�*?$@2546*cG3*+&b/1,."<&-*+&b&-:<$@2bp]*+"%;.(?:<;'/�/1G3;'&b03Dl/]:<452-"%$@26&
B'"%$'&wGH*h/146*?Dl0H*?4�(`"<&`V

X  i¨
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rb = 0.004 m rb = 0.008 m
t = 0.5 s t = 0.667 s

� �T� � T ��V���� T I¢,."%Dl/_B1*k26*?Dl/]>?4-"%25;146*�*?2w/]:8&503250H:<$JB1*+&w03$@26*?4�yu"<(+*+&O/]:<;14 rb = 0.004 m
s
t = 0.5 s

SU&-"%$'&
*?$@254-"��H$'*?D=*?$@2 Y *?2w/]:<;14

rb = 0.008 m
s
t = 0.667 s

Sz"`�Z*+(k*?$@254-"��H$'*?D=*?$@2 Y

X  �
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��� ���P��� � $����f$ 
]* � � � ( "� �$���( �F* � �����'*�� � "� �$�
)*8 �� �F(F* ��(�"�*� �X$��	*���� � �F� �P* � ��� � �F� �P*

ª�$l&`t 03$@26>?46*+&6&-*¢D)"%03$@26*?$."%$@2¢sOGP"��<"%450P"%250H:<$=BC; �';C[m25,'*?45Dl0HR@;'*wsO254-"`�i*?46&£Gut 03$@26*?4�yu"<(+*�*?$@2546*bGH*+&¡B1*?;C[m/1,."<&-*+&
&5254-"%250x¤.>+*+&OGH:<46&wBC;A/."<&6&-"%gZ*kB�t ;1$A254-"%03$�B1*#p1;1G3GH*+&`V
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c1 = c1D, c2 = 1 − c1, c3 = 0.

!h*r/1G3;'&�7 :<$J03Dl/]:8&6*
u = ue
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rb = 0.004 m
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Γ1 ∪ Γ3

M0(c)∇µi · n = ∇ci · n = 0, u · n = 0
�(*

(−pn+ 2ηD(u)n) · t = 0, T �
	���UDV
�S:2'"0

Γ4

M0(c)∇µi · n = ∇ci · n = 0
�(* − pn+ 2ηD(u)n = 0, T �W	X��DV

�S:2'"0
Γ2

M0(c)∇µi · n = 0, c1 = c1D, c2 = c2D = 1 − c1D, c3 = 0
�(*

u =

{
ue

:;�
r < rα Y
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"`�i*+(
c1D = 1

2 + 1
2 tanh

(
−2

ε
(
√

(r + 0.0082)2 + z2 − 0.01)
) 7
rα = 1.2 10−3 *?2 ue = (0, 0.4)

V
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B'"%$'&w;1$�(`"<&w&-"%$'&w*?$@254-"��H$'*?D=*?$@2cB1*#GP"�/1,."<&-*hGH:<;146B1*rB'"%$'&�GP"n/1,."<&6*#GH>?gZF?46*8V

03$'&52W"%$@2
t = 0.1 s t = 0.2 s t = 0.3 s t = 0.4 s t = 0.5 s03$103250P"%G

� � � � T ��V��8§ T ���i:<G3;1250H:<$�B�t ;1$A254-"%03$_B1*hp1;1G3GH*+&
Ib:<DlD=*rB'"%$'&�GH*h/."%4-"%g84-"%/1,'*k/146>+(+>+B1*?$@2`7.:<$A&�t 03$@26>?46*+&6&6*k"%;}4-"%/'/]:<452OBC; �';C[As�254-"`�Z*?46&�GH*+&�03$@26*?4�yu"<(+*+&

"<&6&-:@(?03>+*+&¡s�GP"�/1,."<&-*9GH:<;146B1*¢&6;14 GH*d�';C[k03$103250P"%GuV<ª�$�:<p'&6*?45�i*�&5;14 GP"K¤.g8;146*¢T��nV�� �wRi;'*
R(c2)

:8&-(?03GxGH*b"`�i*+(9;1$'*
"%G3G3;146*bgZ>?$'>?4-"%GH*K(?46:<0H&6&-"%$@26*8V%{ *+&¡:8&6(?03G3GP"%250H:<$'&¡(+:<4546*+&6/]:<$'B1*?$@29"%;C[r/."<&-&-"%gZ*+&£B1*+&£p1;1G3GH*+&�sw254-"��Z*?46&£Gut 03$@26*?4�yz"<(+*
G30HR@;10HB1*���G30HRi;10HB1*8V]��$_*���*?2`7'GH:<46&�B1*kGut©"%454503�Z>+*mB1*kGP"lp1;1G3GH*87'Gut 03$@26*?4�yu"<(+*m&6*kB1>\yz:<45D=*r(+*rR@;10|"%;'g<D=*?$�26*

R(c2)/1;10H&wGH:<46&-Ri;'*#GP"lp1;1G3GH*k254-"`�Z*?46&-*#Gut 03$@26*?4�yz"<(+*87 (+*?G3GH*\LN(?0|B1*?��0H*?$@2O/1GP"%$'*r*?2w/1G3;'&O/]*\260x2-*k/1;10H&6Ri;'*k;1$'*#/."%45250H*rB'*
Gut 03$@26*?4�yu"<(+*)G30HRi;10HB1*���G30HR@;10HB1*^*+&52r46*?Dl/1GP"<(?>+*^/."%4mB1*+&k03$@26*?4�yu"<(+*+&rgi"�����G30HR@;10HB1*87 03G�j�"�"%GH:<46&mBC03Dl03$@;1250H:<$¬B'*
R(c2)
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GH:<46&OBC;A/."<&6&-"%gZ*#BC;A254-"%03$�B1*#p1;1G3GH*+&
� ¤'$JB�tv>?25;'BC0H*?4hGut 03$	�';'*?$'(+*�BC;J254-"%03$JB1*rp1;'GxGH*+&�7 :<$_/146:</]:8&-*mB1*m(`"%GH(?;1GH*?4#B1*+&�D=:�jZ*?$1$'*+&h*?$_26*?Dl/'&h*?2

*?$�*?&6/."<(+*e&5;'4�B1*+&l&6*+(?250H:<$'&nBC;�B1:<D)"%03$'*87£$':<26>+*+&
Az

7£*?$�yz:<$'(?250H:<$�B1*^GP"�,."%;126*?;14�S ¤'g8;146*�T ��V��  Y V�ª�$
&`t 03$@26>?46*+&-&6*ksnGP"nR@;."%$@250326>

Tm(t, z) =

∫ t

0

∫
Az
%(c)cp(c)T dxdτ∫ t

0

∫
Az
%(c)cp(c) dxdτR@;10�46*?/146>+&6*?$@26*kGP" 	\26*?Dl/]>?4-"%25;14-*kD=:�ji*?$1$'*�	#/."%4w&-*+(?250H:<$qV
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ª�$_BC03�@0H&6*#GH*#B':<D)"%0x$.*r*?$
100
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R@;."%$@250326>

Tm
*?$=yz:<$'(?250H:<$^B1*wGP"#,."%;126*?;14hSU:<$e"<&-&6:@(?0H*�GP"#�8"%GH*?;14

Tm
B�t ;1$'*�&6*+(?250H:<$es#GP"#,."%;126*?;14bBC;)Dl03G30H*?;

B1*�(+*?G3GH*\LN(\0 Y V �
t = 0

7i:<$�"#GH*O/146:%¤'G]B1*w26*?Dl/]>?4-"%25;146*hB�t ;1$^/146:<p1GHF?D=*cB1*�(+:<$'BC;'(?250H:<$e/1;146*8VCª�$^46*?D)"%46Ri;'*
*?$'&5;10326*=Ri;'*

Tm
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0.06
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&`tv>?26*?$'BC46*m"`�Z*+(#GH*h26*?Dl/'&�V

03$'&52-"%$@2
t = 0.5 s t = 1 s t = 1.5 s t = 2 s03$103250P"%G
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p1;1G3GH*+&�sn254-"`�Z*?46&w;1$'*#03$@26*?4�yz"<(+*kG30HRi;10HB1*���G30HR@;10HB1*
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(+:<4503;1D^��p]>?26:<$�sn;1$'*#>+(-,'*?G3GH*k/1G3;'&wg84-"%$'B1*8V

ª�$�4-"%/1/]*?G3GH*nRi;'*mGutv>?25;'B1*�/]:<4526*�&6;14�;1$'*�(+:<$C¤'g8;14W"%250H:<$o:<�JGH*�(+:<4503;1D *+&62c(+:<Dl/]:8&6>nB1*�B1*?;C[�/1,."<&-*+&
&5254-"%250x¤.>+*+&�7|;1$.*^/1,."<&6*�:`[�jCB1*e*?2�;1$'*e/1,."<&6*eD=>?2-"%G3G303R@;'*87¡254-"`�i*?46&6>+*+&�/."%4n;1$~>+(+:<;1GH*?D=*?$@2)s�p1;1G3GH*+&�V�ª�$
(+:<$'&50HB1F?46*#Ri;'*cGH*�gi"��h03$'BC;1032K/."%4KGP"�B1>?g84-"<B'"%250H:<$ABC;�p]>?26:<$}*+&52�*+&6&6*?$@250H*?G3GH*?D=*?$@2wB1*cGP"r�8"%/]*?;14�B�tv*`"%;qVC{q*+&
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/146*?$':<$'&OGH*+&�/146:</1450H>?26>+&O/1,@jC&50HR@;'*+&�46>?/]*?4526:<450H>+*+&�B'"%$'&wGH*#2-"%p1GH*`"%;_T��nV©¥�/]:<;14wGH*+&w2546:<0H&w/1,."<&6*+&`V'{9t 03$'BC0H(+*

146>\yzF?46*r"%;}gi"��Z71Gut 03$'BC0H(+*
2
snGP"�/1, "<&6*hD=>?2-"%G3G30HR@;'*r*?2�Gut 03$'BC0H(+*

3
sn(+*?G3GH*k:`[Cj�B1*8V

�!��-<� T��nV©¥ T  �46:</1450H>?26>+&�/1,@j�&50HR@;'*+&wBC;�(+:<4503;1D�*?2OB1*hGP"n�8"%/]*?;14wBqt *`"%;
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S
kg.m−3 Y η

S
Pa.s

Y
λ
S
W.K−1.m−1 Y cp

S
J.kg−1.K−1 Ygi"��^S

c1
Y

0.1 7.3 10−5 0.29 2800D=>?2-"%G¢S
c2
Y

7800 0.001 30 600:`[�jCB1*=S
c3
Y

4000 0.1 3 600

26*?$'&50H:<$'&OB1*#&6;14�yz"<(+*)S
N.m−1 Ygi"�����D=>?2-"%G

σ12 1.3gi"����%:`[Cj�B1*
σ13 0.8:`[�jCB1*���D=>?2-"%G
σ23 1

{ *+& >+(+:<;1GH*?D=*\$�26&|>?25;'BC0H>+&|&6:<$@2�2546F+& BC0 ��>?46*?$@26& B1*+&q/146>+(+>+B1*?$@26&`V�T�G8jh"�B1*+&q>+(`"%4526&|B1*¡D)"<&-&6*+&��i:<G3;1Dl0HRi;'*+&
>?GH*?�i>+&`7 GH*+&c26*?$'&50H:<$'&hB1*�&5;14�yu"<(+*�&6:<$@2c03Dl/]:<452-"%$@26*+&k*?2cGP")�@0H&6(+:8&60326>mB'"%$'&hGP")/1,."<&6*mD=>?2-"%G3G30HR@;'*n*+&52�yz"%03p1GH*8V
ª�$�46*?D)"%46Ri;'*)B'"%$'&rGH*l2-"%p1GH*`"%;�T ��V3X��}R@;'*n/]:<;'4kGH*=(+:<;1/1GH*=gi"�����D=>?2-"%Gu7 GH*=$':<Dmp146*)B1* �J:<4526:<$�*+&52k2546F+&
yu"%03p1GH*

M = 5.7 10−16 V � $':<2546*l(+:<$1$."%0H&6&-"%$'(+*87�03G¡$qt j�"^$10�*\[C/]>\4603*?$'(+*+&�7�$10�&503Dm;'GH"%2603:<$.&kB1*�D=:<$@26>+*lB'*
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106 7](+*?G3;10xLN(?09>?2-"%$@2#B1>\¤'$10¡/."%4 La =
σ%`db

η2
`

7 GH*+&h&503Dm;1GP"%250H:<$'&h$�;1D=>?450HRi;'*+&#B1*\L
��0H*?$1$'*?$@2KBC0 R)(?03GH*+&wsm(`"%;'&6*cB1*c(+:<;14-"%$@26&K/."%4-"<&50326*+&`V�!#"%$'&bGH*�(`"<&bgi"�����D=>?2-"%Gu7CGH*�$':<Dmp146*hB1*�{|"%/1GP"<(+*c�8"%450H*
*?$@2546*

6.1 107 *?2 2.2 108 /]:<;14�;1$^BC0P"%D=F?2546*�B1*wp1;1G3GH*�(+:<Dl/1450H&¢*?$@2546* 0.006 m
*?2

0.022 m
S¦2-"%03G3GH*+&¢B1*wp1;1G3GH*

>?25;'BC0H>+*+&cB'"%$'&�GP"=&5;10326* Y V !#"%$'&OGH*r(`"<&Ogi"����%:`[Cj�B1*87.GP"l/1, "<&6*r:`[Cj�B1*r>?2-"%$@2�p]*`"%;'(+:<;1/J/1G3;'&O��0H&6R@;'*?;'&6*kR@;'*
GH*OD=>\2W"%Gz7@GP"#p1;1G3GH*�*+&52¢B'"%$'&¢GH*w46>?g803D=* 	?��G3G303/'&6:<0HB'"%G 	�BC;eBC0P"%g84-"%DlD=*cT ��V3XOB1*cI¢G30xyU2 � x �<�H�@*?2¢GH*w$':<Dmp146*�B'*{ "%/1GP"<(+*=*+&52h(+:<Dl/1450H&k*?$@2546*

1.9 104 *?2 7. 104 /]:<;14hGH*+&#BC0P"%D=F?2546*+&k(+:<$'&50HB1>?46>+&#/146>+(+>+B1*?DlD=*?$@2^S¦2-"%p1GH*`"%;T ��V3X�� Y V.{ "=&503Dm;1GP"%250H:<$_Bqt ;'$'*kp1;1G3GH*rB'"%$'&wGP"l/1,."<&6*r:`[�jCB1*#/]:8&6*#D=:<03$'&�B1*rBC0 R)(?;1G326>+&�R@;'*kB'"%$'&OGP"n/1,."<&6*
D=>?2-"%G3G30HR@;'*8V

� ¤'$fB1*�&`t©" ��4-"%$'(-,1034^B1*�(+*+&)/146:<p1GHF?D=*+&e$@;1D=>?450HRi;'*+&`7�$':<;'&e"`�i:<$'&e"%;1g8D=*?$@26>_B1*}yu"<d+:<$�"%45250x¤.(?0H*?G3GH*

X`�8§



��� ������� �����%	�������%&(	������'D	(�%�<& '��<��� �<����-D�$	��<&

�!��-<� T��nV3X�� T ac:<Dmp146*+&�"<BC03D=*?$'&50H:<$1$'*?GH&¢B'"%$'&�GH*�(`"<&�B�t ;1$'*�p1;1G3GH*wB1*b�8"%/]*?;149B�tv*`"%;)B'"%$'&9BC;=(+:<4503;1D /]:<;14
GH*+&�/'46:</1450H>?26>+&OBC;A2-"%p1GH*`"%;_T��nV©¥

db

S
m
Y

M Eo La

gi"�����D=>?2-"%G
0.006

5.7 10−16

2.1 6.1 107

0.008 3.8 8.1 107

0.012 8.5 1.2 108

0.022 28.5 2.2 108

gi"����%:`[�jCB1*
0.006

4.8 10−7

1.8 1.9 104

0.008 3.1 2.6 104

0.012 7.1 3.8 104

0.022 23.7 7. 104

GP"���03&-(+:8&50326>ABC; �';10HB1*�GH:<;146B�Vbª�$f(-,':<0H&60x2eB1*A/146*?$'BC46*
η2 = 0.1 Pa.s

"�¤'$fR@;'*}GH*A46>?g803D=*_B1*AGP"�p1;1G3GH*
&6:<032 	?��G3G303/'&6:<0HB'"%G 	AB'"%$'&)(-,."<(?;1$'*�B1*+&l/1,."<&6*+&`V9{q*}$':<Dmp146*�B1* �J:<4526:<$E�<"%;12^"%GH:<46&

M = 5.7 10−8 *?2
(+*?G3;10cB1*_{ "%/1GP"<(+*J*?&62^(+:<Dl/1450H&e*?$@2546*

6.1 104 *?2
2.2 105 /]:<;14^;1$fBC0P"%D=F?2546*JB1*Ap1;1G3GH*_*?$@2546*

0.006 m*?2
0.022 m

S¦2-"%p1GH*`"%;fT �nV3X`§ Y V�!#"%$'&=GH*}2-"%p1GH*`"%;fT �nV3X`§C7¡$':<;'&^B1:<$1$':<$'&);1$'*}�<"%GH*?;14e"%/1/146:@(-,'>+*�/]:<;14=GH*
$':<Dmp146*lB1*l�O*?j@$':<GHB1&h/1;10H&6R@;'*�$':<;'&h;12503G30H&6:<$'&#GH*nBC0P"%g84-"%DlD=*=T ��V3X�B'*=I¢G30xy¦2 � x �<�H��/]:<;14#G3*nB'>\2-*\46Dl0x$.*\4�V ¡"%4e(+:<$'&6>+R@;'*?$@2^GH"o�@0326*+&6&6*A26*?45Dl03$."%GH*_B1*AGP"�p1;'GxGH*

uT
*+&52^(`"%GH(?;1GH>+*J"%/1/14-:`[�03D)"%2503�i*?D=*?$@2}"%03$'&50�R@;'*AGH*

$':<Dmp146*r(`"%/103G3GP"%0346*r*?2O(+*\G3;10|B1* ��*?p]*?4OB1>\¤'$10H&w46*+&5/]*+(?2503�i*?D=*?$@2O/."%4

Ca =
η`uT

σ
, We =

u2
T%`db

σ
.

� �i*+(J(?*+&�/146:</1450H>?26>+&}/1,@j�&50HR@;'*+&`7¢$':<;'&A"`�Z:<$'&�:<p126*?$�;�B1*+&e/146*?Dl0H*?46&}46>+&5;1G32-"%26&�D)"%0H&ep]*`"%;'(+:<;1/ B'*
BC0 R)(?;1G326>+&#R@;'*rGutv:<$�B1>?2-"%03G3GH*?4-"eB'"%$'&cGP")&5;10326*87]&6:<$@2h*?$'(+:<46*�:<p'&6*?45�i>+*+&`V�Ib*+&�46>+&5;1G32-"%26&c/]*?;1�i*?$@2 �?2546*m03$@26>\L
46*+&6&W"%$@26&K/]:<;14�Gutv>?25;'B1*#B1*hGut 03$@26*?4-"<(?250H:<$�(+:<4503;1D^��p]>?26:8$A/1;10H&-Ri;'*#&50�GP"m26*?Dl/]>?4-"%25;146*k$qtv*+&52K/."<&�2546:</A>?GH*?�Z>+*
S ≈ 1800K

Y 71GH*#D=>?2-"%G|(+:<$@250H*?$@2�B1*+&O>?GH>?D=*?$@26&�&6:<G30HB1*+&OR@;10�$qtv:<$�2w/."<&�yz:<$'BC;�*?2wGP"n��0H&6(+:8&50326>k*+&52�"%GH:<46&w/1G3;'&
>?GH*?�i>+*)S ≈ 0.05Pa.s

�©¨ �¦Y 71:<$�*+&52�"%G3:<4-&wB'"%$'&w;1$�(`"<BC46*#/146:@(-,'*rB1*#(+*?G3;10 (+:<$'&60HB1>?46>#0H(?0uV

�!��-<� T��nV3X8X T  �46:</1450H>?26>+&�/1,@j�&50HR@;'*+&wBC; 	?(+:<4503;1D ��0H&6R@;'*?;C[ 	h*?2OB1*#GP"��8"%/]*?;14OB�tv*`"%;

%
S
kg.m−3 Y η

S
Pa.s

Y
λ
S
W.K−1.m−1 Y cp

S
J.kg−1.K−1 Ygi"��^S

c1
Y

0.1 7.3 10−5 0.29 2800D=>?2-"%G¢S
c2
Y

7800 0.1 30 600:`[�jCB1*=S
c3
Y

4000 0.1 3 600

26*?$'&50H:<$'&OB1*#&6;14�yz"<(+*)S
N.m−1 Ygi"�����D=>?2-"%G

σ12 1.3gi"����%:`[Cj�B1*
σ13 0.8:`[�jCB1*���D=>?2-"%G
σ23 1

� �i*+(e(+*+&�$':<;1�i*?G3GH*+&n/146:</1450H>?26>+&AS¦2-"%p'G3*`"%;ET �nV3X8X Y 7£:<$�&`tv*+&52�03$@26>?46*+&6&6>e/]:<;14l(+:<DlD=*?$'(+*?4^"%;¬/."<&6&W"%gZ*
B�t ;1$'*wp1;1G3GH*�sh254-"`�Z*?46&9;1$'*w03$@26*?4�yz"<(+*O:`[Cj�B1*���D=>?2-"%GuV@!ntv"%/'46F+&9GH*+&�(?450326F?46*+&�/146:</]:8&6>+&9/."%4Kc46*+*?$'* � x �<�H�.�©��� � 7GP"np1;1G3GH*#254-"`�i*?46&6*hGut 03$@26*?4�yu"<(+*r&50q&6:<$}�i:<G3;1D=*

V
*+&52w&5;1/]>?450H*?;14cs

Vp = 9.9 10−7 m3 (rp = 6.2 10−3 m)

X`� �



���������%	������� ���O��� �k�f'D�S	��f��&���&��<��������� �(��

�!��-<� T��nV3X`§ T ac:<Dmp146*+&m"<BC03D=*?$'&50H:<$1$'*?GH&�B'"%$'&kGH*=(`"<&kB�t ;1$.*lp1;1G3GH*)B1*l�<"%/]*?;14mB�tv*`"%;�B'"%$'&rBC;�	?(+:<4503;1D
��0H&6R@;'*?;C[ 	c/]:<;14wGH*+&�/146:</1450H>?26>+&�BC;A2-"%p1GH*`"%;_T��nV3X8X

db

S
m
Y

M Eo La Re uT
S
m.s−1 Y Ca We

gi"�����D=>?2-"%G 0.006

5.7 10−8

2.1 6.1 104 200 0.43 0.033 6.7
0.008 3.8 8.1 104 250 0.4 0.031 8.1

�@0H&-Ri;'*?;C[ 0.012 8.5 1.2 105 300 0.32 0.024 7.4
0.022 28.5 2.2 105 600 0.35 0.027 16.2

gi"����%:`[Cj�B1*
0.006

4.8 10−7

1.8 1.9 104 70 0.29 0.036 2.5
0.008 3.1 2.6 104 100 0.31 0.039 3.8
0.012 7.1 3.8 104 200 0.41 0.051 10.1
0.022 23.7 7. 104 350 0.4 0.05 17.6

*?2w03G�j}"n*?$@254-"��H$'*?D=*?$@2cB1*#GH"n/1,."<&6*#D=>?2-"%G3G30HRi;.*kB'"%$'&wGP"n/1,."<&6*k:`[�jCB1*#&50

V > Ve,1 = 2.6 10−6 m3 (re,1 = 8.5 10−3 m).

a�;1D=>?450HR@;'*?D=*?$@2`7b:<$�:<p'&6*?45�i*_Ri;'*�GP"op1;1G3GH*�254-"`�i*?46&6*�Gut 03$@26*?4�yu"<(+*J&50�&6:<$f4-"`jZ:<$
rb

*+&52e&5;1/]>?450H*?;14}s
r �

���
p = 0.004 m

S ¤'g8;146*�T��nV�� �8Y V¡Ib:<DlD=*�B'"%$'&�Gutv>?25;'B1*eBC;¬/."%4-"%g84-"%/1,'*�T ��V��C7 GH*^4-"`jZ:<$
r �

���
p

*+&52�/1G3;'&
/]*?25032wR@;'*h(+*?G3;10 B1:<$1$'>h/."%4�GH*#(?450326F?46*8V'{ "nBC0 ��>\4-*\$.(?*k*?$@2546*

rp
*?2
r �

���
p

SUBC0 ��>?46*?$'(+*#/1G3;'&Kg84-"%$'B1*kR@;'*h(+*?G3GH*
:<p'&6*?45�i>+*mB'"%$'&�GH*r/."%4-"%g84-"%/1,'*nT��nV��CV3X Y *?&62O/146:<p."%p1GH*?D=*?$�2#B	2'*�"%;�yz"%032cR@;'*kGH*+&OyU:<46(+*+&cB�t 03$'*?45250H*�R@;10|&-:<$@2
03Dl/]:<452-"%$@26*+&e0H(?0z79$.*A&-:<$@2=/."<&)/1450H&6*+&)*?$f(+:<Dl/126*�/."%4)GH*�(?450326F?46*8V¢��$f*���*?2`7�GH*A$':<Dmp146*_B1* �o*?p]*?4^R@;10
(`"%4-"<(?26>?450H&6*lGH*�4-"%/1/]:<452kB1*+&cyz:<46(+*+&#B�t 03$'*?45250H*l*?2kB1*�26*?$'&50H:<$oB1*n&5;14�yu"<(+*n*+&52h03Dl/]:<452-"%$@2^SU&5;1/]>?450H*?;14rs

6.6
7

2-"%p1GH*`"%;_T��nV3X`§ Y /]:<;14wGut©"<&-(?*?$'&60H:<$�B�t ;1$'*#p1;1G3GH*rB'"%$'&�GH*#D=>?2-"%GuV
�@;'4^GP"o¤'g8;146*JT ��V�� � 7¢:<$ :<p'&6*?45�i*_R@;'*�/]:<;14

rb = 0.011 m > re,1 = 0.0085 m
7�03G�$qt jf"o/ "<&eB1*

B1>?2-"<(-,'*?D=*?$@2kB1*�GH"^/1,."<&6*mGH:<;146B1*nB'"%$'&cGP")/1,."<&6*�GH>?gZF?46*�/."%4cGH*m/."<&6&-"%gZ*�B1*mGP"^p1;1G3GH*�(+:<DlD=*�/146>+BC032h/."%4
GH*^(?450326F?46*8V�Ib*^(+:<Dl/]:<4526*?D=*?$@2l*+&52�(+:<,'>?46*?$@2�/1;10H&6R@;'*=/]:<;14n>?2-"%p1G3034mGH*^(?450326F?46*e:<$¬&5;1/1/]:8&6*^R@;'*=GP"Ap1;1G3GH*
");1$'*myU:<45D=*n&5/1,'>?450HR@;'*�(+*nRi;10£$qtv*+&52h/."<&cGH*�(`"<&c0H(?0uVq�@0£GP")p1;1G3GH*�$qtv*+&52c/."<&#&5/1,'>?450HRi;'*87]GH*m4-"`ji:<$�(?4503250HR@;'*
*+&52b/'Gx;.&bg84-"%$'B�S��©��� � 71"%$1$'*\[C*h� Y VC!h*c/1G3;'&`7@GP"mp1;1G3GH*h&6*cB1>\yz:<45D=*cp]*`"%;'(+:<;1/�"`�8"%$@2KB�t©"%2526*?03$'BC46*#Gut 03$@26*?4�yz"<(+*
G30HR@;10HB1*���G30HRi;10HB1*8V9{ *+&nD=:<;1�i*?D=*?$@26&=(+:<$@�i*+(?250xyz&l:<$@2=>?/."%0H&6&50KGut 03$@26*?4�yu"<(+*�SU(+:<Dl/]:<4526*?D=*?$@26&):<p.&6*?45�Z>+&lB'"%$'&
3-T6T5T\V3X8V©�O*?2F3-T ��V3X8V3X Y V � 03$'&50@GP"Op1;1G3GH*K"w;1$'*¢2-"%03G3GH*¢/1G3;'&£/]*?250326*¢GH:<46&6R@;qtv*?G3GH*K"%2526*?03$@2¡Gut 0x$�26*?4�yz"<(+*K(+*¢R@;10�*\[C/1G30HRi;'*
*?$A/."%45250H*kR@;qt 03G�$qt j}"%032w/."<&wB1*kB1>?2-"<(-,'*?D=*?$@2cB1*hGP"n/1,."<&6*#GH:<;146B1*8V

ac:<;'&k"`�i:<$'&kB1:<$'(l:<p126*?$@;�B1*+&h/146*?Dl0H*?46&k46>+&5;1G32-"%26&k&-"%250H&5yz"%0H&-"%$@26&kB'"%$'&hGH*l(`"<BC46*=B1*�Gut 03$@26*?4-"<(?250H:<$�(+:%L
4503;1D^��p]>?26:<$qV�Ib*?/]*?$'B'"%$@2`7'$':<;'&O:<p'&6*?45�i:<$'&w*?$'(+:<46*rB1*+&wBC0 R)(?;1G326>+&O$@;1D=>?450HR@;'*+& P

T 03$'&52-"%p'0xG30326>+&hB1*rGP"l��0326*+&6&6*rB'"%$'&�GP"=p1;1G3GH*eS¦��0326*+&6&6*+&O2546F+&�03Dl/]:<452-"%$@26*+&hB'"%$'&c(+*?452-"%03$'*+&c/."%45250H*+&cB1*rGP"
p1;1G3GH* Y 7

T ;12503G30H&-"%250H:<$_B�t ;1$A/."<&OB1*h26*?Dl/'&w2546F+&�yu"%03p1GH*=S
∆t = 5. 10−5 Y 7

T BC03Dl03$@;1250H:<$JB1*hGP"n2-"%03G3GH*kB1*#GP"�p1;1G3GH*8V
!h*k/1G3;'&`7 sn26*?45D=*r03G|&6*?4-"%032�&6:<;1,."%032-"%p1GH*�B�tv:<p126*?$1034cB1*+&O46>+&5;1G32-"%26&OGH:<46&6R@;'*kGP"l�@0H&-(?:8&60326>kBC;�D=>?2-"%G£*+&52O/1G3;'&
yu"%03p1GH*=S

η2 = 0.001 Pa.s
Y V

� ¤'$~B'*^/]:<;146&5;103��46*�(+*?2526*�>?25;'B1*87¡03G¢yu"%;'BC4-"%032l*?$@��0H&-"%gZ*?4lB�t ;12503G30H&6*?4l;1$�"%;12546*}&6(-,'>?D)"J*?$¬26*?Dl/'&l:<�
B'"%$'&�;1$ /."<&�B1*J26*?Dl/'&}:<$ 46>+&6:<;'BC4-"%032�"%G326*?45$."%2503�Z*?D=*?$�2}GH*�&5jC&526F?D=*JB1*oIK"%,1$CLNMO03G3G30P"%46B�/1;10H&�ah"`��0H*?4�L
�@26:<�i*+&`V � 03$'&50u7�GH*+&KyU:<46(+*+&wB1*c2-*\$.&50H:<$'&wB1*h&5;'4�yz"<(+*871Ri;10q&6:<$@2K03Dl/]:<452-"%$@26*+&O0H(?0u7�$'*#&6*?4-"%0H*?$@2w/."<&�*\[C/1G30H(?0326>+*+&
B'"%$'&kGH*+&k>+R@;."%250H:<$'&rB1*=ac"`��0H*?4�L��@26:<�i*+&k(+*=R@;10�/]*?45D=*?25254-"%032m/146:<p."%p1GH*?D=*?$@2�B�t ;12503G30H&6*?4rB1*+&k/."<&kB1*l26*?Dl/'&
/1G3;'&wg84-"%$'B1&O*?2�4->?B1;1034-"%032O/]*\;'2�L �?2546*kGutv"%/'/."%4503250H:<$_B1*#�@0326*+&-&6*+&K03Dl/]:<452-"%$@2-*?&cB'"%$'&�GP"np1;1G3GH*8V

X`�  



��� ������� �����%	�������%&(	������'D	(�%�<& '��<��� �<����-D�$	��<&

rb = 0.003 < r �
���

p

rb = 0.004 > r �
���

p

0x$.&52-"%$@2
t = 0.02 s t = 0.05 s t = 0.08 s t = 0.11 s t = 0.14 s03$103250P"%G

� �T� � T��nV�� � T � &-(+*?$'&50H:<$oB�t ;1$'*np1;1G3GH*=B1*n�<"%/]*?;14kBqt *`"%;�B'"%$'&#;1$�p."%03$�&5254-"%250x¤.>lB1* 	?(+:<4503;1D ��0H&6R@;'*?;C[ 	
/]:<;14

rb = 0.003 m
*?2
rb = 0.004 m

���������	�
�
t = 0.1 s t = 0.15 s t = 0.18 s t = 0.28 s t = 0.36 s�����������	

����������������� �"! ��#%$&�����(')�+*-, .���$�/�.��($ *�$�0)�	12$&.�34*5, $6�	.7*��	���8.��9/:�	���7����3��	���<;:=>*�$@?&#%')3���.�AB0C�(�ED
.�$&.GF-?
12').�3

rb = 0.011 m

H6I�I



���������%	������� ���O��� �k�f'D�S	��f��&���&��<��������� �(��

T�G�&6*?4-"%032^03$@26>?46*+&-&-"%$@2eB�tv>?25;'BC0H*?4eGut 03$	�';'*?$'(+*�B�t ;1$'*_&62-"%p103G30H&-"%250H:<$�/]:<;14^Gut©"<BC�Z*+(?250H:<$ B1*+&^/."%4-"%D=F?2546*+&
B�tv:<46BC46*hS¦2�j�/]*¢&52-"%p103G30H&-"%250H:<$=� �  ¢ Y &5;14|GH*+&£BC0H&526:<46&50H:<$'&£B1*+&|03$@26*?4�yu"<(+*+&£B	2'*+&¡"%;C[rD=:<;1�Z*?D=*?$@26&¡(+:<$@�i*+(?250xyU&�VIb*+&mB1>\yz:<45D)"%250H:<$'&�B1*+&m0x$�26*?4�yz"<(+*+&�B1>?/]*?$'B1*?$@2l"%;'&6&50¢BC;�(+:@*�R)(?0H*?$@2nB1*=D=:<p'0xG30326>8V£{ "�B1>?/]*?$'B'"%$'(+*eB1*)GP"
D=:<p103G30326>h"`�i*+(wGP"#��0326*+&6&6*mSU*8V g'V �©� �%�¦Y /]*?45D=*?25254-"%032�B1*wD)"%03$@26*?$1034bGH*O4-"%/1/]:<452b*?$@2546*OGH*+&¢26*?45D=*+&b(+:<$@�Z*+(?250xyz&b*?2
GH*+&w26*?45D=*+&�B1*kBC0 �];'&60H:<$�(+:<$'&52-"%$@2c"%;�(+:<;146&OBC;_(`"%G3(?;1G|(+*rRi;10q46>+BC;1034-"%032O/146:<p."%p1GH*?D=*?$�2�GH*+&OB1>\yU:<45D)"%250H:<$'&
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Σ1Σ2 + Σ1Σ3 + Σ2Σ3 > 0
&5;14kGH*+&m(+:@*�R)(?0H*?$@26&

(`"%/103G3GP"%0346*+&KB1:<$@2bGut 03$@26*?45/146>?2-"%250H:<$�/1,�j�&50HR@;'*w$qtv*+&62�/."<&b(?GP"%0346*c:<;^gZ>?$'>?4-"%G30H&6*?4bGH*OD=:@B1F?GH*�/]:<;14bB1*+&¢26*?$'&50H:<$'&
B1*�&5;'4�yz"<(+*O�8"%450P"%p1GH*+&`V@!nt©"%;12546*�/."%452`7@GP"kgZ>?$'>?4-"%G30H&-"%250H:<$}BC;eD=:@B1F?GH*hs

n
/1,."<&6*+&¢$':<$CLuDl0H&6(?03p1GH*+&w"`�Z*+(

n > 326:<;12O*?$A(+:<$'&6*?45�8"%$@2wGH*?&w/146:</1450H>?26>+&OB1*#(+:<$'&50H&52W"%$'(+*h$.*#&6*?Dmp1GH*h/."<&OBC0346*+(\2 P /."%4O*\[C*?Dl/1GH*#/]:<;14
4
/1,."<&6*+&�7

03Gqj�"
6
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c
9i+.N$NO�&%'RA�`j$k@lPkMm nAopl8qsrut v@lPrMl8qgw@+.%6+./"C

1
!;+./;<fJ$/;�x!$�A<yN$-W+@<8�A<e�&C

0
!;+./;<f%FZz+.J$CP78�M9i�&CywM+.7P46+./"C>A�@/"CP45/"{$� �&/"C?�&/"CP78�

0
�&C

1
!;+./;<*%FZ 45/"C8�&7EDh+@>A�V| ��� 9 �	� 9 �L}d~�� ]^�BZ[R&w��@%IJ;CP4'�@/�!1J�<P�1<PC8#&� �g�A<8C(!;R&>&7P45C?�`CP7S+Lwd�&78<%6+��`45/$45�`4'<S+.CP4'�@/�!:Z J$/;�gR&/;�&7PcM4'�g%545�$78�?/;�@C8RA� F 9$!$RT\;/$4'�gNW+.7

F =

∫

Ω

[
AF (c) +

λ

2
|∇c|2

]
dx

+Lw��A>
F (c) = c2(1 − c)2

]
�BZ[RA�"JW+.CP4'�@/�!$�f),+.-$/1032(45%5%546+.78!:9WwdR&7P4I\WRA�?N^+.7

c
<PJ$7Q%'�g!$�@��+.45/;�

Ω
9;<LZ[RA>&7P45C

∂c

∂t
= ∇ · (M0∇(AF ′(c) − λ∆c)), �h� ] ���

�@�
M0

�A<PC,J$/�NW+.7�+.� #TC878�g!1J�� �"!$#&%'�M9W+.N$NO�&%'R`m v��T�����po3�&]$����N$%5J;<L91%'�&<�>A�@/;!145CP4'�@/;<*+.J��O�@78!�!$�
Ω
91/;�@C8R

Γ
9<8�@/"C

∇(AF ′(c) − λ∆c) · n = ∇c · n = 0. �p� ]z� ����A<Q>A�"�T��>&4'�&/"C8<
A
�&C
λ
!$R&NO�&/;!$�&/"C�!$�X%6+yC8�&/;<P4'�@/�!$�X<8J$7EDh+@>A�

σ
�&CQ!$�*%FZ[R&NW+.4'<8<S�&J$7Q!:Z 45/"C8�&7EDh+@>A�

ε
9U��J$4K<8�@/"C!$�&J1�scM7S+./;!$�&J$78<(45/"CP7P45/;<8#A�"J;�A<(!1J�� �"!$#&%'�M]�u��N$78�&�`4'�T7xNW+.7S+.cM7S+.N$-;��NO�@7PC8�b<PJ$7 %FZ[R&CS+.�$%54'<8<8�&� �&/"CV!$�A<xRA��JW+.CP4'�@/;<x!$��),+.-$/1032*45%5%54'+.7S!�!$����+./$4'#&78�Dh�@7P� �&%5%'�M]U��+./;<G%'�*<S�A>A�@/;!�NW+.7S+.cM7S+.N$-;�M91�@/s!$R&C8�&7P�`45/;�*%'�(N$78�.\;%:�g%FZ[RA�"J$45%545�$78�X!1JxNW+.7S+.� #&CP78��!:Z[�@78!178�*NO�@J$7J$/;��45/"C8�&7EDF+@>A��N$%6+./;�a�&/ � ��+.45/;<84��"J;��%'�A<V78�&%6+.CP4'�@/;<��T/UCP78��%'�A<s>A�"�T��>&4'�&/"C8<

A
�TC
λ
�&CV%'�A<VcM7S+./;!$�&J$78<45/"CP7P45/;<8#A�"J;�A<(!1J�� �"!$#&%'�M]

���S  ¡£¢�¤f¥,¦O§8¨�©«ªs¬F�®(¨�¯8¤y¦^§8¨�©«ªe¤±°�¥Q²O¥*³µ´i¦W²O¶·ªs¬F¨�²Oªf²O¶
¸ /¹N$78�@NO�M<S�`!$��78�&CP78�@J$w��&7?Dp�@7P� �&%5%'�&� �&/"Cy%'�A<gRA��JW+.CP4'�@/;<y!$��),+.-$/1032*45%I%546+.78!��VNW+.7PCP457y!$��%6+s!$RT\;/$45CP4'�@/º!;�%FZ[R&/;�&7PcM4'�g%545�$78�M]» �@45C

L2
m(Ω)

<S�@J;< �A<PNW+@>A�b!$�
L2(Ω)

!$RT\;/$4(NW+.7
L2

m(Ω) =
{
ϕ ∈ L2

m(Ω) |
∫
Ω ϕdx = 0

} ] ¸ /¼/;�@C8�
(·, ·)−1

%'�?N$78�"!1J$45C*<8>L+.%6+.4578�g!$RT\;/$45C*<PJ$7
L2

m(Ω)
NW+.7

(f, v)−1 =

∫

Ω
∇ϕf · ∇ϕv dx, ∀f, v ∈ L2

m(Ω)

�@�
ϕg
�A<8CQ%6+�<S�@%5J$CP4'�@/b!;+./;<

L2
m(Ω) ∩ H2(Ω)

!$�




−∆ϕg = g
<PJ$7

Ω,
+Lw��A>

g ∈ L2
m(Ω)

9
∂ϕg

∂n
= 0

<PJ$7
Γ.

�p� ]z½ �

�L¾ �
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� \;/�!$�*�`45/$45�`4'<8�&7Q%FZ[R&/;�&7PcM4'�M91%FZ[RA�"JW+.CP4'�@/�!$�?)Q+.-$/1032(45%5%546+.78!��A<PC J$/;��RA�"JW+.CP4'�@/�!$��,W�@CQ!$�*cM7�+@!14'�T/UCQ!;�
F NO�@J;7�%'��N$78�"!1J$45C*<8>L+.%6+.4578� (·, ·)−1

| ~ ���
∂c

∂t
= −∇F(c). �h� ] - �

),+.%'>&J$%'�@/;<(C8�@J$C(!:Zz+.�O�@78! d

dh
F(c+ hv)|h=0

d

dh
F(c+ hv)|h=0

= lim
h→0

F(c+ hv) −F(c)

h

= lim
h→0

∫

Ω

[
A
F (c+ hv) − F (c)

h
+

λ

2h
(|∇(c+ hv)|2 − |∇(c)|2)

]
dx

=

∫

Ω

[
AF ′(c) · v + lim

h→0

λ

2h

(
|∇(c)|2 +2h∇c · ∇v + h2 |∇(v)|2 − |∇(c)|2

)]
dx

=

∫

Ω

[
AF ′(c) · v − λ∆c · v

]
dx+

∫

Γ
v∇c · nds.

¸ 7L9;!:Zz+.N$78#A< �p� ]z� � 9 ∇c · n = 0
<PJ$7

Γ
�&C�!$�@/;>g�@/�+

d

dh
F(c+ hv)|h=0

=

∫

Ω
(AF ′(c) − λ∆c) · v dx. �p� ] �d�

),+.%'>&J$%'�@/;<(��+.45/"C8�&/W+./"C(%'�?C8�&7P� �
(∇F , v)−1

(∇F , v)−1 =

∫

Ω
∇ϕ∇F∇ϕv dx

= −
∫

Ω
ϕ∇F∆ϕv dx+

∫

Γ
ϕ∇F∇ϕv · n.

��Zz+.N$78#A<�%'�A<�!$RT\;/$45CP4'�@/;< �p� ]z½ � !$� ϕv
�&C
ϕ∇F

9145%:wU4'�&/"C
(∇F , v)−1 = −

∫

Ω
ϕ∇F · v dx. �p� ] ¾d�

���A<(RA�"JW+.CP4'�@/;< �p� ] �d� �&C �p� ] ¾d� �&/"CP7S+/.'/;�&/"C
ϕ∇F = −(F ′(c) − λ∆c).

� 45/;<P4F91%6+`!$RT\;/$45CP4'�@/�!$� ϕ∇F
45�`N$%54'�"J;�

∇F = −∆(F ′(c) − λ∆c).

0 %_78�A<PC8�e� 45/"CP78�"!1J$4578�e%'�yNW+.7S+.� #&CP78�
M0

�&/�� �"!14I\^+./"C�%6+�!$RT\;/$45CP4'�@/a!1J�N$78�"!1J$45C�<8>L+.%6+.4578�
(·, ·)−1

]^���N$78�"!1J$45C*<8>L+.%6+.4578�
(·, ·)−1,M0

�A<PC�!$RT\;/$4_<PJ$7
L2

m(Ω)
NW+.7

(f, v)−1,M0
=

∫

Ω
M0∇ϕf · ∇ϕv dx ∀f, v ∈ L2

m(Ω),

�@�b�@/�/W�@C8�
ϕg
%6+`<8�@%5J$CP4'�@/b!$�





−∇ · (M0∇ϕg) = g
<PJ$7

Ω,
+Lw��A>

g ∈ L2
m(Ω)

9
∂ϕg

∂n
= 0

<PJ$7
Γ.

�p� ] ~M�

�L¾ �
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 *�+���� ���"&� ��� +���� �����#��"������&��%�� �(����� � ����������'/� �(�
1

�B/b>A�@/;>&%5J;<P4'�@/�9;%FZ[RA��JW+.CP4'�@/ �p� ] - � <�Z[R&>&7P45C��
∂c

∂t
= −∇F(c) = ∇ · (M0∇(AF ′(c) − λ∆c)).

���gN$%5J;<L9^�@/b/;�@C8�
µ =

δF
δc

= AF ′(c) − λ∆c
9;%6+ !$R&7P45w�RA�gDp�@/;>&CP4'�@/$/;�&%5%'�e!$� F NW+.7*7S+.N$NO�@7PC��

c
9^+.N$NO�&%'RA�

j$vMo3q��Wop�FqT�����"� m������$q �����O�Tl8k@���"!A�A]�u�Q� �"!$#&%'�(!$�*),+.-$/1032*45%5%546+.78! w�R&7P4I\W��!$�&J1�`N$78�@N$7P4'R&C8RA<=45�`NO�@7PCS+./"C8�A<L]$#_�@J$C=!:Zz+.�O�@78!�9dcM7&%@>A�(+.J1� >A�@/;!14I0CP4'�@/;<*+.J��O�@78!�wdR&7P4I\WRA�A<�NW+.7
µ
91%'�?� �"!$#&%'�g>A�@/;<8�&7Pw��?%'��w��@%5J$� �g!$�g>S-W+@��J;�?N$-W+@<8�y+.Jb>A�@J$78<(!1J�C8�&�`N;<

d

dt

∫

Ω
c dx =

∫

Ω

∂c

∂t
dx =

∫

Ω
∇ · (M0∇µ) dx =

∫

Γ
M0∇µ · nds = 0.

��/;<8J$45C8�M9$%FZ[�A<PCP45��+.CP4'�@/�!:Z[R&/;�&7PcM4'�gNO�@J$7(%5�?� �"!$#&%'�y!$�y),+.-$/1032*45%5%546+.78!b<�Z[R&>&7P45C
d

dt
F(c) = −

∫

Ω
M0 |∇µ|2 dx.

��/b�TH:�&CL9$%'�?>L+.%'>&J$%:Dh�@7P� �&%u!$� d

dt
F(c)

!$�@/$/;�M9W�&/�J$CP45%54'<S+./"C(%'�A<�>A�@/;!145CP4'�@/;<X+.J��O�@78!�<PJ$7
µ
9

d

dt
F(c) =

∫

Ω

[
d

dt
(AF (c)) +

d

dt

(
λ

2
|∇c|2

)]
dx

=

∫

Ω

[
AF ′(c)

∂c

∂t
+ λ∇c∂∇c

∂t

]
dx

=

∫

Ω

[
∂c

∂t
(AF ′(c) − λ∆c)

]
dx

=

∫

Ω
µ
∂c

∂t
dx =

∫

Ω
µ∇ · (M0∇µ) dx = −

∫

Ω
M0 |∇µ|2 dx.

���(' )�¨�¯S¤g¦^§S¨�©+* ¯�¬F�¢�¤f§S¯8§-,e²K¶�ªs¬F¤e©f¶·§S©*¦^¶�²/.A¥10_¶ °�¯8¥�©e¶·¶�©«ªf§S³µ¶�©32W§8¨(©
1

¸ /�<�Z 45/"C8R&78�A<8<8�y��+.45/"C8�&/W+./"CL9:� %FZ[RA�"J$45%545�$78�e!:Z J$/;�f45/"C8�&7EDh+@>A�fN$%6+./;�e�&/�!145� �&/;<P4'�@/
1
]K) �&CPC8�eR&CPJ;!$�yNO�&7P� �&C!$�x!$R&C8�&7P�`45/;�&7�%'��N$78�.\;% !1J�NW+.7S+.� #&CP78�s!:Z[�@78!178�s+.45/;<P4 �"J;� %'�A<fN$78�@N$7P4'R&C8RA<e45/"CP7P45/;<8#A�"J;�A<e!1J�� �"!$#&%'�V�"J$4<8�@/"C�%FZ[R&NW+.4'<8<8�&J$7(!:Z 45/"C8�&7EDF+@>A�y�&CQ%6+�C8�&/;<P4'�@/b!$�g<PJ$7EDF+@>A�M]

1

0

ε

−∞ +∞

4 �"5 	 � ]7698;:�78�.\;%u!1J�NW+.7S+.� #&CP78�y!:Z[�@78!178�gNO�@J$7�J$/;�?45/"C8�&7EDF+@>A�?N$%6+./;�g�&/<6A�
¸ /�w@+e>S-;�&78>S-;�&7�%6+e<8�@%5J$CP4'�@/�!:Z[RA�"J$45%I45�$7S�?!$��>A�XN$78�@�;%5#&� �=6A��91>MZ[�A<PCE0 ��03!14578�?J$/s�`45/$45�fJ$� !$�X%FZ[R&/;�&7PcM4'�%545�$78� F ]>:i�@J$7(>A�&%6+19W�@/�J$CP45%54'<8�?%FZ[RA�"JW+.CP4'�@/ �h� ]@? � �&C��@/b>S-;�&78>S-;� c w�R&7P4I\^+./"C

A
d

dc
F (c) − λ

d2c

dx2
= 0.

6 ¾ ½
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) �&CPC8�gRA�"JW+.CP4'�@/�NO�&J$C(<�Z[RA>&7P4578�y+.J;<8<P4�<8�@J;<Q%6+eDh�@7P� �

λ
d2c

dx2

dc

dx
= A

d

dc
F (c)

dc

dx
.

��/�45/"C8R&cM7S+./"C(%FZ[RA�"JW+.CP4'�@/��&/"CP78� −∞ �&C
x
9$�@/b�@�$CP4'�&/"C

∫ x

−∞
λ
d2c

ds2
dc

ds
ds =

∫ x

−∞
A
dF (c)

ds
ds.

���g>L+.%'>&J$%_!$��%FZ 45/"C8R&cM7S+.%'�f!1J�� �&�f�$78�y!$�?c�+.J;>S-;�g�A<PC
∫ x

−∞
λ
d2c

ds2
dc

ds
ds =

λ

2

(
dc

dx

)2

>L+.7 dc
dx

= 0
�&/
x = −∞ N$J$4'<8�"J�Z[�@/�<PJ$N$NO�M<8�X�"J;�

c
/;��<PJ$�$45C NW+@<,!$�Xw@+.7P46+.CP4'�@/�!;+./;< %'�A< N$-W+@<8�A<�]$) �@�`� �

F (0) = 0
9;�@/b+ +.%'�@78<

λ

2

(
dc

dx

)2

= AF (c). �h� ]�� �
� 7&%@>A�y� �p� ]�� � 91%'�?NW+.7S+.� #&CP78�y!:Z[�@78!178� c wdR&7P4I\W�

dc

dx
=

√
2A

λ

√
F (c),

>A�g��J$4u�T/UCP7S+/.'/;�
dc

c(1 − c)
=

√
2A

λ
dx,

+Lw��A>
c(x = −∞) = 0

�&C
c(x = +∞) = 1

]$�u�g>S-W+./$cd�&� �&/"C*!$�?w@+.7P46+.�$%'�
v = 2c− 1

45�`N$%54'�"J;�
dv

1 − v2
=

1

2

√
2A

λ
dx,

�&C(!$�@/;>
v
wdR&7P4I\W�

+.7PcMCS+./$-
(v) =

1

2

√
2A

λ
x+K.

¸ /¹45�`NO�M<8�
c(0) =

1

2
� NO�M<P45CP4'�@/º!$��%FZ 45/"C8�&7EDF+@>A� � 4F][�M] v(0) = 0

>A�`��J$4�45�`N$%54'��J;�
K = 0

]��_45/W+.%'�&� �&/"CL9�45%
wU4'�&/"C

v(x) = tanh

(
1

2

√
2A

λ
x

)

>MZ[�A<PCE0 ��03!14578�
c(x) =

1

2
+

1

2
tanh

(
1

2

√
2A

λ
x

)
.

¸ /bNO�&J$C*+.J;<8<84�!$R&C8�&7P�`45/;�&7*%'�A<�78�&%6+.CP4'�@/;<*�&/"CP78�
A
�&C
λ
�&C�%'�A<�cM7S+./;!$�&J$78<(45/"CP7P45/;<8#A�"J;�A<��

σ
%6+�C8�&/;<P4'�@/!$�g<PJ$7EDF+@>A�?�&C

ε
%FZ[RTN^+.45<S<8�&J$7(!:Z 45/"C8�&7EDF+@>A�M]O) �@�`� �&/��A�@/;<(NW+.7�%6+eC8�&/;<84'�@/b!$�?<8J$7EDh+@>A�g��J$4��A<PC(!$RT\;/$4'�g�&/<6A�NW+.7

σ = F(c) =

∫

R

[
AF (c) +

λ

2

(
dc

dx

)2
]
dx.
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� 	 � 	����(� +��&�������$�	��
 *�+���� ���"&� ��� +���� �����#��"������&��%�� �(����� � ����������'/� �(�
1

��/�J$CP45%54'<�+./"C �p� ]�� � 91%FZ[RA�"JW+.CP4'�@/bN$78RA>AR&!;�T/UC8�y<LZ[RA>&7P45C

σ =

∫

R

λ

(
dc

dx

)2

dx =

∫ 1

0
λ
dc

dx
dc =

∫ 1

0
λ

√
2A

λ

√
F (c)dc =

1

6

√
2λA. �p� ]�� �

��Zz+.J$CP78�?NW+.7PCL9;%FZ[RTN^+.45<S<8�&J$7(!:Z 45/"C8�&7EDF+@>A�y�A<PC�!$RT\;/$4'�?NW+.7
ε =

1

max
(

dc
dx

)

�@�
max

(
dc

dx

)
=

√
2A

λ
max
0≤c≤1

√
F (c) =

1

4

√
2A

λ
.

�i45/W+.%'�&� �&/"CL9;%FZ[�T�1N$78�A<8<P4'�@/b!$�
ε
�&/sDh�@/;>&CP4'�@/b!$�

A
�&C
λ
�A<PC

ε = 4

√
λ

2A
. �p� ]76 }d�

���A<Q78�&%6+.CP4'�@/;< �p� ]�� � �&C �p� ]76 }d� 9145%�w"4'�&/"C
λ =

3

2
σε

�&C
A = 12

σ

ε
.

� 45/;<P4F91%FZ[R&/;�&7PcM4'�g%545�$78�g<LZ[RA>&7P45C

F =

∫

Ω

[
12
σ

ε
c2(1 − c)2 +

3

4
σε |∇c|2

]
dx,

�&C�%FZ[�T�UN$78�A<8<84'�@/b!$�
c
�e%FZ[RA��J$45%545�$78�y�A<PC(!$�@/$/;RA�?NW+.7

c(x) =
1

2
+

1

2
tanh

(
2

ε
x

)
,

<8�@%5J$CP4'�@/�!$�




−3

2
σεc′′ + 24

σ

ε
c(1 − c)(1 − 2c) = 0,

lim
+∞

c = 1,

lim
−∞

c = 0,

c(0) =
1

2
.
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� ����� � � �

��� 	�������� �����¹��	
	 � 	�� � � 	 � ��� � 	���������

) �&CPC8��+./$/;�T�1��N;78RA<8�&/"C8�`!$�A<?78RA<PJ$%5CS+.C8<?��+.CP-;R&��+.CP4'�"J;�A<gC8�A>S-$/$4'�"J;�A<L9:J$CP45%54'<8RA<g!;+./;<?%'�A<?>S-W+.N$45CP78�A< 0*�&C 0 0T]���A<�N$78�&J$w��A<�!$�A<X%'�&�`� �A< 0�]z½1]76 6M9&0�]z½1]76L½V�&C 0T]z½1]76 ¾ <8�@/"CL9^C8�@J$C?!:Zz+.�O�@78!:9:!$R&CS+.45%5%'RA�A<L]�:�J$4'<�/;�@J;<X7S+.N$NO�&%'�@/;<!$�A<,78RA<PJ$%5CS+.C8<�!:Zz+./W+.%5�1<8�*Dh�@/;>&CP4'�@/$/;�&%5%'�M9$J$CP45%54'<8RA<Q>&%6+@<8<84'��J;�&� �&/"CQNO�@J$7Q%FZ[R&CPJ;!$�?!:Z[�T�14'<PC8�&/;>A�?�&CQ!:Z J$/$4'>&45C8R?!;�<8�@%5J$CP4'�@/;<QNO�@J$7�!$�A<�RA��JW+.CP4'�@/;<(+.J1�s!$R&7P45w�RA�A<,NW+.7PCP4'�&%5%'�A< � NO�@J$7QN$%5J;<�!$��!$R&CS+.45%'<Qw��@457,%'��>S-W+.N$45CP7S�g�e!;��|76 ¾.� 9|76 � � 9:| ~ � ��� ]
� �S  � ²O¶�¤f®�¶ 2 ªe¶ 2 ¯8¶B³ ³µ¶ 2��K���g�S � ����:���y�S �� ¶i¦��:���g�� ��

�X�@J;<�!$�@/$/;�@/;<(C8�@J$C(!:Zz+.�O�@78!�%6+eN$78�&J$w��g!1J�%'�&�`� � 0�]z½1]76 6M]
��� ��� !

v@�po
f : R

3 7→ R
� �Oq�"&v � �Aop�pv ��l8� � �"� �FnTl8q$#&%uq�!yr�q��('gjOlPv�j^lT�h�&o3��! ! �U�*).k �Wo3q ! !&v �Wo � ���U�*).k@�5q��Wo3q !,+- #

f(c, 1 − c, 0) = f(c, 0, 1 − c) = f(0, c, 1 − c) = 0 . j$v �"lfoFv �Uo c ∈ R
#/ #10��_q2'@�"!To3qer�q��3'1"Av � �Aop�hv � !�lS��� �"� �hn&l8q !

g
q&o
h
o3qT� �'q ! ���;q

f(c1, c2, c3) = c1c2c3 g(c1, c2, c3) + (c1 + c2 + c3 − 1)h(c1, c2, c3).

4657� 8
9:�<;¸ /�NO�M<8�?%'�?>S-W+./$cd�&� �&/"CX!$��wM+.7P46+.�$%'�g<PJ$45wM+./"C
(X,Y, Z) = (x+ y + z − 1, y, z)

�&C��@/b!$RT\;/$45C
f̃
NW+.7

f(x, y, z) = f̃(X,Y, Z).) �@�`� �
f(x, 1 − x, 0) = 0

NO�@J$7�C8�@J$C
x ∈ R

9$�@/�+
f̃(0, Y, 0) = 0

NO�@J$7�C8�@J$C
Y ∈ R. �>= ]76 �

� 7&%@>A�y� �>= ]76 � 9;�&/�J$CP45%54'<S+./"C(J$/�!$R&w��&%'�@N$NO�&� �&/"CX!$� #i+L�U%'�@7*+Lwd�A>?78�A<PC8�?45/"C8R&cM7S+.%F9;4I%�wU4'�&/"C
f̃(X,Y, Z) = Xh̃1(X,Y, Z) + Zg̃1(X,Y, Z),>A�g��J$4u�T/UCP7S+/.'/;�

f(x, y, z) = (x+ y + z − 1)h1(x, y, z) + zg1(x, y, z).
��/yJ$CP45%54'<S+./"C

f(x, 0, 1−x) = 0
9L�@/y�@�$CP4'�&/"C

g1(x, 0, 1−x) = 0
NO�@J$7uC8�@J$C

x ∈ R
] 03%d<8J1� C_+.%5�@7S<u!:Zz+.N$N$%54'��J;�&7%6+�!$R&��+.78>S-;�?N$78RA>ARA!$�&/"C8�?NO�@J$7

g1
] �i45/W+.%'�&� �&/"CL9W�&/sJ$C84I%54'<�+./"C�!$��%6+f�@?&� �?��+./$4'#&78�

f(0, x, 1− x) = 0
9145%wU4'�&/"C

f(x, y, z) = (x+ y + z − 1)h(x, y, z) + xyzg(x, y, z).

6 ¾d~



������������� 	�� +���� *(+���' "�
 ')+���� � ��' � � �&� 
 � � �#��*�+���'

�u�?%'�&�`� � 0T]z½1]76L½eNO�@7PC8�y<PJ$7�!$�A<�N$78�@N$7P4'R&C8RA<�w�R&7P4I\WRA�A<�NW+.7�%'�A<,Dh�@/;>&CP4'�@/;<
ϕα : x 7→ 1

(1 + x2)α

�&C
Φα : x 7→ x2ϕα.

�X+.N$NO�&%'�@/;<E03�&/�%FZ[R&/;�@/;>ARM]
��� ���

- #��Qv �UlyoFv �1o
α ≥ 0 . � �_q '@� !&o3q Kα > 0

o3qT�����;q
ϕα(x) ≤ Kα

|x|2α
, |ϕ′

α(x)| ≤ Kα

|x|2α+1
, ∀x ∈ R,

∣∣∣∣x− 1

2
Φ′

α(x)

∣∣∣∣ ≤ Kα
|x|3

1 + x2
≤ Kα

2
|x|2, ∀x ∈ R.

/ #�� �¹k
Φα

q !&o �Sv �<).q '�q . j$v �UlyoFv �1o α ∈
[
0,

8

17

]
,

xΦ′
α(x) ≥ 0, ∀x ∈ R,

j1v �"lyoFv �1o
α ∈ [0, 1].

4657� 8
9:�<;
6M]����A<*!$�&J1��N$78�&�`4'#&78�A<X45/;R&c�+.%545C8RA<X<8�y!$RA!1J$4'<8�&/"CX!14578�A>&C8�&� �&/"C?!$�g%6+�Dh�@7P� �y!$�

ϕα
] :i�@J$7*%6+`CP7S�@45<84'#&� �

N$78�@N$7P4'R&C8RM9W>L+.%'>&J$%'�@/;< ∣∣∣∣x− 1

2
Φ′

α(x)

∣∣∣∣
∣∣∣∣x− 1

2
Φ′

α(x)

∣∣∣∣ =
∣∣∣∣x− x(1 + (1 − α)x2)

(1 + x2)α+1

∣∣∣∣ ≤
|x| (1 + x2)α+1+ |x| + |1 − α||x|3

(1 + x2)α+1

≤ Kα
|x| (1 + x2)((1 + x2)α + 1)

(1 + x2)α+1
≤ K ′

α

|x|3
1 + x2

��/1\;/�9W�@/�J$C84I%54'<S�?%hZ 45/;R&c�+.%545C8Rf!$���G�@J$/$c
|x|3

1 + x2
≤ |x|2

2
.

�1]1:i�@J$7�� �@/UCP78�&7(�"J;�
Φα
�&<8C�>A�@/"w��T�1�?NO�@J$7

α ∈
[
0, 8

17

] 9145%:Dh+.J$C(��J;�
Φ′′

α(x) =
2
(
1 + (2 − 5α)x2 + (1 − 3α+ 2α2)x4

)

(1 + x2)α+2<8�@45CQNO�M<845CP45wd�g�@J�/UJ$%5%'�?NO�@J$7�C8�@J$C
x ∈ R

] ¸ /bR&CPJ;!14'�f+.%'�@78<Q%'�?NO�@%5�U/
	@� �
P (X) = 1 + (2 − 5α)X + (1 − 3α+ 2α2)X2,��J$4_+�>A�@�`� �y!14'<8>&7P45�`45/W+./"C

∆ = α(17α− 8).) �@�`� �
α ∈

[
0, 8

17

] 9O+.%'�@78<
1 − 3α + 2α2 > 0

�&C
∆ ≤ 0

]^���@/;>
P (X) ≥ 0

NO�@J$7XC8�@J$C
X ∈ R

>A���J$4u�&/"CP7S+/.'/;�y��J;�
Φ′′

α

�A<PCQJ$/;��Dh�@/;>&CP4'�@/�NO�M<P45CP45w��M]
��/1\;/�9;%'�?>L+.%'>&J$%_!$�

xΦ′
α(x)

!$�@/$/;�
xΦ′

α(x) =
2x2(1 + (1 − α)x2)

(1 + x2)α+1��J$4u�A<PCQ�$4'�&/�NO�M<P45CP4ID�NO�@J$7�C8�@J$C
α ∈ [0, 1]

]
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¸ /�7S+.N$NO�&%5%'�g��+.45/"C8�&/W+./"C*%'��%'�&�`� � 0�]z½1]76 ¾
��� ���

�Qv �UlyoFv �1o
0 < δ < 1 . v �¹k

x2(1 − x)2 ≥ δ

2
x4 − 1

2

δ

(1 − δ)2
, ∀x ∈ R.

4657� 8
9:�<;» �@45C
0 < δ < 1

]$:i�M<8�@/;<
fδ = (1−x)2 − δx2 �"J$4K+@!1� �&C J$/x�`45/$45�fJ$� �&/ xδ = 1

1−δ

wM+.%6+./"C − δ
1−δ

] � 45/;<P4�@/�+
(1 − x)2 ≥ δx2 − δ

1 − δ
, ∀ ∈ R.

��/��fJ$%5CP45N$%546+./"C*NW+.7
x2 %FZ 45/;R&c�+.%545C8RM9W45%:wU4'�&/"C

x2(1 − x)2 ≥ δx4 − δ

1 − δ
x2, ∀ ∈ R.

��/1\;/b%FZ 45/;R&c�+.%545C8Ry!$� �=�@J$/$cx+.N$N$%54'�"J;RA�g<8J$7Q%'�?!$�&7P/$4'�&7(C8�&7P� �g�&/"CP7S+/.'/;�
δ

1 − δ
x2 ≤ δ

2
x4 +

δ

2(1 − δ)2
,

>A�g��J$4�NO�T78� �TC*!$�g>A�@/;>&%5J$78�M]

� �(' � ¥�°f°x¶�¯ 2 ªs¬F¥�©e¥�¯�� 2W¶ .A¨(© 0u¦^§8¨�©e©e¶�¯8¯8¶
�?+./;<�>A��NW+.7S+.cM7�+.N$-;�M9,/;�@J;<s7S+.N$NO�&%'�@/;<�%'�A<�R&/;�@/;>ARA<�!$��CP-;RA�@78#&� �A<�!:Zz+./W+.%5�1<8��Dh�@/;>&CP4'�@/$/;�&%5%'�¹�"J$4�<S�@/"CJ$CP45%54'<8RA<�!;+./;<X%'�A<X>S-W+.N$45CP78�A< 0Q�&C 0 0T9;/;�@CS+.�`� �&/"C?NO�@J$7�!$R&� �@/"CP78�&7�%FZ[�T�145<8C8�&/;>A�e�&CX%FZ J$/$4'>&4ICSRe!$�A<�<8�@%5J$CP4'�@/;<!1J�N$78�@�$%'#&� � � 0�]76 }d� ]�X�@J;< 7S+.N$NO�&%'�@/;<L91C8�@J$CQ!:Zz+.�O�@78!:91%'�X%'�&�`� ��!$� � 78�@/��,+.%5%:J$/$4IDp�@7P� � = ]z�1]z�V|76 ¾ 9 � � � ] ��/;<PJ$45C8�M9$��J;�&%'�"J;�A<45/;R&c�+.%545C8RA<=<8�@/"CB!$�@/$/;RA�A<L9M�&/`NW+.7PCP4'>&J$%54'�&7B%'�A<�45/;R&c�+.%545C8RA<=!$� :i�@45/;>L+.78R = ]z�1]z½�|76 ¾ 9 6 � � 9M!:Z � cM� �@/ = ]z�1] - |z� � 9M�&C>A�&%5%'�A<�4'<8<8J;�A<�!$�A<QN$78�@N$7P4'R&C8RA<*!$�?78R&cMJ$%6+.7P45C8Ry!$�?%FZ[�@NOR&7S+.C8�&J$7X�u+.N$%6+@>&4'�&/ = ]z�1] -b|�� � � ] �B/1\;/�9$/;�@JW<Q7S+.N$NO�&%'�@/;<%6+x/;�@CP4'�@/¹!:Z[�A<PNW+@>A�A<�45/"C8�&7PNO�@%'RA< = ]z�1]@?�| ~ � � +LwM+./"C�!$�eN$78RA<8�&/"C8�&7�J$/aCP-;RA�@78#&� �`!$�e>A�@�`NW+@>&45C8R = ]z�1] ¾ !$�@/"C%6+�N$78�&J$wd�g�A<PC(!$�@/$/;RA�g!;+./;<y|76 ¾.� ]
	�
��������������������� 57��
�� � ����� � ���!� � ��� ��"#� �%$ 5'&(
�)*�����

+-, ��& 5'. � ��/ ;10 ;�2!
v@�Fq��Wo

α
qAo
β
r�q��3' �Sv �>!ToFk �Wo3q !�j1v	!T��op� ).q !$#

!
v@�po

y
� �Oq "Av � �Aop�hv � r�q C1(R+,R+)

)@�Tl�� 3Gk �^o�Pt ��O����k@���po3�frM� 4*�TlSq��Wop�FqT� �5q
y′(t) + αy(t) ≤ βk@�5v@l&!fv �¹k

∀t ≥ 0, y(t) ≤ e−αty(0) +
β

α
.
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������������� 	�� +���� *(+���' "�
 ')+���� � ��' � � �&� 
 � � �#��*�+���'

+-, ��& 5'. � ��/ ;10 ;�0��2��� �� ��� �%$ 5'&(
�)*����� 8 
��� & 57����!
v@�Fq��Wo

a . b . y oplPv@�"! "Av � �Aop�hv � ! �Sv �Wop��>�$q�! . j$v	!��pop�*)@q !yr�� 3 �W�hq ! !��"l [0,+∞[
# � � ! ��jdj$v	!Aq3���;q

yq !To r"�TlT�*)�k��&�5q q&o�).�TlT� 3 qQj$v �"lyoFv �Uo
t ≥ 0

y′(t) ≤ a(t) + b(t)y(t).

� � ! ��jdj$v	!Aq�r"qQj^� � !3���Bt ���iq '@� !&o3qeoplPv@�"!��Sv � !&oFk �Wo3q !
C1 . C2 . C3

o3qT���5q ! ���$q(j1v �"lfoFv �1o
t ≥ 0

v �k@��o
∫ t+1

t

a(s)ds ≤ C1,

∫ t+1

t

b(s)ds ≤ C2,

∫ t+1

t

y(s)ds ≤ C3,

k@�5v@l&!,j1v �"lyoFv �1o
t ≥ 0 . v �ak��8t q !Top��m kMop�pv �

y(t) ≤ (max(y(0), C3) + C1)e
C2 .

	�
��������������"�� &(
��<���
������ ��"
465'&�� &(" ��� � &(
 / ;�0 ;
	�� 	 
���(��������� � � 4 &(��
� �<5 ����� � 5 � ��
� � 5��!

v@�po
Ω
� � v � ).q&lTo �Sv �>�Oq '�qV�8v@l �K�`� �zj ! �����po � �Fq�� r�q R

d . k@�5v@l !e���Bq '@� !&o3q � �Oq �Sv � !&oFk �Wo3q�� o3qT� �5q���;qQj$v �UlyoFv �1o3q�"&v � �Aop�pv �
f
r�q

H1(Ω) . v �¹k
∣∣∣∣f − 1

|Ω|

∫

Ω
f dx

∣∣∣∣
H1

≤ C|∇f |L2 .

465'&�� &(" ��� � &(
 / ;�0 ;��!
v@�po

Ω
� �¹v � ).qTl&o,r"q

R
d . �Pv@l��O� . �Sv �>�Kq2'�q . r�q3�&�5k	!&!Lq C1,1 #

� 0��_q '@� !&o3q�� �Oq3�Sv �>!ToFk �Wo3q�� o3qT� �'q ���;q�j1v �"lfoFv �1o3q�"Av � �Aop�hv �
f ∈ H2(Ω)

).�&l�� 3Gk �Wo ∂f
∂n

= 0
! �Ul

Γ . v �¹k ∣∣∣∣f − 1

|Ω|

∫

Ω
f dx

∣∣∣∣
H2

≤ C|∆f |L2 � l8� � �U�Ik@lT�po3�er ���5k�j^�5k �&�Fq���� .
� 0��?q2'M� !To3q �$�Kq �Sv � !&oFk �Wo3q��·o3qT���5q<���$qVj$v �UlaoFv �1o3q "Av � �Aop�hv �

f ∈ H2 . v � k �'q !��"�O� �dk@� �po3� !rut � �Mm`v �




q��¹r@��m q�� !��hv �
2 . |f |L∞ ≤ C|f |

1
2

L2 |f |
1
2

H2 ,q��¹r@��m q�� !��hv �
3 . |f |L∞ ≤ C|f |

1
4

L2 |f |
3
4

H2 .

6 ~@}
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	�
��$� 5 � &(� � � � &(
",����� & � � ���������
+-, ��& 5'. � ��/ ;10 ; �!

v@�Fq��Wo
X
qAo
Y
r"q��3'aq !Fj$k ��q !�r�q������'�8q&lTo !L�3j$k@lPk��T�'q !$# � � !��Ljdj$v	!Lq ���$q

X
!$t �"���Aq �Ao3q r�q "Ak���v �

�8v �Wop�"� �$q�q&o r"q�� !Aqerdk �>!
Y
#- #	�Qv �"lfoFv �Uo

X . Y . θ ∈ [0, 1] . v �ak
|u|[X,Y ]θ

≤ |u|1−θ
X |u|θYv�


[X,Y ]θ
q !To=�8t q !Fj$k ��qy��Wo3qTl3j$v@�5�erut v@lPr@l8q

θ
r�q
X
qAo
Y
#/ #

!
v@��o

Ω
� �¹v � )@qTl&oGl8� � �U���FqTler�q

R
d . s1 ≤ s2

r�q��('xl8�SqT� !,j$v	!��pop� " !yq&o
θ ∈ [0, 1] . v �¹k

[Hs2(Ω),Hs1(Ω)]θ = H(1−θ)s2+θs1(Ω).

+-, ��& 5'. � ��/ ;10 ;��� + , ��& 5'. ������� 8�����
 � ��� &(
" ��� �>�%&�
 �!
v@�Fq��Wo

B0 ⊂ B1 ⊂ B2
oplPv@�"!xq !Fj$k ��q !Vr�q��*k �^k ��� #�� � ! ��jdj$v	!Aq ���;q��8t �"���Lq �Aop�pv � r�q

B1
rdk �>!

B2
q !&o �Sv �Wop��>�;q�q&o ���;q£�Pt �"���Aq �Aop�hv � r�q

B0
rdk � !

B1
q !&o �Sv@m*j$k �Ao3q$#

!
v@�hq��Wo

p . r o3qT� ! ���;q
1 ≤ p, r ≤ +∞ #��Qv �Ul

T > 0 . v � �^vMo3q
Ep,r =

{
v ∈ Lp(0, T,B0),

dv

dt
∈ Lr(0, T,B2)

}
.

�
!
�
p < +∞ . �8t ����Lq �Aop�pv �ar"q Ep,r

rdk � !
Lp(0, T,B1)

q !To �8vMm(j$k �Ao3q #
�
!
�
p = +∞ q&o�!��

r > 1 . �Pt �"���Aq �Aop�hv �ar�q Ep,r
rdk � ! C0([0, T ], B1)

q !To �Sv@m*j$k �Ao3q$#
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� ���
	 	����� � ��� ��	� 	�� 	 ��� �
 	º� ����	�� ���

¸ /s>A�@/;<P4'!$#&78�*J$/V<8�U<PC8#&� �*!145N$-W+@<P4'�"J;�X�&/VRA>A�@J$%'�&� �&/"C,45/;>A�@�`N$78�A<S<P45�$%'�M9U4'<8�@CP-;�&7P� �M9U<S+./;< >S-W+./$cd�&� �&/"CQ!;�N$-W+@<8��+.Ja<8�&45/�!:Z J$/¹!$�@��+.45/;�f78R&cMJ$%54'�&7
Ω
9^!$�yD�7S�@/"CP4'#&78�

Γ
] » 4i%'�A<*YL�@/;�A<�!$�fCP7S+./;<P45CP4'�@/;<?�&/"CP78�f%'�A<*N$-W+@<S�A<<8�@/"C >A�@/;<P4'!$R&78RA�A< 45/1\;/$45� �&/"CG\;/;�A< � 78�&N$78RA<8�&/"CS+.CP4'�@/�!$� � 45�$�;< � 9�%FZ[R&w��@%5J$CP4'�@/s!$�(>A�*<P�1<PC8#&� �(�A<8C=cd�@J$w��T78/;RA�NW+.7*%'�A<(RA�"JW+.CP4'�@/;<X!$�g�$45%6+./�!$�g��+@<8<8�y�&C*!$�y�"JW+./"CP45C8Rf!$�g� �@J$w��&� �&/"C��`%FZ 45/"C8R&7P4'�&J$7�!$�y>S-W+@�"J;�gN$-W+@<8�f�&CNW+.7�%'�&J$7�78�&%6+.CP4'�@/�!$�g<S+.J$C(+.J1�s45/"C8�&7EDF+@>A�A<L]<�X�@J;<(+.%5%'�@/;<(!;+./;<(>A�&CPC8�y+./$/;�T�$�g!$R&C8�&7P�`45/;�&7*>A�A<�78�&%6+.CP4'�@/;<(!;�<S+.J$C8<�]

#_�@J;C,!:Zz+.�O�@78!:91RA>&7P45wd�@/;< %'�A<,RA��JW+.CP4'�@/;<Q!$� ��+LwU4'�T7P0 » C8���d�A< NO�@J$7 J$/sRA>A�@J$%'�&� �&/"C,45/;>A�@�`N$78�A<S<P45�$%'��>A�@��0NO�M<8R�!:Z J$/;��<8�&J$%'��N$-W+@<8�M9�w�R&7P4I\WRA�A< NW+.7`%6+awU45C8�A<8<8�
u
9�%6+�N$78�A<8<84'�@/

p
�&C %6+���+@<S<8�sw��@%5J$�`4'��J;�

%
9�<PJ$7`%'�!$�@��+.45/;�

Ω

∂%

∂t
+ ∇(%u) = 0, � )X]76 �

∂%u

∂t
+ ∇(%uu) = ∇ · (τ) + %g � )X]z� �

�@�
τ = −pId+η(∇u+∇ut)

�A<PCi%'�GC8�&/;<S�&J$7�!$�,>A�@/"CP7S+.45/"C8�M9
η
%6+(w"4'<S>A�M<P45C8R !1�"/W+.�`4'�"J;�M9

g
%FZz+@>A>ART%'R&7S+.CP46�@/ !$�%6+,NO�A<�+./"C8�&J$7L] ¸ /e+@<8<8�">&4'�=+.Jf<P�U<8C8#&� ��!:Z[RA�"JW+.CP4'�@/;< � )X]76 � 0 � )X]z� � !$�A<u>A�@/;!145CP4'�@/;<u45/$45CP46+.%'�A<i�&Cu!$�A<u>A�@/;!145CP4'�@/;<+.J1�s%545�`45C8�A<(<PJ$7

Γ
<S+.CP4'<EDF+.45C8�A<QNW+.7�%6+ewU45C8�A<8<8�?�&C�%6+eN$78�A<S<P4'�@/�]

) �@/W<P4'!$R&78�@/;< ��+.45/"C8�&/W+./"C J$/¼<8�U<PC8#&� ��>A�@�`NO�M<8R�!$�s!$�&J1� N$-W+@<8�A<
i
�&C
j
�&C`/;�@C8�@/;<

Iij
%FZ 45/"C8�&7EDh+@>A��&/"CP78�?%'�A<(!$�&J1�sN$-W+@<8�A< � \;cMJ$78�f)X]76 � ] ¸ /�45/"CP78�"!1J$45C(J$/;�?NW+.7S+.� R&CP7P4'<S+.CP4'�@/�!$�?%FZ 45/"C8�&7EDh+@>A� Iij

X = G1(v, w, t), Y = G2(v, w, t), Z = G3(v, w, t)

+.45/;<P4u��JW��%6+ewU45C8�A<8<8�?!$�?%FZ 45/"C8�&7EDh+@>A�
ω

ω =

(
∂G1(v, w, t)

∂t
,
∂G2(v, w, t)

∂t
,
∂G3(v, w, t)

∂t

)t

.

:i�@J$7(!$RA>&7P4578�?%'�g<P�"C8#&� �?!145N$-^+@<P4'��J;�M9;RA>&7P45w��@/;<Q%'�A<�RA�"JW+.CP4'�@/;< � )X]76 � �&C � )X]z� � +.J�<8�&/;<�!$�A<�!14'<PCP7P45�$J$CP4'�@/;<L]�X�@J;<�7S+.N$NO�&%'�@/;<�%'�A<�Dp�@7P�fJ$%'�A<B!$�,!$R&7P45wM+.CP4'�@/�+.J <8�&/;<�!$�A<�!14'<PCP7P45�$J$CP4'�@/;<BNO�@J$7�J$/;�GDh�@/;>&CP4'�@/`45/1\;/$45� �&/"C!$R&7P45wM+.�$%'�`<S+.J$D �&/
Iij
] ¸ /¹/;�@C8� {} %6+V!14'<8CP7P45�$J$CP4'�@/º!$�e%6+xDh�@/;>&CP4'�@/£!$R&7P45w�RA��J;<PJ;�&%5%'�`�&C []ji

%'�`<S+.J$Cg!$��%6+Dh�@/;>&CP4'�@/��e%FZ 45/"C8�&7EDF+@>A�
Iij
]
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� ����� ��� ��	� ��� � �#������' ��� ' �#+��#' �#+#�$� ���#��"�� ���&��'

N$-W+@<8�
i

N$-W+@<8�
j

nij

Iij

Ω

4 �5 	 )X]76 8 » �1<PC8#&� �g!145N$-W+@<P4'��J;�

465'&�� &(" ��� � &(
��@;�� ;�2!
v@�Fq��Wo

f
�$�Kq "Av � �Aop�hv �<!��Sk@�5k@� l8qVqAo

A
� �Oq "Av � �Aop�hv �)@q-�LoFv@l��FqT� �'q . ���U� !&v �Wo���^r�� 3 �W� m�q��Wo(r��TlT���)�k��&�5q !�rdk � !

R
3 × R

!&k � " !��"l��$�Oq�����j$qTl ! �Ul "&k ��q
It
r"q�)L�po3q !&!Lq

ω
# %_q ! "Av@lTm3�U�'q !fr�qer"�Tl�� )�kMop�hv �k � !Aq�� !yr�q !fr@�"!ToplT�h���Uop�hv � ! !&v �^o +

∂f

∂xk

=

{
∂f

∂xk

}
+
[
fnk

]j
i
δ(It),

∂f

∂t
=

{
∂f

∂t

}
−
[
fω · n

]j
i
δ(It),

∇f = {∇f} +
[
fn
]j
i
δ(It),

∇ ·A = {∇ ·A} +
[
A · n

]j
i
δ(It).

�B/�N$78�&/W+./"C(%hZ[RA�"JW+.CP4'�@/ � )X]76 � +.Jb<8�&/;<�!$�A<�!14'<8CP7P45�$J$CP4'�@/;<L9$45%�wU4'�T/UC
{
∂%

∂t
+ ∇(%u)

}
−
[
%
]j
i
ω · nijδ(Iij) +

[
%u · nij

]j
i
δ(Iij) = 0. � )X]z½ �

�����@?&� �M9W�@/��@�;CP4'�T/UC�NO�@J$7�%FZ[RA�"JW+.CP4'�@/ � )X]z� �
{
∂%u

∂t
+ ∇(%uu) −∇ · (τ) + %g

}
+
[
%u(u− ω) · nij

]j
i
δ(Iiji) =

[
τnij

]j
i
δ(Iij) + F σ� urfacique � )X] - �

�@�
F σ� urfacique

�A<PCQ%6+eDh�@78>A�?!$�?C8�&/;<P4'�@/b!$�g<PJ$7EDF+@>A��� �"!$R&%54'<8RA�gNW+.7
F σ�

urfacique = σκnij + ∇s · σ,
+Lw��A>

σ
%6+eC8�&/;<P4'�@/b!$�g<PJ$7EDF+@>A�?�&C

κ
%6+�>A�@J$7P�$J$78�y!$�?%FZ 45/"C8�&7EDh+@>A��|z½ 6d9�6 } ? � ]

� 45/;<P4��@/b�@�$CP4'�&/"C*!$�A<�RA�"JW+.CP4'�@/;<�wdR&7P4I\WRA�A<(!;+./;<(>S-W+@>&J$/;�y!$�A<QN$-W+@<8�A<
∂%k

∂t
+ ∇(%kuk) = 0,

∂%kuk

∂t
+ ∇(%kukuk) −∇ · (τk) + %kg = 0,

6 ~ -



�@�
k = i

�@J
j
]$����N$%5J;<L9$>A�@�`� �?�@/�<8J$N$NO�M<8�?��J;��%FZ[RA>A�@J$%'�&� �&/"C*�A<PC,45/;>A�@�`N$78�A<S<P45�$%'�M9$45%:wU45�&/UC \;/^+.%5�&� �&/"CNO�@J$7

k = i
�@J

j
∇ · uk = 0,

%k

(
∂uk

∂t
+ uk · ∇uk

)
−∇ · (τk) + %kg = 0.

���A<�RA�"JW+.CP4'�@/;< � )X]z½ � �&C � )X] - � 9$�@/b�@�$CP4'�&/"C�%'�A<�78�&%6+.CP4'�@/;<(!$�g<S+.J$C8<�<8J$45w@+./"C8�A<*�e%FZ 45/"C8�&7EDF+@>A� Iij
[
%(u− ω) · nij

]
= 0,[

%u(u− ω) · nij

]
=
[
τnij

]
+ F σ�

urfacique.
� )X]@? �

» 4$�@/�<8J$N$NO�M<8� �"J�Z 45%1/�Z �f+*NW+@<�!$� CP7S+./;<EDh�&7PC�!;�G��+@<8<S�,�(%FZ 45/"C8�&7EDF+@>A�M9@%6+(N$78�&�`4'#&78�,78�&%6+.CP4'�@/ !$�,<S+.J$C��&/"CP7S+/.'/;�
%i(ui − ω) · nij = %j(uj − ω) · nij = 0. � )X] ¾d�

) �@�`� �g%'�A<Q��+@<8<S�&<Qw��@%5J$�`4'�"J;�A<(<8�@/"CQ/;�@/�/"J$%5%'�A<L9$45%�w"4'�&/"C
uj · nij = ω · nij = ui · nij .

���fN$%5J;<L9O<P4i�@/¹<PJ$N$NO�M<8�e�"J;�y%6+�C8�&/;<P4'�@/¹!$�e<PJ$7EDF+@>A�f�A<8CX>A�@/;<PC�+./"C8��+.%'�@78<�%6+x!145wd�&7Pcd�&/;>A��<8J$7EDh+@>&4'�"J;�e!$�
σ�A<PCQ/UJ$%5%5�M] ��/�J$CP45%54'<S+./"C(%'�A<�RA��JW+.C845�@/W< � )X]@? � �&C � )X] ¾d� 9$�@/�+

(τj − τi)nij + σκnij = 0.

�i45/W+.%'�&� �&/"CL9U%'�A<GwU45C8�A<8<8�A<G/;�@7P��+.%'�A<,<8�@/"C,>A�@/"CP45/"J;�A<Q�y%FZ 45/UC8�&7EDh+@>A�
Iij
�&C %'�*<S+.J$C,!1JxC8�&/;<8�&J$7,!$�X>A�@/"CP7S+.45/"C8�/;�@7P��+.%_!$R&NO�&/;!�!$�?%6+eDp�@78>A�g!$��C8�&/;<84'�@/b!$�?<8J$7EDh+@>A�M]
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� �� ����� ��� � �� 	�	 � 	 ��	 	���
	 �� ��� ���
� �
� � 	� 

¸ /�>A�@/;<P4'!$#&78�XJ$/W�*�$J$%5%'�XN$4'R&cdRA�?�&/"CP78��!$�&J1�xN$-W+@<8�A< %54'�"J$4'!$�A<Q<PCP7S+.CP4I\WRA�A< � \;cMJ$78�?�e]76 � ] ¸ /s/;�@C8� θ1 9 θ2 9 θ3%'�A<(+./;cM%5�A<*!$�?>A�@/"CS+@>&C*�&/"CP78�?%'�A<QCP78�@4'<�N$-W+@<8�A<(��J;4�<8�@/"CQ%54'RA<�NW+.7�%6+e78�&%6+.CP4'�@/
θ1 + θ2 + θ3 = 2π. � ��]76 �¸ / N$78�@NO�M<8�s4'>&4�!:Z[R&CS+.�$%5457 %'�A<�7S�T%6+.CP4'�@/;<��&/"CP78�s%'�A<`C8�&/;<P4'�@/;< !$��<PJ$7EDh+@>A���&C�%'�A<�+./$cM%'�A< !$��>A�@/"CS+@>&C�+.45/;<84�"J;�*%'�A<,NO�M<P45CP4'�@/;<Q!$�A<,45/"C8�&7EDh+@>A�A<L9$>A�@/;<P4'!$R&78RA�A<Q45/1\;/$45� �&/"C,\;/;�A<L9$�f%FZ[RA��J$45%545�$78��%'�@78<8�"J�Z 45%K�x+e�T�U4'<8C8�&/;>A��!$�A<NO�@45/"C8<�CP7P45N$%'�A<y|�� ~ 9�� � � ]

θ1

θ2

θ3

���	��
�
1

���	��
�
2

���	��
�
3

4 �5 	 ��]76 8x�u�T/UCP45%5%5�yN$4'RTcdRA�y�&/"CP78�g!$�&J1�sN$-W+@<S�A<Q%54'�"J$4'!$�A<�<8CP7S+.CP4I\WRA�A<
� %FZ[RA��J$45%545�$78�M9i%6+b78RA<PJ$%5CS+./"C8�s!$�A<yDh�@78>A�A<�+.N$N$%54'�"J;RA�A<`+.J NO�@45/"CeCP7P45N$%'�V�A<PCe/"J$%5%'�M] :�+.7�>A�@/;<SR&�"J;�&/"CL9i%6+<8�@�`� ��!$�A<B>A�@�`NO�M<S+./"C8�A<=!$�A<�Dp�@78>A�A<B<PJ$45wM+./"C�%6+�!14578�A>&CP4'�@/�!$�Q>S-W+@�"J;�,45/"C8�&7EDF+@>A���A<PC�/"J$%5%'�M] ��/�>A�@/;<P4'!$R&7S+./"C�"J;��%'�A<Q45/"C8�&7EDF+@>A�A<(<8�@/"C�78�A>&CP45%545cM/;�A<X+.J�w��@4'<P45/W+.cd�g!1J�NO�@45/"C�CP7P45N$%'�M9;�@/b�@�$CP4'�&/"C

σ12 + σ13 cos θ1 + σ23 cos θ2 = 0, � ��]z� �
σ12 cos θ1 + σ13 + σ23 cos θ3 = 0, � ��]z½ �
σ12 cos θ2 + σ13 cos θ3 + σ23 = 0. � ��] - �

) �@�`� �g%'�A<(+./$cM%'�A<(<8�@/"C�%54'RA<QNW+.7�%6+�78�&%6+.CP4'�@/ � �e]76 � 91%'�g!$R&C8�&7P�`45/W+./"CX!$�A<�>A�"�T��>&4'�&/"C8<*<LZz+./$/"J$%'�
∣∣∣∣∣∣

1 cos θ1 cos θ2
cos θ1 1 cos θ3
cos θ2 cos θ3 1

∣∣∣∣∣∣
= 0.

� 45/;<P4:J$/;�gRA��JW+.C845�@/�!1J�<8�U<PCS#T� � � ��]z� � 0 � ��] - � <8�?!$RA!1J$45C*!$�A<�!$�&J1��+.J$CP78�A<�]
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������� ����� 	�����5 � � ' ��� �&�(��� ��� � � � �#"#�!�(��5 � � ������� +�� �����

�B/ �fJ$%5CP45N$%546+./"C � ��]z� � NW+.7 cos θ3
�&C � ��]z½ � NW+.7 cos θ2

9=N$J$4'<s�&/ <8�@J;<8CP7S+L��+./"CV%'�A<V!$�&J1��RA�"JW+.CP4'�@/;<�@�$C8�&/"J;�A<L9;45%:wU4'�&/"C
σ12(cos θ3 − cos θ1 cos θ2) = σ13(cos θ2 − cos θ1 cos θ3).

� 7&%@>A�y��%6+e78�&%6+.CP4'�@/ � ��]76 � 9$�@/�78�&��+.78��J;�
cos θ2 = cos(2π − θ1 − θ3) = cos θ1 cos θ3 − sin θ1 sin θ3,

cos θ3 = cos(2π − θ1 − θ2) = cos θ1 cos θ2 − sin θ1 sin θ2.

� 45/;<P4F9$�@/b�@�$CP4'�&/"C
σ12

sin θ3
=

σ13

sin θ2
.

:�+.7�NO�&7P�eJ$CS+.CP4'�@/�9W�@/�+f\;/^+.%5�&� �&/"C*%6+e78�&%6+.CP4'�@/�<PJ$45wM+./"C8�
σ12

sin θ3
=

σ13

sin θ2
=

σ23

sin θ1
,

+.N$NO�&%'RA�g78�&%6+.CP4'�@/�!$���G�@J$/$c;]���XN$%5J;<L9U�&/s�fJ$%5CP45N$%546+./"C � �e]z� � NW+.7 σ12
�&C � ��]z½ � NW+.7 σ13

9"N$J$4'<,�&/�+@!$!145CP4'�@/$/W+./"C�%'�A<,!$�&J1�VRA�"JW+.CP4'�@/;<�@�$C8�&/"J;�A<L9;45%:wU4'�&/"C
2σ13σ12 cos θ1 = −σ2

12 − σ2
13 − σ23(σ12 cos θ2 + σ13 cos θ3).¸ /�J$CP45%54'<8�y+.%'�@78< � ��] - � NO�@J;7*+Lwd�@457

cos θ1 =
σ2

23 − σ2
12 − σ2

13

2σ12σ13
. � ��]@? �

�����@?&� �M9;%'�A<(+./$cM%'�A<
θ2
�&C
θ3
w�R&7P4I\W�&/"C

cos θ2 =
σ2

13 − σ2
12 − σ2

23

2σ12σ23
, � ��] ¾d�

cos θ3 =
σ2

12 − σ2
13 − σ2

23

2σ13σ23
. � ��] ~M�

���A<yR&�"JW+.CP4'�@/;< � ��]@? � 0 � ��] ~M� �@/º>A�@/;<PCS+.C8����J;�`%'�A<gC8�&/;<P4'�@/;<y!$� <PJ$7EDF+@>A� �&Cg%'�A<f+./$cM%'�A< π − θ1
9
π − θ2

�&C
π−θ3

<8�@/UCB78�&%54'RA< �&/"CP78�(�&J1��>A�@�`� �(%'�A<=> 	@C8RA< �&C=%'�A<G+./$cM%'�A< !:Z J$/�CP7P46+./$cM%'�M91+.N$NO�&%'R(CP7P46+./$cM%'�*!$���X�&J$��+./$/
� \;cMJ$78�y�e]z� � ]

π − θ1 π − θ2

π − θ3

σ12

σ13 σ23

4 �"5 	 ��]z��8;#u7P46+./$cM%'�y!$� �X�&J$��+./$/
) �@�`� ��%'�A<,C8�&/;<P4'�@/;<Q!$��<PJ$7EDF+@>A�(Dh�@7P� �&/"C,%'�A<Q> 	@C8RA<Q!:Z J$/sCP7P46+./$cM%'�M9$�&%5%'�A<Q!$�@45w��T/UCQ<S+.CP4'<EDF+.4578�*%'�A<,45/;R&c�+�0%545C8RA<(<PJ$45wM+./"C8�A<

σ12 < σ13 + σ23,

σ13 < σ12 + σ23,

σ23 < σ12 + σ13.
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:i�@J$7*��J�Z 45%u�T�U4'<8C8�?!$�A<QNO�@45/"C8<�CP7P45N$%'�A<X�e%FZ[RA��J$45%545�$78�M9;45%:Dh+.J$C(��J;�g>A�A<Q45/;R&c�+.%545C8RA<*<8�@4'�&/"C(<S+.CP4'<EDF+.45C8�A<L]» 4i�@/�>A�@/;<P4'!$#&78�f%'�y>L+@<*%545�`45C8�
σ12 = σ13 + σ23

+.%'�@78<*%'�A<X+./$cM%'�A<X<S�@/"C
θ1 = θ2 = π

�&C
θ3 = 0

]^��+./;<>A�g>L+@<L91%6+�N$-W+@<8�
3
<�Z[R&CS+.%'�?C8�@CS+.%'�&� �T/UC*�&/"CP78�?%'�A<QN$-^+@<8�A<

1
�&C

2
]¸ /b!$RT\;/$45C(%'�?>A�"�T��>&4'�&/"C

Si
N^+.7

Si = σjk − σij − σik,
+Lwd�A>

(i, j, k)
!$�&J1�b��!$�&J1��!14'<PCP45/;>&C8<

+.N$NO�&%'RfNW+.7S+.� #&CP78�e!:Z[R&CS+.%'�&� �&/"CL] » 4
Si
�A<PC(/;R&c�+.CP4ID +.%'�@78<(%FZ[R&CS+.%'�&� �&/"C?�A<PC(NW+.7PCP4'�&%��TC*45%u�b+ �T�14'<PC8�&/;>A�f!$�A<NO�@45/"C8<�CP7P45N$%'�A<(�e%FZ[RA��J;4I%545�$78�M] » 4

Si
�A<PCQNO�M<P45CP4ID��@J�/"J$%:%FZ[R&CS+.%'�&� �&/"C*�A<PCQC8�@CS+.%F]$�_+eN$-W+@<8�

i
<�Z[R&CS+.%'�?�&/"CP78�?%'�A<!$�&J1��+.J$CP78�A<�N$-W+@<S�A<L9145%�/�Z ��+eNW+@<�!$�?NO�@45/"C8<�CP7P45N$%'�A<*��%FZ RA�"J$45%545�$78� � \;cMJ$78�g��]z½ � ]

11

2

1

2

1

2 2

3 3

3

3

étalement partiel étalement total étalement totalétalement total
S1 > 0

S2 < 0;S3 < 0
S1 < 0;S2 < 0;S3 < 0

S3 > 0
S1 < 0;S2 < 0

S2 > 0
S1 < 0;S3 < 0

4 �5 	 ��]z½ 8 ��CS+.%'�&� �&/"C*NW+.7PCP4'�&%u�@J�C8�@CS+.%u!:Z J$/;�gN$-W+@<8�g�&/"CP78�g!$�&J1��+.J$CP78�A<
�?+./;<Q%'��>L+@<�!:Z J$/�R&CS+.%'�&� �T/UC�NW+.7PCP4'�&%F91/;�@JW<�+Lw��@/;<,wUJ�>&�@�`� �&/UC�%'�&<(+./$cM%'�A<�!$��>A�@/"CS+@>&C(<8�@/"CQ%54'RA<�+Lw��A>%'�A<BC8�&/;<P4'�@/;<G!$�(<PJ$7EDh+@>A�M] �*�@J;<G+.%5%'�@/;<=��+.45/"C8�&/W+./"C !$R&C8�&7P�`45/;�&7G%'�A<=NO�M<P45CP4'�@/;<G!$�A<B45/"C8�&7EDh+@>A�A<�] � %FZ[RA��J$45%545�$78�%6+�%'�&/"CP45%5%'�s+@!$�@N$C8��J$/;�`Dh�@7P� ��!$�@/$/;RA��NW+.7f%FZ 45/"C8�&78<8�A>&CP4'�@/ !$��!$�&J1�º!14'<8�"J;�A<L9�/;�@C8RA< C1

9 C2 � \;cMJ$78�x��] - � ]�X�@J;<(+.%5%'�@/;<(>S-;�&78>S-;�&7(%'�A<Q7S+L���@/;<�!$�A<(!14'<8��J;�A< C1
�TC C2

+.45/;<P4u��J;�?%6+eNO�M<P45CP4'�@/�!$��%'�&J$7(>A�&/"CP78�M]

1

2

3

(0;0)

C2

C1

A1

A2

r1

r2

L

l

γ1

γ2

4 �5 	 ��] - 8 0 /"C8�&78<8�A>&CP4'�@/�!$�A<�!$�&J1��!14'<S��J;�A<,Dh�@7P��+./"C�%6+�%5�&/UCP45%I%'�y!;+./;<�%'�?>L+@<(!:Z J$/bR&CS+.%'�&� �&/"C(NW+.7PCP4'�&%
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������� ����� 	�����5 � � ' ��� �&�(��� ��� � � � �#"#�!�(��5 � � ������� +�� �����

¸ /b!$RT\;/$45C�%'�A<(+./$cM%'�A<
γ1
�&C
γ2
NW+.7

γ1 = π − θ1
�&C
γ2 = π − θ2 � \;cMJ$78�A<(��]76?�&C���] - � ] ¸ /�45/"CP78�"!1J$45C

l
%6+ -W+.J$C8�&J$7�!$�f%6+ NW+.7PCP4'�fN$%6+./;�e!$�y%FZ 45/"C8�&7EDF+@>A�e�&/"CP78�f%6+ N$-W+@<S�

1
�&C

2
�&C
L
%6+ %6+.7Pcd�&J$7�!1Ja!$�@��+.45/;�M]/��/<PJ$N$NO�M<�+./"C(��J;��%6+�%'�&/"CP45%5%'�y�A<PCQ45/$45CP46+.%'�&� �&/"CX<PN$-;R&7P4'��JW�@9W<8�@/b+.4578�g�A<PC�!$RT\;/$4'�gNW+.7

A = πr2.¸ /�/;�@C8�
A1
%hZz+.4578�g!$��%6+eNW+.7PCP4'�g!$��%6+e%'�&/"CP45%5%'�g�"J$4:�A<PC(+.J103!$�A<8<PJ;<�!$��%FZ[�@78!$�@/$/;RA�

l
�&C
A2
>A�&%5%'�g�&/�!$�A<8<8�@J;<!$�?%FZ[�@78!$�@/$/;RA�

l
] ¸ /b>L+.%'>&J$%'�?%FZz+.4578�

Ai
!$��%6+���+./$4'#&78�y<PJ$45w@+./"C8� � \;cMJ$78�y�e]@? �

Ai =
πr2i γi

π
− 2(ri cos γi ·

ri sin γi

2
) = r2i (γi − sin γi cos γi). � ��]�� �

� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �

� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �

Ci

Ai

ri

γi

γi

4 �5 	 �e]@? 8x�X4'<8�"J;� Ci
Dp�@7P��+./"C�J$/;�g!$�A<(!$�&J1�sNW+.7PCP4'�A<(!$�?%6+e%'�&/"CP45%5%'�

¸ /¼J$CP45%545<S��+.%'�@78<`%6+�%'�@4�!$���u+.N$%6+@>A� ��� 0��e]z�a<P�1<PC8#&� � � 0��e]76 �P� NO�@J$7 �@�$C8�&/$457 J$/;�s78�&%6+.CP4'�@/ �&/"CP78��%'�A<7S+L���@/;<
r1
�&C
r2
]$�?+./;<�%'�?>L+@<(!$��%FZ[R&CS+.%'�&� �&/"C*NW+.7PCP4'�&%F9$%'�A<(<S+.J$C8<�!$�?N$78�A<8<P4'�@/b<8�@/"C

p1 − p2 = 0,

p3 − p1 =
σ13

r1
,

p3 − p2 =
σ23

r2
,

>A�g��J$4u�T/UCP7S+/.'/;�
r2 =

σ23

σ13
r1. � ��]�� �

��/�J$CP45%54'<�+./"C � ��]�� � �&C � ��]�� � �&C(�&/�/;�@CS+./"C*��J;� A = A1 +A2
9$�@/b�@�$CP4'�&/"C





r1 =

(
A

γ1 − sin γ1 cos γ1 + σ23
σ13

(γ2 − sin γ2 cos γ2)

) 1
2

,

r2 =
σ23

σ13
r1.

��/1\;/�9_%'�A<e>A�"�@78!$�@/$/;RA�A<`!$�A<e>A�&/"CP78�A<e!$�A<e!14'<8�"J;�A< C1
�&C C2

<8�@/"Cf78�A<PNO�A>&CP45w��&� �&/"C
(
L

2
;h − r1 cos γ1)

�TC
(
L

2
;h+ r2 cos γ2)

]
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¸ /�<LZ 45/"C8R&78�A<8<S�?�e%FZz+@<8>A�&/;<P4'�@/b!:Z J$/;���$J$%5%'�?!;+./;<QJ$/��W+.45/�<8CP7S+.CP4I\WRM]$���@78<�!$�?<S+f� �@/UC8RA��%6+e�$J$%5%'��NO�&J$C(<8�@45C78�A<PC8�&7fN$4'R&cdRA�V!;+./;<f%FZ 4I/UC8�&7EDh+@>A�x%54'�"J$4'!$�
	�%I4'�"J$4'!$�M9i<S�@45CyNOR&/;R&CP78�&7�!;+./;<f%6+�N$-W+@<8��%'R&cd#&78�M]_�u�@78<8��J;��%6+��$J$%5%'�+sCP7S+Lwd�&78<SR�%FZ 45/"C8�&7EDF+@>A�M9u�&%5%'�`NO�&J$Cy�&/"CP7S+/.'/;�&7f!;+./;<y<8�@/£<P45%5%6+.cd� !$�`%6+sN$-W+@<8�`%'�@J$78!$� !;+./;<g%6+sN$-W+@<8�`%'R&cd#&78�
� \;cMJ$78����]76 � ]�=Z 45/;!14'>A�

1
78RTDh#&78�y�e%6+��$J$%5%'�M9$%FZ 45/;!14'>A�

2
��%6+eN$-W+@<S��%'�@J$78!$�y�&CQ%FZ 45/;!14'>A�

3
�e%6+�N$-W+@<8�?%'R&cd#T7S�@]

3
1

2

2

3

1

2

3

1

2

�$J$%5%'�?N$4'R&cdRA� NW+@<8<S+.cd�?!;��%6+��$J$%5%'�<S+./;<��&/"CP7S+/.'/;�&� �&/"C NW+@<8<�+.cd�?!$�?%6+e�$J$%5%'�+Lw��A>?�&/"CP7S+/.'/;�&� �&/UC
4 �"5 	 ��]76 8V�X4 H:R&78�&/"C8<(>A�@�`NO�@7PC8�&� �&/"CS<*!:Z J$/;�?�$J$%5%'�g!W+./;<QJ$/��W+.45/b<PCP7S+.CP4I\WR

� 78�A�&/;� q&o�k@� #'|@? }.� N$78�@NO�M<8�&/"Cs!$�A<x>&7P45C8#&78�A<V<PJ$7�%'�bwd�@%5J$� �b�`45/$45��+.%���J;��!$�@45CV+Lw��@457x%'+£�$J$%5%'�bNO�@J$7NOR&/;R&CP78�&7 !;+./;<B%6+�N$-W+@<8�Q%'R&cd#&78�(�&CBNO�@J;7=�&/"CP7S+/.'/;�&7 !$�Q%6+�N$-W+@<8�Q%'�@J$78!$�(!W+./;<B%6+�N$-W+@<8�Q%'R&cd#&78�M] :��@J$7GR&CS+.�$%5457>A�A<�>&7P45C8#&78�A<�9$%'�A<(+.J$C8�&J$78<*<PJ$N$NO�M<8�&/"C(�"J;�
8�%FZ[RA>A�@J$%'�&� �&/"CX�A<PCQ� �@/;�"!145� �&/;<84'�@/$/;�&%i!;+./;<�%6+�!14578�A>&CP4'�@/bw��&7PCP4'>L+.%'���
8�%'�A<gDp�@78>A�A<f!:Z 45/;�&7PCP4'�x�&CywU4'<8�"J;�&J;<8�A<y<8�@/"Cg/;R&cM%545cdRA�A<fNW+.7y7�+.N$NO�@7PCe+.J1�¹Dp�@78>A�A<f!$� ,W�@CPCS+.�$45%545C8RM9i�&Cy!;�C8�&/;<P4'�@/�!$�?<PJ$7EDF+@>A���
8�%6+`<P�U� R&CP7P4'�?�A<8C�>&�"%545/;!17P4'�"J;�y+.J$C8�@J$7*!$��%FZz+��$�?wd�&7PCP4'>L+.%F]
:��@J$7*R&CS+.�$%5457(%'�y>&7P45C8#&78�y<PJ$7�%'�?NW+@<S<S+.cd�g!$�g%6+��$J$%5%'�M9W�@/�<PJ$N$NO�M<8�g�"J;�g>A�&%5%'�T03>&4_�A<8C(<8�@J$�`4'<8�g<8�&J$%'�&� �&/"C��%6+eDh�@78>A�g!$� ,W�@CPCS+.�$45%545C8Rf��J$4�C8�&/;!b��%6+eDF+.4578�?� �@/"C8�&7*�&C*��%6+eDp�@78>A�g!$�?C8�&/;<84'�@/b!$�g<PJ$7EDF+@>A�g��J;4:C8�&/;!���%6+78�&C8�&/$457*!;+./;<Q%FZ 45/"C8�&7EDF+@>A�M]
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�_+?Dp�@78>A�*!$� ,W�@CPCS+.�$45%545C8RX!$RA>&78� .'C %'�@78<8�"J;��%6+g�$J$%5%'�(NW+@<8<8�(!1Jx%54'��J$4'!$�(%'�@J$78!V+.Jx%54'��J$4'!$�(%'R&cd�&7GCS+./;!14'< �"J;�%6+ Dh�@78>A�e!$�fC8�&/;<P4'�@/¹!$�e<PJ$7EDF+@>A��+.J$cM� �&/"C8�e%'�@78<8�"J;�f%6+��$J$%5%'�f� �@/UC8�e>MZ[�A<8CE0 ��03!14578�e%'�@78<8�"J;�f%FZz+./$cM%'�
θ
NW+@<8<8�

!$�
0
� π

2

<PJ$7Q%6+e\;cMJ$78� �(]z�1]

3

2 1

2

3

1

θ

θ

4 �"5 	 ��]z� 8;:�+@<8<S+.cd�g!:Z J$/;�?�$J$%5%'�f�eCP7S+Lw��&78<QJ$/;�?45/"C8�&7EDF+@>A�?%54'�"J$4'!$�
	�%54'��J$4'!$�
�_+��$J$%5%'�gNOR&/;#&CP78�y!;+./;<�%6+�N$-^+@<8�?%'R&cd#&78�y<P4�%6+eDp�@78>A�g!$� ,W�@C8CS+.�$45%54ICSRy�A<8CQN$%5J;<�45�`NO�@7PCS+./UC8�y�"J;�?%6+eDh�@78>A�!$�sC8�&/;<84'�@/¼!$��<PJ$7EDh+@>A�M] � 45/;<84,NO�@J$7�R&CS+.�$%5457 %'��>&7P45C8#&78�M9=�@/¼>A�@/;<P4'!$#&78��%6+¹>&�@/$\;cMJ$7S+.CP4'�@/��@� %6+�Dp�@78>A��!;�

,W�@CPCS+.�$45%545C8Rf�A<PCQ�`45/$45��+.%'�y�&C�%'+eDh�@78>A�?!$�?C8�&/;<P4'�@/b!$�g<PJ$7EDF+@>A�?�A<PCQ��+��145��+.%'�y>MZ[�A<PCE0 ��03!14578�
θ =

π

2

]
�B/�/;�@CS+./"C

V1
%'�?wd�@%5J$� �g!$�?%6+��$J$%5%'�M9;%6+fDh�@78>A�g!$� ,W�@C8CS+.�$45%54ICSRy�A<PC(R&c�+.%'�y�

(%3 − %1)V1g~y
]W),+.%'>&J$%'�@/;<��+.45/"C8�&/W+./"C %6+?>A�@/"CP7P45�$J$CP4'�@/s!$��%6+XDh�@78>A��!$��C8�&/;<P4'�@/x!$�(<PJ$7EDF+@>A�g9d/;�@C8RA�

fσ
9d�@�x<8�&J$%'�&� �&/"C=%6+g>A�@�`NO�M<S+./"C8�w��&7PCP4'>L+.%'�y45/"C8�&7PwU4'�&/"C � \;cMJ$78� �(]z½ � ] ��/��TH:�&CL9;%6+`Dp�@78>A�f!$�gC8�&/;<P4'�@/�!$�f<PJ$7EDF+@>A�y<8�y>A�@�`NO�&/;<8��+.Jb/$45w��L+.J�!1J>&�U%545/;!178�g�&/"CP78�g!;�TJ$�sNO�@45/"C8<(!146+.� R&CP7S+.%'�&� �&/UC*�@N$NO�M<SRA<*+.45/;<P4��"J;�g<S+�>A�@�`NO�M<S+./"C8�g-;�@7P45YL�@/"CS+.%'�e+.J�/$45wd�L+.J!$�(%6+y!$�&�`4I03<PN$-;#&78�M] �B/x/;�@CS+./"C

A
%6+y<PJ$7EDh+@>A�*�@�V<LZz+.N$N$%54'�"J;�(%6+?Dp�@78>A�

fσ
�&C
r
%'��7S+��d�@/V!$�(%6+g�$J$%5%'�M9�45%^wU45�&/UC

fσ =

∫

A

σ23κ(~n · ~y)~y ds = −σ23 ·
2

r
· 2π

∫ π
2

0
r2 sin θ cos θ~y dθ = −2πσ23r~y.

�i45/W+.%'�&� �&/"CL9W%6+e�$J$%5%'�?NOR&/;#&CP78�y!;+./;<�%6+eN$-W+@<S��%'R&cd#&78�y<P4
(%3 − %1)V1g − 2πσ23r > 0.

) �@�`� �y�@/�>A�@/;<84'!$#&78�?J$/;�?�$J$%5%'�g<8N$-;R&7P4'��J;�M9;�@/�+

V1 =
4

3
πr3,

>A�g��J$4u�T/UCP7S+/.'/;�
(%3 − %1)V1g − 2πσ23

(
3

4π
V1

) 1
3

> 0

6 �M�



θ

~y

~n

4 �"5 	 ��]z½ 8 � N$N$%54'>L+.CP4'�@/�!$�?%6+fDh�@78>A�g!$��C8�&/;<P4'�@/�!$�?<PJ$7EDF+@>A�
>MZ[�A<PCE0 ��03!14578�

V1 >


2π

(
3
4π

) 1
3 σ23

(%3 − %1)g




3
2

.

:�+.7(>A�@/;<SRA��J;�&/"CL9;%6+e�$J$%5%'�?NOR&/;#&CP7S�g!;+./;<�%6+eN$-W+@<S��%'R&cd#&78�y<P4�<8�@/�w��@%5J$� �
V1
�A<PC�<8J$NOR&7P4'�&J$7*�

Vp =


2π

(
3
4π

) 1
3 σ23

(%3 − %1)g




3
2

.

�?+./;<�|@? }.� 9@J$/ !$�&J1�14'#&� ��>&7P45C8#&78�QNO�@7PCS+./"C=�&/;>A�@78��<PJ$7�%'�,w��@%5J$� �Q!$�,%6+X�$J$%5%'���A<PCB!$�@/$/;R(+�\;/ !$�,N$7SR&!$4I7S�%FZ[�&/"CP7S+.45/;�&� �&/UC=!$� %6+(N;-W+@<8� %'�@J$78!$�Q!;+./;<�%6+(N$-W+@<S� %'R&cd#&78�M] :i�@J$7B>A�T%6+19M�@/`>A�@/;<P4'!$#&78�,%'�,<P�1<PC8#&� �G78�&N$78RA<8�&/"CSR<PJ$7,%6+y\;cMJ$78� ��] -;] ¸ /s/;�@C8�
V2
%'�Xw��@%5J$� ��!1J
,;J$4'!$�X%'�@J$7S!s�&/"CP7S+/.'/;R?�&C

r2
%'�*7S+L���@/�!$�X%6+e>A�@%'�@/$/;�XDp�@7P� RA�NW+.7�%'�?%I4'�"J$4'!$�?%'�@J$78!:]¸ /f<PJ$N$NO�M<8�B�"J;��%6+,�$J$%5%'�=�&C�%'��%54'�"J$4'!$��%'�@J$78!y�&/"CP7S+/.'/;R=<8�@/"Cu<8�@J$�`4'<u<S�TJ;%5�&� �&/"C�� %6+ Dh�@78>A�B!$� ,W�@CPCS+.�$45%545C8R�&CV�a%6+aDp�@78>A�b!$��C8�&/;<P4'�@/�!$�b<PJ$7EDh+@>A�M]�:i�@J$7V>A�&CPC8�b>A�@/1\;cMJ$7S+.CP4'�@/�9G%6+aDp�@78>A�b!$� ,W�@CPCS+.�$45%545C8R��A<PC�R&c�+.%'���

(V1(%3 − %1) − V2(%2 − %3)) g~y
]u�u+�Dp�@78>A��!$��C8�&/;<P4'�@/ !$��<PJ$7EDF+@>A��<LZz+.N$N$%54'�"J;��<S�&J$%'�&� �T/UCe<PJ$7y%'� %54'�"J$4'!$�%'�@J$78!�N$J$4'<S��J;�?%6+e�$J$%5%'�f+eCP7S+Lw��&78<8R�%FZ 45/"C8�&7EDF+@>A�M]

0 %W��+y�&/"CP7S+/.'/;�&� �&/"C,%'�@78<8�"J;�(%'��Dp�@78>A�*!$� ,W�@C8CS+.�$45%54ICSRX�A<PCGN$%5J;<G45�`NO�@7PCS+./"C8���"J;��%6+?Dh�@78>A�*!$�(C8�&/;<P4'�@/V!;�
<PJ$7EDF+@>A���"J$4��A<8CX��+��145��+.%'��%'�@78<8�"J;�e%FZz+./$cM%'�

β
R&c�+.%'� π

2
� \;cMJ$78� ��] - � ]��B/a78�&N$78�&/W+./"Cg%6+x�@?&� �`!$R&��+.78>S-;�

�"J;��NO�@J$7�%'�g>&7P45C8#&78�?N$78RA>ARA!$�&/"CL9W%'+eDh�@78>A�?!$�?C8�&/;<P4'�@/b!$�g<PJ$7EDF+@>A�?�A<PC�R&c�+.%'�f� −2πσ23r2~y
]

¸ /`<PJ$N$NO�M<8�,��J;�
V2 ≥ 2

3
πr32

%'�@78<8�"J;�
β =

π

2

].��Z[+.N;78#A<�!$�A<��@�;<S�&7Pw@+.CP4'�@/;<��T�1NOR&7P45� �&/"CS+.%'�A<L9@%'� !146+.� #&CP78�
!$�g%6+ >A�@%'�@/$/;�y�A<8C*�`NO�&JbN$78#A<(>A�&%5J$4i!1J�!146+.� #&CP78�f!$�g%6+�N$78���P�A>&CP4'�@/�!$�g%6+��$J$%5%'�f<PJ$7�%6+ <PJ$7EDF+@>A�y+.Jb78�&NO�M<L]¸ /�Dh+.45C�%FZz+.N$N$78�L�U45��+.CP4'�M/�<PJ$45wM+./"C8�g�&/"CP78�

r2
�&C
V1

r2 =

(
3

4π
V1

) 1
3

S,

�@�
S
�A<PC,J$/;�*Dp�@/;>&CP4'�@/��"J$4O78�&N$78RA<S�T/UC8��%'�X7S+.N$NO�@7PC��&/"CP78�X%'��!146+.� #&CP78�?!$��%6+yN$7S���E�A>&CP4'�@/�!$�X%6+f�$J$%5%'�?<PJ$7 %6+<PJ$7EDF+@>A�g+.J�78�&NO�M<(�&C(>&�&%5J$4_!$��%6+`<PN$-;#&78�g!$�?wd�@%5J$� �gRA�"J$45w@+.%'�&/"C
S = 1

NO�@J$7�J$/W���$J$%5%'�y<PN$-;R&7P4'��J;�M9
S > 1

NO�@J$7�J$/W���$J$%5%'�f+L��+./"C�%6+fDh�@7P� �g!:Z J$/;�g>L+.%'�@CPC8�y<PN$-;R&7P4'��J;�M]

6 �M½
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1

3

2

1

2
3

β

β

V2

r2

4 �"5 	 ��] - 8;��/"CP7S+/.'/;�&� �&/UC*!$�?%6+eN$-W+@<S��%'�@J$78!$�gNW+.7�%6+e�$J$%5%'�
�i45/W+.%'�&� �&/"CL9W45%:�s+`�&/"CP7S+/.'/;�&� �&/"CX<P4

(V1(%3 − %1) − V2(%2 − %3)) g > 2πσ23r2.

��/�J$CP45%54'<�+./"C�%'�A<Q78�&%6+.CP4'�@/;<*�&/"CP78�
r2
9
V2
�&C
V1
N$78RA>ARA!$�&/"C8�A<L9W�@/�+

V1 >


 2πσ23(

3
4π

)
1
3S

g[%3 − %1 − S
1
3

2 (%2 − %3)]




3
2

.

�i45/W+.%'�&� �&/"CL9$45%K�x+e�&/"CP7S+/.'/;�&� �&/UC(!$�X%6+fN$-W+@<8�X%'�@J$78!$�?!;+./;<,%6+fN$-W+@<S�X%'�&cd#T7S��<84O%'�Xw��@%5J$� ��!$�X%6+f�$J$%5%'�?�A<PC<PJ$NOR&7P4'�&J$7X�
Ve,1 =

(
4πσ23(

3
4π

)
1
3

g[3%3 − 2%1 − %2]

) 3
2 NO�@J$7

S = 1,

Ve,S =


 2πσ23(

3
4π

)
1
3S

g[%3 − %1 − S
1
3

2 (%2 − %3)]




3
2

> Ve,1
NO�@J$7

S > 1
]
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� ��������� �

� 	 � 	 � ��	�º��� � ��� � ��������� ��	 �� � � � ��������� �����
� � � � �
	 	����  � � ����a�  	� ���

�?+./;<X>A�&CPC8�`+./$/;�T�1�M9^/;�@J;<X%54'<PC8�@/;<X%'�A<*NW+.7S+.� #&CP78�A<�N$-"�1<P4'��J;�A<X�&CX/"J$� R&7P4'�"J;�A<XNO�@J$7X%'�A<X<845�fJ$%6+.CP4'�@/;<XN$78RT0<8�&/"C8RA�A<(!;+./;<(>A�?!$�">&J$� �&/"CL]
:��@J$7�>S-W+@�"J;��\;cMJ$78�M9_/;�@J;<eN$78RA>&4'<8�@/;<eC8�@J$C�!:Zz+.�O�@78!�%'�V!$�@��+.45/;�s!$�x>L+.%'>&J$%F9i%6+�cdRA�@� R&CP7P4'�s�"J$4GNO�&J$C?&CP78�y>L+.7PC8RA<P4'�&/$/;�f�@J�+��14'<P�U� R&CP7P4'��J;�M9;%FZ 45/$45CP46+.%54'<S+.CP4'�@/a!$�A<�NW+.7S+.� #&CP78�A<X!:Z[�@78!178�y�&C(%'�A<(>A�@/;!145CP4'�@/;<X+.Jb�O�@78!

� \;cMJ$78� �,]�6 � ]W�u�A<X+.J$CP78�A<*45/;>A�@/$/"J;�A<�<8�@/"C*45/$45CP46+.%54'<8RA�A<��
0
<�+.J1DB!;+./;<X>A�&7PCS+.45/�>L+@<X�@��>A�f<8�&7S+ � �&/"CP4'�@/$/;RM]�X�@J;<�!$�@/$/;�@/;<B�&/;<8J$45C8� %'�A<�NW+.7S+.� #&CP78�A<BN$-"�U<P4'�"J;�A<iJ;CP45%I4'<SRA<�!;+./;<�%6+X<P45�fJ$%6+.CP4'�@/���J$4$<8�@/"C�<8�&%'�@/�%'�A<�R&CPJ;!$�A<1�

Γ1

Γ2

Γ3

Γ4

������	�
��������������������� �"!$#&%����
�(')�+*,#-�$��*&�)����*.�/�0*&%�1324��5+�

[σ12, σ13, σ23]
�$�

N.m−1 6�(')�+*,����*-*-�+*879��'�%/�:�);9%��+*
[%1, %2, %3]

�$�
kg.m−3 6�(')�+*,7<�)*-5+�=*-�>#?!$*

[η1, η2, η3]
�$�

Pa.s 6�(')�+*.5?@A��')�$%/1-*,����*-*&�);<%��+*
[cp1, cp2, cp3]

�$�
J.kg−1.K−1 6�(')�+*.5+�����B%�5$#&��7<��#-!�#&@��$1&�:�);<%��+*

[λ1, λ2, λ3]
�$�

W.m−1.K−1 �CD�BE�� 6 ����%�*.�/!$#?����'�')����*.')�+*8FA��1?���HG$#&1-�+*.�<%/�H!$1&�);<%��+*JI�(')�0FA��*,�/�0������'�'K��LM�
[h]

�$�
m 6�(')�0FA��*,�/�0#-�$�:F�*

[∆t]
�$�

s 6�('N�"!$FA���)*-*?�$%/1.� � ���<#-�$1324��5+�
[ε]

�$�
m 6�('K�:�/!OE��/��#&�)���P�/�0'K�Q�H��R/��'���#-!�S �H��R/��'���#-!OT�UV5+����*-#?���<#-����%W�/!$LM!$��!$1-!+�YXZ����#-!+�

[]\ C *&�
M0 = M,��CZ^._`CDa�bdc *&�
M0

n = M0(c
n) = M(1 − cn1 )2(1 − cn2 )2(1 − cn3 )2,��CZ^._`egfPbdc *&�

M0
n+1 = M0(c

n+1) = M(1 − cn+1
1 )2(1 − cn+1

2 )2(1 − cn+1
3 )2,

�(')��5+�<�Oh�5$�)�$�<#
M [M ] 6

ji=k



������� �(� 4 	�����"�� ��� �#"#��' %�� �(')��*�+���' � ���+��9
�"#� *(+���'
����' ')����+�� � �#������' %�"�
�'/������
 ��'

8�%'�?NO�@C8�&/"CP4'�&%_!$�y),+.-;/1032(45%5%546+.78!
F
|
F
� /;�@C8R

F0
<P4
F = F0 =

Σ1

2
c21(1 − c1)

2 +
Σ2

2
c22(1 − c2)

2 +
Σ3

2
c23(1 − c3)

2,

F̃0
<P4
F = F̃0 = σ12c

2
1c

2
2 + σ13c21c

2
3 + σ23c

2
2c

2
3,

F̃0
C8�&7P/W+.4578� <P4

F = F̃0
�&C�78RA<8�@%5J$CP4'�@/�!1J�� �"!$#&%'� � 0�]z½ � � N$78�@NO�M<8Ry!;+./;<g| ~@}.� ,

FΛ
<P4
F = FΛ,0 = F0 + P = F0 + 3Λc21c

2
2c

2
3,

8�%6+s!14'<8>&78R&CP4'<�+.CP4'�@/º�&/¹C8�&�`N;<y!$�A<?!;RT784Iw�RA�A<?NW+.7PCP4'�&%5%'�A<f!$�
F0
!;+./;<?%'�A<gRA��JW+.CP4'�@/;<y!$��),+.-$/1032*45%5%546+.78!|[!14'<8>&7L]

F0
� /;�@C8RA�

0�� :B�£%'�@78<8�"J�Z[�@/�78RA<8�@J$C�%'�A<�RA�"JW+.CP4'�@/;< � 0 0 0T]z� - � +Lwd�A> F = F0
�@J

F = F̃0,» ��� 0F0 0�� :B�£%'�@78<8�"J�Z[�@/�78RA<8�@J$C�%'�A<�RA�"JW+.CP4'�@/;< � 0 0 0T]z� ? � �&C F = F0,

8�%6+�!14'<8>&78R&CP4'<S+.CP4'�@/b�&/�C8�&�`N;<�!$�A<�!$R&7P45wdRA�A<QNW+.7PCP4'�&%5%'�A<(!$�
FΛ,0

!;+./;<Q%'�A<QRA�"JW+.CP4'�@/;<�!$�y),+.-$/1032*45%5%546+.78!|[!14'<8>&7L]
FΛ
� /;�@C8RA�

0�� :B�£%'�@78<8�"J�Z[�@/�78RA<8�@J$C�%'�A<�RA�"JW+.CP4'�@/;< � 0 0 0T]z� - � +�wd�A> F = FΛ,0,» ��� 0F0 0�� :=�£%'�@78<8�"J�Z[�@/�78RA<S�@J$C�%'�&<(RA��JW+.CP4'�@/;< � 0 0 0�] - }d� �&C F = FΛ,0,

8�%6+�� R&CP-;�"!$�y!$��78RA<S�@%5J$CP4'�@/b!$�A<(RA��JW+.CP4'�@/;<(!$�6��+Lw"4'�&7E0 » C8�����A<y| � R&CP-;�"!$��� » � /;�@C8RA�
� �`%'�@78<8�"J�Z[�@/gJ$CP45%54'<8��%6+ � R&CP-;�"!$�=!$�B�u+.cM7S+./$cM4'�&/�+.J$cM� �&/"C8R=!$RA>&7P45C8�B!;+./;<�%'��NW+.7S+.cM7S+.N$-;� 0 0 0T]z½1]z�1]z+190(:

L

%'�@78<8�"J�Z[�@/ J$CP45%54'<8�b%6+¹� R&CP-;�"!$��!$��N$78���P�A>&CP4'�@/�45/;>&78R&� �&/"CS+.%'��!$RA>&7P45C8��!;+./W<�%'��NW+.7S+.cM7S+.N$-;�
0 0 0T]z½1]z�1] ��9$�&/�+.N$N$78�">S-W+./"C

BM−1BT NW+.7 L0(:
Ml

%'�@78<S��J�Z[�@/�J$CP45%54'<8��%6+�� R&CP-;�"!$�V!$� N$78���P�A>TC845�@/ 45/;>&78R&� �&/"CS+.%'�s!$RA>&7P45C8�x!;+./;<y%'��NW+.7S+.cM7S+.N$-;�
0 0 0T]z½1]z�1] ��9$�&/�+.N$N$78�">S-W+./"C

BM−1BT NW+.7 BM−1
l BT

: :
L

%'�@78<8�"J�Z[�@/eJ$CP45%54'<8�G%6+�� R&CP-;�"!$�,!$�=NOR&/W+.%545C8RT0FN$78� �E�A>&CP46�@/`!$RA>&7P45C8�,!;+./;<_%'�GNW+.7S+.cM7S+.N$-;� 0 0 0T]z½1]z�1][>M9�&/�+.N$N$78�">S-W+./"C
BM−1BT NW+.7 L: :

Ml

%'�@78<8�"J�Z[�@/gJ$CP45%54'<8��%6+ � R&CP-;�"!$�=!$��NOR&/W+.%545C8RT0FN$78���P�&>ACP4'�@/e!$RA>&7P45C8�B!;+./;<�%'��NW+.7S+.cM7S+.N$-;� 0 0 0T]z½1]z�1][>M9�&/�+.N$N$78�">S-W+./"C
BM−1BT NW+.7 BM−1

l BT

8�%'�?NW+.7S+.� #&CP78�y!:Zz+.J$cM� �&/"CS+.CP46�@/
r
| 7 � ]���A<�C8�&7P� �A<(�&/"CP78�g>&78�">S-;�&C8<*>A�@7P78�A<PNO�@/;!$�&/"C�+.J1��!$RA<P45cM/W+.CP4'�@/;<(J$CP45%545<SRA�A<(!;+./;<Q%6+`<PJ$45C8�M]�X�@J;<,78RA<S�@%5wd�@/;<Q%'�?<P�U<8C8#&� ��!$�y),+.-$/1032(45%5%546+.78!�+Lwd�A>�%'�A<Q45/;>A�@/$/"J;�A<

(c1, c2, µ1, µ2)
91%'��>A�@J$N$%'�

(c3, µ3)�A<PC�>L+.%'>&J$%'RgNW+.7
c3 = 1 − c1 − c2, µ3 = −

(
Σ3

Σ1
µ1 +

Σ3

Σ2
µ2

)
.

� �S  �£¥�²O¥(³µ´i¦^²O¶ 2 ªe¶ 2 ²K 2W¤e¯E¦^¥,¦ 2 ªe¤��
	e¥Q°e§P¦W²O¶  
• �� � � 	 ���� � � 8&57� 	7;
�
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 0.1] × [0.02; 0.08]cdRA�@� R&CP7P4'� �@�
>L+.7PC8RA<P4'�&/$/;�

N$-W+@<S�?<8J$NOR&7P4'�&J$78�
c1 = 1

2 + 1
2 tanh

(
2
ε
min(

√
(x− 0.05)2 + (y − 0.05)2 − 0.012, y − 0.05)

)

N$-W+@<8�?45/1DpR&7P4'�&J$78�
c2 = 1

2 + 1
2 tanh

(
2
ε
max(

√
(x− 0.05)2 + (y − 0.05)2 − 0.012, y − 0.05)

)
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:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 1.29 10−3 1.29 10−1 1.29 10−1

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�$45%545C8R
M

2.6 10−4 ≤ h ≤ 6.8 10−4 10−3 5. 10−4 � � � 0 ��� :=�
2.7 10−5

F
!14'<8>&7L]

F0
� R&CP-;�"!$��� »

r

F0
0�� :B� : :

Ml
10

���?��+.45%5%6+.cd�y�A<PC�N$%5J;<,\;/b!;+./;<�%6+�>A�@%'�@/$/;�
0 ≤ r ≤ 0.0068

]

• �� � � 2(2 ���� � �:8
57� 	 	 	7;�2�2
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 1] × [0; 1]cdRA�@� R&CP7P4'� �@�
>L+.7PC8RA<P4'�&/$/;�

�&%5%545N;<8�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√

1
0.12(x− 0.5)2 + 1

0.4(y − 0.5)2 − 0.4)
)

c2 = 0
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23

1 1 1

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�;4I%545C8R
M F

!14'<S>&7L]
F0

1.4 10−2 1 0.028
� � � 0 ��� :B�

4.7 10−3 F0
0�� :B�

6 �M½
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• �� � � 2(2 ���� � �:8
57� 	 	 	7;�2 0
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 1] × [0; 1]cdRA�@� R&CP7P4'� �@�
>L+.7PC8RA<P4'�&/$/;�

�&%5%545N;<8�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√

1
0.12(x− 0.5)2 + 1

0.4(y − 0.5)2 − 0.4)
)

c2 = 0
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23

1 1 1

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�;4I%545C8R
M F

!14'<S>&7L]
F0

1.4 10−2 1 0.028
� � � 0 ��� :B� 4.7 10−3

F0
0�� :B�

4.7 10−4

4.7 10−5

• �� � � 2(2 � �� � �:8
57� 	 	 	7;�2 	
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 9.75 10−2] × [0; 5.85 10−1]cdRA�@� R&CP7P4'� ½@� +��14'<P�U� R&CP7P4'��J;�

�$J$%5%'�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√
r2 + (z − 9.75 10−2)2 − 3.25 10−2)

)

c2 = 0%54'�"J$4'!$�
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u · n = 0
<8J$7

Γ1 ∪ Γ3
9
u = 0

<PJ$7
Γ2
�&C

2ηD(u)n− pn = 0
<PJ$7

Γ4

:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 1.53 10−2 1.53 1.53

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�$45%545C8R
M

2. 10−3 ≤ h ≤ 5.2 10−3 10−3 3.9 10−3 � � � 0 ��� :=� 3.4 10−4

3.4 10−5

3.4 10−6

3.4 10−7

F
!14'<8>&7L]

F0
� R&CP-;�"!$��� »

r

F0
0�� :B� : :

Ml
10

���?��+.45%5%6+.cd�y�A<PC�N$%5J;<,\;/b!;+./;<�%6+�>A�@%'�@/$/;�
0 ≤ r ≤ 0.052

]
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• �� � � 2(2 ���� � �:8
57� 	 	 	7;�2 �
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 0.1] × [0.02; 0.08]cdRA�@� R&CP7P4'� �@�
>L+.7PC8RA<P4'�&/$/;�

N$-W+@<S�?<8J$NOR&7P4'�&J$78�
c1 = 1

2 + 1
2 tanh

(
2
ε
min(

√
(x− 0.05)2 + (y − 0.05)2 − 0.012, y − 0.05)

)

N$-W+@<8�?45/1DpR&7P4'�&J$78�
c2 = 1

2 + 1
2 tanh

(
2
ε
max(

√
(x− 0.05)2 + (y − 0.05)2 − 0.012, y − 0.05)

)

%'�&/"CP45%5%'�
c3 = 1 − c1 − c2>A�@/;!$4IC845�@/W<*+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u = 0
<PJ$7

Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

1 1 1 1 1 1 1 1 1

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�$45%I45C8R
M F

!14'<8>&7L]
F0

� R&CP-;�"!$��� »
r

1.4 10−3

10−3 2.8 10−3 � � � 0 � � :B�
4.7 10−7 F0

0�� :B� � � 100
10−3

8.3 10−4

7.1 10−4

• �� � � 2(2 ���� � �:8
57� 	 	 	7;�2 �
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 0.1] × [0.02; 0.08]cdRA�@� R&CP7P4'� �@�
>L+.7PC8RA<P4'�&/$/;�

N$-W+@<S�?<8J$NOR&7P4'�&J$78�
c1 = 1

2 + 1
2 tanh

(
2
ε
min(

√
(x− 0.05)2 + (y − 0.05)2 − 0.012, y − 0.05)

)

N$-W+@<8�?45/1DpR&7P4'�&J$78�
c2 = 1

2 + 1
2 tanh

(
2
ε
max(

√
(x− 0.05)2 + (y − 0.05)2 − 0.012, y − 0.05)

)

%'�&/"CP45%5%'�
c3 = 1 − c1 − c2>A�@/;!$4IC845�@/W<*+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u = 0
<PJ$7

Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

1 1 1 1 1 1 1 1 1

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�$45%545C8R
M F

!14'<8>&7L]
F0

� RTC8-;�"!$�6� »
r

10−3

10−3
3. 10−3 � � � 0 ��� :B�

6. 10−7 F0
0�� :=� � � 1008.3 10−4 2.5 10−3

7.1 10−4 2.1 10−3

6 � ?
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• ���� � 2 0 	 �  � � 8&5 � 	�� ;10 � �� � � 2 0 � �  � � 8&5 � 	�� ;
� � �� � � 2 0 � �  � � 8
57� 	�� ; � � � � � � 2 0 ���
 � � 8&57� 	�� ; � � �� � � 2 0 � �  ���:8
57� 	�� ; �

����� �>� ��� ���	�
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 4.95 10−2] × [0; 2.97 10−1]cdRA�@� R&CP7P4'� ½@� +��14'<P�U� R&CP7P4'��J;�

�$J$%5%'�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√
r2 + (z − 4.95 10−2)2 − 1.65 10−2)

)

c2 = 0%54'�"J$4'!$�
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u · n = 0
<8J$7

Γ1 ∪ Γ3
9
u = 0

<PJ$7
Γ2
�&C

2ηD(u)n− pn = 0
<PJ$7

Γ4
:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �

σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 3.24 10−2 3.24 3.24
:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �

h ∆t ε
� �@�$45%545C8R

M

10−3 ≤ h ≤ 2.6 10−3 10−3 3.9 10−3 � � � 0 ��� :B�
6.7 10−4

F
!14'<8>&7L]

F0
� R&CP-;�"!$��� »

r

F0
0�� :B� : :

Ml
10���?��+.45%5%6+.cd�y�A<PC�N$%5J;<,\;/b!;+./;<�%6+�>A�@%'�@/$/;�

0 ≤ r ≤ 0.0264
]

����
 � ����� "�&(� � �����
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 1.275 10−2] × [0; 7.65 10−2]cdRA�@� R&CP7P4'� ½@� +��14'<P�U� R&CP7P4'��J;�

�$J$%5%'�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√
r2 + (z − 1.275 10−2)2 − 4.25 10−3)

)

c2 = 0%54'�"J$4'!$�
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u · n = 0
<8J$7

Γ1 ∪ Γ3
9
u = 0

<PJ$7
Γ2
�&C

2ηD(u)n− pn = 0
<PJ$7

Γ4
:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �

σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 1.29 10−3 0.129 0.129
:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �

h ∆t ε
� �@�$45%545C8R

M

2.6 10−4 ≤ h ≤ 6.8 10−4 10−3 5.1 10−4 � � � 0 ��� :B�
2.6 10−5

F
!14'<8>&7L]

F0
� R&CP-;�"!$��� »

r

F0
0�� :B� : :

Ml
10
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���?��+.45%5%6+.cd�y�A<PC�N$%5J;<,\;/b!;+./;<�%6+�>A�@%'�@/$/;�
0 ≤ r ≤ 6.8 10−3 ]

��� ��� �*5 �$���	�
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 9.75 10−2] × [0; 5.85 10−1]cdRA�@� R&CP7P4'� ½@� +��14'<P�U� R&CP7P4'��J;�

�$J$%5%'�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√
r2 + (z − 9.75 10−2)2 − 3.25 10−2)

)

c2 = 0%54'�"J$4'!$�
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u · n = 0
<8J$7

Γ1 ∪ Γ3
9
u = 0

<PJ$7
Γ2
�&C

2ηD(u)n− pn = 0
<PJ$7

Γ4
:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �

σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 1.53 10−2 1.53 1.53
:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �

h ∆t ε
� �@�$45%545C8R

M

2. 10−3 ≤ h ≤ 5.2 10−3 10−3 3.9 10−3 � � � 0 ��� :=�
3.4 10−5

F
!14'<8>&7L]

F0
� R&CP-;�"!$��� »

r

F0
0�� :B� : :

Ml
10���?��+.45%5%6+.cd�y�A<PC�N$%5J;<,\;/b!;+./;<�%6+�>A�@%'�@/$/;�

0 ≤ r ≤ 0.052
]

• �� � � 2 0�� �� � �:8
57� 	�� ; 	
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 9.75 10−2] × [0; 5.85 10−1]cdRA�@� R&CP7P4'� ½@� +��14'<P�U� R&CP7P4'��J;�

�$J$%5%'�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√
r2 + (z − 9.75 10−2)2 − 3.25 10−2)

)

c2 = 0%54'�"J$4'!$�
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u · n = 0
<8J$7

Γ1 ∪ Γ3
9
u = 0

<PJ$7
Γ2
�&C

2ηD(u)n− pn = 0
<PJ$7

Γ4
:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �

σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 1.53 10−2 1.53 1.53
:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �

h ∆t ε
� �@�$45%545C8R

M

2. 10−3 ≤ h ≤ 5.2 10−3 10−3 3.9 10−3 � � � 0 ��� :=� 3.4 10−4

3.4 10−5

3.4 10−6

3.4 10−7

F
!14'<8>&7L]

F0
� R&CP-;�"!$��� »

r

F0
0�� :B� : :

Ml
10
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���?��+.45%5%6+.cd�y�A<PC�N$%5J;<,\;/b!;+./;<�%6+�>A�@%'�@/$/;�
0 ≤ r ≤ 0.052

]

• �� � � 2 0 ���� � �:8
57� 	�� ;�� � � � � � 2 0 � �� � � 8&5 � 	�� ;��
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 0.072] × [0; 0.432]cdRA�@� R&CP7P4'� ½@� +��14'<P�U� R&CP7P4'��J;�

�$J$%5%'�
c1 = 1

2 + 1
2 tanh

(
−2

ε
(
√
r2 + (z − 0.072 − 0.024)

)

c2 = 0%54'�"J$4'!$�
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u · n = 0
<8J$7

Γ1 ∪ Γ3
9
u = 0

<PJ$7
Γ2
�&C

2ηD(u)n− pn = 0
<PJ$7

Γ4

:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 5.4 10−5 5.4 10−3 5.4 10−3

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�$45%545C8R
M F

!14'<8>&7L]
F0

� RTC8-;�"!$�6� »
r

9. 10−4 10−3 3.2 10−3 � � � 0 ��� :B�
4. 10−4 F0

0�� :=� : :
Ml

10

• �� � � 2 	 ���� � �:8
57� 	�� ;�2 � � � � � � 2 	 ���� � � 8&57� 	�� ; 2(2
0 /$45CP46+.%54'<S+.CP4'�@/ �

!$�@��+.45/;�
[0; 0.072] × [0; 0.432]cdRA�@� R&CP7P4'� ½@� +��14'<P�U� R&CP7P4'��J;��$J$%5%'� >L+.%'�@CPC8� ∗

c2 = 0%54'�"J$4'!$�
c3 = 1 − c1 − c2>A�@/;!145CP4'�@/;<X+.J��O�@78! ∇ci · n = M0(c)∇µi · n = 0

<8J$7
Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4

u · n = 0
<8J$7

Γ1 ∪ Γ3
9
u = 0

<PJ$7
Γ2
�&C

2ηD(u)n− pn = 0
<PJ$7

Γ4

∗ :i�@J$7X45/$45CP46+.%54'<8�&7�%6+ �$J$%5%'�f<S�@J;<(%6+`Dh�@7P� �f!:Z J$/;�e>L+.%'�@CPC8�M9O�@/�N$78�&/;!�%'�y78RA<PJ$%5CS+.C��@�$C8�&/"J¹� t = 0.25
!:Z J$/>L+.%'>&J$%��@�V%6+f�$J$%5%'���A<8C 45/$45CP46+.%'�&� �&/"C(<PN$-;R&7P4'�"J;�M] ¸ /VDh+.45C,w@+.7P4'�&7,%6+fw"4'<S>A�M<P45C8RX!$�X��+./$4'#&78��%545/;R&7S+.4578�?<PJ$45wM+./"C

z
] ¸ /�N$78�&/;!

η3 = 0.5
�
z = 0

�&C
η3 = 5.4 10−3 � z = 0.24

] :��@J$7
z > 0.24

�@/b+
η3 = 5.4 10−3 ]

:�+.7S+.� #&CP78�A<*N$-"�U<84'��J;�A< �
σ12 σ13 σ23 %1 %2 %3 η1 η2 η3

0.07 0.07 0.07 1 1 1000 5.4 10−5 5.4 10−3 5.4 10−3

:�+.7S+.� #&CP78�A<*/"J$� R&7P4'��J;�A< �
h ∆t ε

� �@�$45%545C8R
M F

!14'<8>&7L]
F0

� RTC8-;�"!$�6� »
r

9. 10−4 10−3 3.2 10−3 � � � 0 ��� :B�
4. 10−4 F0

0�� :=� : :
Ml

10
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)

+1
2 + 1

2 tanh
(
−2

ε
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(r + 0.0082)2 + z2 − 0.01)
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2 + 1
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9
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ε
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√
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