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d̄(ti+1) = d̄(ti) +

∫ ti+1

ti

˙̄d(τ)dτ .
7 9 : ; : ^ ?

� � � 
 � � � � � , 
 � � � � " � � � � � � � � 4 � � � � � � � �
M(q#, t)

� �
N(q#, t)

� � � � � � � � � � � � " � � � � � � �
q# : a 4 � � � � c � �

�

� � � � � � � 
 � � � I � " � � " � � � � � � � � � � � 
 � � � 6

∫ ti+1

ti

M(q#, t) · dq̇ +

∫ ti+1

ti

N(q#, t) · d ˙̄d

= M(q#
i+1, ti+1) · (q̇#(t+i+1) − q̇#(t−i )) + N(q#

i+1, ti+1) · ( ˙̄d(t+i+1) − ˙̄d(t−i )) .

7 9 : ; : 9 ?

� 
 " � � � , 
 � " � � � P � � � � � � � � d � � � � � � � � � � � � � , 
 4 
 � � � � � � 
 � � 
 � � � � � � " � � � � � � � � : n � � � � � � 
 � � � P � �
� � � � � � 6

q̇#(t+i+1) := q̇#(ti+1)
P
q̇#(t−i ) := q̇#(ti)

P ˙̄d(t+i+1) = ˙̄d(ti+1)
� � ˙̄d(t−i ) = ˙̄d(ti)

:
a � " � � I � � � � 4 � � � � c � � � � � � � I � � � � � P � � � � � � � � � � � � � � � I � � � � � 7 W � � � � 
 P ; [ ` 9 ? P � � � 
 � �

θ �

" � � I � � � � � � �

θ ≥ 1/2
6

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ ti+1

ti

F (q#, q̇#, d̄, ˙̄d, t)dt = hi{(1 − θ)F (q#
i , q̇#

i , d̄i,
˙̄di, ti) + θF (q#

i+1, q̇
#
i+1, d̄i+1,

˙̄di+1, ti+1)} ,∫ ti+1

ti

G(q#, q̇#, d̄, ˙̄d, t)dt = hi{(1 − θ)G(q#
i , q̇#

i , d̄i,
˙̄di, ti) + θG(q#

i+1, q̇
#
i+1, d̄i+1,

˙̄di+1, ti+1)} ,∫ ti+1

ti

H(t)dt = hi{(1 − θ)H(ti) + θH(ti+1)} ,

q
#
i+1 = q

#
i + hi{(1 − θ)q̇#

i + θq̇#
i+1} ,

d̄i+1 = d̄i + hi{(1 − θ) ˙̄di + θ ˙̄di+1} ,
7 9 : ; : � ?
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 �  � � � � � � � � �  � � �  � � � �   � � �  � � � � � � � � � � � � 
 � � � � 
 ! � " �  � � # � �

� � � � 
 � � � � � � 

i

� �
i + 1

� � � � � 
 � � � � � � � � 
 � � � � � � � ! � � � � � 
 � & � � ( � 
 � � 
 � & � � & + � � 
 & ( , � � ! � 

ti

� �
ti+1

/

0 2 � ! � ( � 
 � � � ! � 6 � � � �
hiri+1

� 
 � � � � 
 � � � � � � � ! ! � � & � � & + � � � � � � � � � & � � ;

∫
]ti,ti+1]

rdν = hiri+1 .
< > / ? / @ A

B � ( � � � � 
 & � � � & � � � & � � � �
F i := F (qi, q̇i, d̄i,

˙̄di, ti)
D � � 
 � F � ! & � ( ! � � � H ( � 
 2 � � � � � ;

M(q#
i+1, ti+1) · (q̇#

i+1 − q̇
#
i ) + N(q#

i+1, ti+1) · ( ˙̄di+1 − ˙̄di) = hi{(1 − θ)F i + θF i+1} + hiri+1 ,

< > / ? / M & A

hi{(1 − θ)Gi + θGi+1} = hi{(1 − θ)H i + θHi+1} ,
< > / ? / M + A

� �

q
#
i+1 = q

#
i + hi{(1 − θ)q̇#

i + θq̇#
i+1} ,

< > / ? / O & A

d̄i+1 = d̄i + hi{(1 − θ) ˙̄di + θ ˙̄di+1} .
< > / ? / O + A

0 � 
 � � � � � � ( � 
 � ( � � � + � S ! � 
 � � � � � 
 & � � � � , � ! & � � � � 
 � � � & � � � � 
 
 � � � � � � � � H ( �
q̇

#
i+1

D � & � � � � � � � � � ! � �
�

� � � � � � � � & ! � 6 � � � � � ( X � & � � � � � � � � & � � & � 
 Z � � ! & � � � � ˙̄di+1
� � � 2 � ! � ( � 
 � � �

hiri+1
/ 0 � 
 � � � � & � � ! � � � 


q
#
i+1

� � � & ! � 6 � � � � � ( X � & � � � � � � � � & � � & � 
 Z � � ! & � � � �
d̄i+1


 � � � � � � � � 
 � � � � � 
 � � ! ! � � � 
 � & � � & + � � 


 � � � � � & � � � 
 /

	 � � � 	 � �  � � 
 �  � � � � � � � � � � � � � � 
 �  � �

0 & � � 
 � � ( � � � � � ( � � � + � S ! � � � � � � � � & � � � � 
 � � � & � � 
 � � � & � ( � & � X � � � � F ! � � � � � � � � �
�

e & � F 
 � � / 0 � 

� H ( & � � � � 
 < > / ? / M A 
 � � � & � � 
 � � � Z � � ! ( � � � 
 
 � ( 
 Z � � ! � � � � � 
 � � ( 
 � � � � � � 
 � & � � � � 
 
 � � � 
 � � ( � � � � 
 � (

� � � + � S ! � / g � � � � � � � 
 � � 
 � � ( 
 
 ( � � & � � 
 ;

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F(q̇#

i+1,
˙̄di+1, ri+1) := M(q#

i+1, ti+1) · (q̇#
i+1 − q̇

#
i )

+ N(q#
i+1, ti+1) · ( ˙̄di+1 − ˙̄di) − hi{(1 − θ)F i + θF i+1} − hiri+1 ,

G(q̇#
i+1,

˙̄di+1) := hi{(1 − θ)Gi + θGi+1} − hi{(1 − θ)H i + θHi+1} .

< > / ? / ? h A

0 & � � � � 
 
 � � � � � � � � H ( �
q̇

#
i+1

D � & � � � � � � � � � ! � � � � � � � � � � & ! � 6 � � � � � ( X � & � � � � � � � � & � � & � 
 Z � � ! & � � � �

˙̄di+1
� � � 2 � ! � ( � 
 � � �

hiri+1

 � � � 
 � � ( � � � � 
 � ( 
 6 
 � S ! � � � �

�

� � � � & � � � ;

{
F(q̇#

i+1,
˙̄di+1, ri+1) = 0 ,

G(q̇#
i+1,

˙̄di+1) = 0 .

< > / ? / ? ? A

0 2 & � � � � � & � � � � � � � 2 & � X � � � � F ! � � � � � � � � �
�

e & � F 
 � � � � ( 
 & ! S � � j � � 
 � ( � � � D j � 2 � � � � & � � � �
k + 1

D � �

 6 
 � S ! � � � � � & � � � 
 ( � � & � � ;

� � �
� �



� � � � � 
 �  � � � � � � 
  �  � 
 � � � � � � � �  � � � � � � � � �  � � � 
 � � � � � �

J((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1) ·

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(q̇#
i+1)

k+1 − (q̇#
i+1)

k

˙̄dk+1
i+1 − ˙̄dk

i+1

rk+1
i+1 − rk

i+1

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
= −

⎧⎪⎨⎪⎩
F((q̇#

i+1)
k, ˙̄dk

i+1, r
k
i+1)

G((q̇#
i+1)

k, ˙̄dk
i+1)

⎫⎪⎬⎪⎭ ,
� � � 	 � 	 � �

� � � � � � � � � � � � �  � # � � � � � ' � � # F := F(q̇#, ˙̄d, r)
� � G := G(q̇#, ˙̄d, r)

�  � � � ) � * ' � � � �
J

� # � � - / � ' � � � 2 4

J((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂F
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂F
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,
∂F
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂F
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,
∂F
∂r

∣∣∣∣
rk

i+1

∂G
∂q̇#

∣∣∣∣
(q̇#

i+1)
k

+
∂G
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,
∂G
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂G
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,
∂G
∂r

∣∣∣∣
rk

i+1

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.
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6 � � - 2 ' 9 � � ' � � � � # - ; < � � ' � � # � � � 	 � ? � � � � 2 � B � � 4

∂q#

∂q̇#
= hi

� � ∂d̄

∂ ˙̄d
= hi ,

� � � 	 � 	 C �

� F � � � � � � � � � � �
F := F (q#, q̇#, d̄, ˙̄d, t)

� �
G := G(q#, q̇#, d̄, ˙̄d, t)

� � � � < � '  ' # � � �  F L M � � � L P # � � �  �
9 � 2 ' � � ' � �  � � � � � �

M(q#, t)
� � � �

N(q#, t)
� 9 � )

q# 4

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂F
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂F
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

= M(q#
i+1, ti+1) − hiθ

∂F

∂q̇#

∣∣∣∣
(q̇#

i+1)k

− h2
i θ

2 ∂F

∂q#

∣∣∣∣
(q#

i+1)k

,

∂F
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂F
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

= N(q#
i+1, ti+1) − hiθ

∂F

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

− h2
i θ

2 ∂F

∂d̄

∣∣∣∣
d̄k

i+1

,

∂F
∂r

∣∣∣∣
rk

i+1

= −hi ,

� � � 	 � 	 � �

� �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂G
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂G
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

= −hiθ
∂G

∂q̇#

∣∣∣∣
(q̇#

i+1)k

− h2
i θ

2 ∂G

∂q#

∣∣∣∣
(q#

i+1)k

,

∂G
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂G
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

= −hiθ
∂G

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

− h2
i θ

2 ∂G

∂d̄

∣∣∣∣
d̄k

i+1

,

∂G
∂r

∣∣∣∣
rk

i+1

= 0 .
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� � � � � � � � � 
 �  � � � � � � � � �  � � �  � � � �   � � �  � � � � � � � � � � � � 
 � � � � 
 ! � " �  � � # � �

⎧⎪⎪⎪⎨⎪⎪⎪⎩
wk

q#q# =
(
Mk + hiθC

k
F + h2

i θ
2Kk

F

)−1
, wk

q# ˙̄d
=

(
Nk + hiθL

k
F + h2

i θ
2Dk

F

)−1
,

wk
˙̄dq#

=
(
hiθC

k
G + h2

i θ
2Kk

G

)−1
, wk

˙̄d ˙̄d
=

(
hiθL

k
G + h2

i θ
2Dk

G

)−1
,

� � � 
 � 
  �
� � � � �
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Mk = M((q#
i+1)

k, ti+1) ,

Kk
F = − ∂F

∂q#

∣∣∣∣
(q#

i+1)
k

,

Ck
F = − ∂F

∂q̇#

∣∣∣∣
(q̇#

i+1)
k

,

Dk
F = − ∂F

∂d̄

∣∣∣∣
d̄k

i+1

,

Lk
F = − ∂F

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,

� �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Nk = N((q#
i+1)

k, ti+1) ,

Kk
G = − ∂G

∂q#

∣∣∣∣
(q#

i+1)k

,

Ck
G = − ∂G

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,

Dk
G = − ∂G

∂d̄

∣∣∣∣
d̄k

i+1

,

Lk
G = − ∂G

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,

� � � 
 � 
 � �

� � � � � ! � � % ' ) � � * � + � � / � % � 	 � � 4 5 * � � � � �

J((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
wk

q#q#

)−1
,
(
wk

q# ˙̄d

)−1
,−hi

(
wk

˙̄dq#

)−1
,
(
wk

˙̄d ˙̄d

)−1
, 0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
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 � 
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8 � : ; : � = > � % * � ) � * � � � � � 
 � 
 @ � B � + � / 4 � � : � � ) ) � � * � � �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
wk

q#q#

)−1
·
(
(q̇#

i+1)
k+1 − (q̇#

i+1)
k
)

+
(
wk

q# ˙̄d

)−1
·
(

˙̄dk+1
i+1 − ˙̄dk

i+1

)
− hi

(
rk+1
i+1 − rk

i+1

)
= −M(q#

i+1, ti+1) · ((q̇#
i+1)

k) − q̇
#
i ) − N(q#

i+1, ti+1) · ( ˙̄dk
i+1 − ˙̄di)

+hi{(1 − θ)F i + θF k
i+1} + hir

k
i+1 ,

(
wk

˙̄dq#

)−1
·
(
(q̇#

i+1)
k+1 − (q̇#

i+1)
k
)

+
(
wk

˙̄d ˙̄d

)−1
·
(

˙̄dk+1
i+1 − ˙̄dk

i+1

)
= −hi{(1 − θ)Gi + θGi+1} + hi{(1 − θ)H i + θHi+1} .� � � 
 � @ F �

G � : * > B % * L � � � % � B � � > * = � � ) P + � � * 4 � B � �
hir

k
i+1

� � � � � 4 � � � �
q̇

#
lib

� � ˙̄dlib
� � : B � � � * � � > � � � % � : � � % � + � :
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� � � � � 	 
 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
1.68 × 10−3 0.56�
1.76 × 10−3 0.57�
1.80 × 10−3 0.61

� � � � � � �
1.75 × 10−3 0.58

�  
 � � " � � % �
� � ' 
 � � � � � � 3.45 4.56

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 20.7%

� � � - � ' � 
 � � � - �
MPa

� � � � � �  � � � � 1 � ' 
 1 � � � � 	 
 � � � � � � � �� � � � 3 � � - � � � � � 1 � � � � 	 
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� � � � � 	 
 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
1.48 × 10−3 0.53�
1.49 × 10−3 0.53

� � � � � � �
1.49 × 10−3 0.53

�  
 � � " � � % �
� � ' 
 � � � � � � 0.43 0.00

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 30.2%

� � � - � ' � 
 � � � - �
MPa

� � � � � �  � � � � 1 � ' 
 1 � � � � 	 
 � � � � � � � �� � � � 3 � � - � � � � � 1 � � � � 	 
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
1.33 × 10−3 0.51�
1.34 × 10−3 0.52�
1.35 × 10−3 0.52

� � � � � � �
1.34 × 10−3 0.52

�  
 � � " � � % �
� � ' 
 � � � � � � 0.61 0.11

� � � � * � � �
R̂ � = 0.45 R̂ � � � f � = 39.7%

� � � - � ' � 
 � � � - �
MPa

� � � � � �  � � � � 1 � ' 
 1 � � � � 	 
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�
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
1.15 × 10−3 0.49�
1.18 × 10−3 0.50

� � � � � � �
1.16 × 10−3 0.50

�  
 � � " � � % �
� � ' 
 � � � � � � 1.91 1.43

� � � � * �

�
�

R̂ � = 0.45 R̂ � � � f � = 49.3%
� � � - � ' � 
 � � � - �

MPa
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
0.98 × 10−3 0.46�
1.05 × 10−3 0.50�
1.05 × 10−3 0.49�
1.07 × 10−3 0.50

� � � � � � �
1.04 × 10−3 0.48

�  
 � � " � � % �
� � ' 
 � � � � � � 3.60 3.88

� � � � * � �
�

�
R̂ � = 0.45 R̂ � � � f � = 60.5%

� � � , � ' � 
 � � � , �
MPa
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 � � � � � � �

� Zr
tot = 8.4 × 10−4J

(Fxx)R = 0.27%

� � � � * � � � �
R̂ � = 0.45 R̂ � � � f � = 100%

� � � , � ' � 
 � � � , � � ' 
 , � � �  � � � � �
MPa

� � � � � �  � � � � 2 � ' 
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
1.25 × 10−2 2.15�
1.25 × 10−2 2.03

� � � � � � �
1.25 × 10−2 2.09

� � 
 � � ! � � $ �
� � & 
 � � � � � � 0.10 4.06

� � � � ) � � � �
R̂ � = 1.3 R̂ � � � f � = 1.6%
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 � � � , �
MPa
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
1.05 × 10−2 1.88�
9.40 × 10−3 1.48�
9.42 × 10−3 1.49�
1.41 × 10−2 2.35

� � � � � � �
1.09 × 10−2 1.80

� � 
 � � ! � � $ �
� � & 
 � � � � � � 20.5 22.8

� � � � ) � � � �
R̂ � = 1.3 R̂ � � � f � = 3.2%
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 � � � , �
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� � � � � 	 
 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
8.67 × 10−3 1.41�
8.39 × 10−3 1.37�
8.56 × 10−3 1.40�
9.74 × 10−3 1.60

� � � � � � �
8.84 × 10−3 1.45

� � 
 � � ! � � $ �
� � & 
 � � � � � � 6.93 7.25

� � � � ) � � * �
R̂ � = 1.3 R̂ � � � f � = 4.8%
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MPa
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
8.76 × 10−3 1.20�
7.39 × 10−3 1.19

� � � � � � �
8.08 × 10−3 1.20

� � 
 � � ! � � $ �
� � & 
 � � � � � � 12.0 0.59

� � � � ) � � � �
R̂ � = 1.3 R̂ � � � f � = 9.5%

� � � - � & � 
 � � � - �
MPa

� � � � � � � � � � � 1 � & 
 1 � � � � 	 
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
6.15 × 10−3 1.01�
6.11 × 10−3 0.99

� � � � � � �
6.13 × 10−3 1.00

� � 
 � � ! � � $ �
� � & 
 � � � � � � 0.44 1.41

� � � � ) � � � �
R̂ � = 1.3 R̂ � � � f � = 20.7%
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 � � � � � � �

� � � � � 
 � � � � � tot(J) (Fxx)R
� � �

�
5.78 × 10−3 0.90�
5.82 × 10−3 0.90

� � � � � � �
5.80 × 10−3 0.90

� � 
 � � ! � � $ �
� � & 
 � � � � � � 0.55 0.00

� � � � ) � � � �
R̂ � = 1.3 R̂ � � � f � = 30.2%
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MPa
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 � � � � �
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� � � � � 
 � � � � � tot(J) (Fxx)R
�

�
�

�
5.46 × 10−3 0.84�
5.50 × 10−3 0.83

� � � � 
 
 �
5.48 × 10−3 0.84

 � � � � � � � � �
� � � � � � � � � � 0.59 0.85

� � � � � � � � �
R̂ � = 1.3 R̂ � � � f � = 39.7%
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 � � � � � � $ �  tot(J) (Fxx)R
� � �

�
4.99 × 10−3 0.77�
5.17 × 10−3 0.79
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 �
5.08 × 10−3 0.79

 � � � � � � � � �
� � � � � � � � � � 2.49 1.81

� � � � � � �
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R̂ � = 1.3 R̂ � � � f � = 49.3%
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� � � � � 
 � � � � � tot(J) (Fxx)R
�

�
�

�
4.94 × 10−3 0.74�
4.99 × 10−3 0.75

� � � � � � �
4.96 × 10−3 0.75

� � 
 � � ! � � $ �
� � & 
 � � � � � � 0.68 0.95

� � � � ) � �
�

�
R̂ � = 1.3 R̂ � � � f � = 60.5%

� � � , � & � 
 � � � , �
MPa
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 � � � � � � �

� Zr
tot = 6.62 × 10−3J

(Fxx)R = 0.76%

� � � � ) � � � �
R̂ � = 1.3 R̂ � � � f � = 100%

� � � , � & � 
 � � � , � � & 
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MPa

� � � � � � � � � � � 1 � & 
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E

T([u]) · [u̇] ds ,
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τ∑
e=1

∫ T

0

∫
Ke

0

Π : F(u̇) dxdt =

τ∑
e=1

∫
Ke

0

∫ T

0
Π :

dF(u)

dt
dtdx =

τ∑
e=1

∫
Ke

0

∫ T

0
Π : dF(u)dx ,

τ∑
e=1

∫ T

0

d

dt

∫
Ke

0

1

2
ρ‖u̇‖2 dxdt =

τ∑
e=1

∫
Ke

0

1

2
ρ‖u̇‖2 dx ,

−
∑
E

∫ T

0

∫
E

T([u]) · [u̇] dsdt = −
∑
E

∫
E

∫ T

0
T([u]) · d[u]

dt
dtds = −

∑
E

∫
E

∫ T

0
T([u]) · d[u] ds ,

τ∑
e=1

∫ T

0

∫
∂Ke
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e=1

∫
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∫ T
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P · du
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∫
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P · du ds ,

τ∑
e=1

∫ T

0

∫
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f · u̇ dxdt =
τ∑

e=1

∫
Ke

0

∫ T

0
f · du

dt
dtdx =

τ∑
e=1

∫
Ke

0

∫ T

0
f · du dx .
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� cin =

τ∑
e=1

∫
Ke

0

1

2
ρ‖u̇‖2 dx � � � � � � �  � � ! � � " � �

,

� ela + � pla =
τ∑

e=1

∫
Ke

0

∫ T

0
Π : dF(u)dx � � � � � � � ! � � � � � " � � � ! � � � � � � & � � � � � " � �

,

� coh = −
∑
E

∫
E

∫ T

0
T([u]) · d[u] ds � � � � � � � 
 �  � ' ! � � � �

,

� ext =

τ∑
e=1

∫
∂Ke

0∩∂Ω0

∫ T

0
P · du ds � � � � � � � � ) � ! � � � � � � �

Ω0 ,

� vol =
τ∑

e=1

∫
Ke

0

∫ T

0
f · du dx � � � � � � � � � � � , � " � �

.
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τ∑
e=1

∫
Ke

0

∫ T

0
Π : dF(u)dx +

τ∑
e=1

∫
Ke

0

1

2
ρ‖u̇‖2 dx −

∑
E

∫
E

∫ T

0
T([u]) · d[u] ds =

τ∑
e=1

∫
∂Ke

0∩∂Ω0

∫ T

0
P · du ds +

τ∑
e=1

∫
Ke

0

∫ T

0
f · du dx ,
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�
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 6 � � � : � � � � � � �

� ela + � pla + � cin + � coh = � ext + � vol .
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f(x)
� � � ! � � � � � � � / � � � � � � �  � �  ! � � � � 4 � � � � � �  ) � % ! � � � � � � + � � � � � 8 �

� : � � � � � � � � � � � � � � � � � � � � ! � � 4 � � � � � = � � � � � ! � � � % ! � � � � : � �  � � � � � � � � � 8 � � � �

� � ! � ! � � : � �  � � � �
f(x)

� � ! � � � � � � = � � � �
[xi, xi+1] � � � � �

∫ xi+1

xi

f(x)dx ≈ 1

2
(fi + fi+1)(xi+1 − xi) .
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⎧⎨⎩
(
wk

)−1 ·
(
q̇k+1

i+1 − q̇k+1
lib

)
= hir

k+1
i+1(

wk
)−1 ·

(
q̇k+1

lib − q̇k
i+1

)
=

{
−M(qk

i+1, ti+1) · (q̇k
i+1 − q̇i) + hi((1 − θ)F i + θF k

i+1)
} B C � � � � E

3 F � � �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mk = M(qk
i+1, ti+1)

Kk = − ∂F (q, q̇, t)

∂q

∣∣∣∣
qk

i+1

Ck = − ∂F (q, q̇, t)

∂q̇

∣∣∣∣
q̇k

i+1(
wk

)−1
= Mk + hiθC

k + h2
i θ

2Kk

B C � � � � E

� � �
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Mk
IJ =

τ∑
e=1

∫
Ke

0

ρϕI · ϕJ dx 0 ≤ I, J ≤ Ndof
u

FI = −
τ∑

e=1

∫
Ke

0

Π(qk
i+1) : ∇ϕI dx

+
τ∑

e=1
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P · ϕI dS +
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f · ϕI dx
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=
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∑
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i+1 − ˙̄di) + hi{(1 − θ)F i + θF k

i+1}

−hi{(1 − θ)Gi + θGi+1} + hi{(1 − θ)H i + θHi+1}
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Mk = M((q#
i+1)

k, ti+1) Nk = N((q#
i+1)

k, ti+1)

Kk
F = − ∂F

∂q#

∣∣∣∣
(q#

i+1)k

Kk
G = − ∂G

∂q#

∣∣∣∣
(q#

i+1)k

Ck
F = − ∂F

∂q̇#

∣∣∣∣
(q̇#

i+1)k

Ck
G = − ∂G

∂q̇#

∣∣∣∣
(q̇#

i+1)k

Dk
F = − ∂F

∂d̄

∣∣∣∣
d̄k

i+1

Dk
G = − ∂G

∂d̄

∣∣∣∣
d̄k

i+1

Lk
F = − ∂F

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

Lk
G = − ∂G

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

wk
q#q# =

(
Mk + hiθC

k
F + h2

i θ
2Kk

F

)−1
wk

q# ˙̄d
=

(
Nk + hiθL

k
F + h2

i θ
2Dk

F

)−1

wk
˙̄dq#

=
(
hiθC

k
G + h2

i θ
2Kk

G

)−1
wk

˙̄d ˙̄d
=

(
hiθL

k
G + h2

i θ
2Dk

G

)−1
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MIJ =

τ∑
e=1

∫
Ke

0

ρϕI · ϕJ dx 0 ≤ I, J ≤ Ndof
u

FI = −
τ∑

e=1

∫
Ke

0

Π(q#, d̄) : ∇ϕI dx 0 ≤ I ≤ Ndof
u

NIJ =
τ∑

e=1

∫
Ke

0

ρϕI · (πJ ·X) dx 0 ≤ I ≤ Ndof
u 0 ≤ J ≤ Ndof

F̄

GI =

τ∑
e=1

∫
Ke

0

Π(q#, d̄) : πI 0 ≤ I ≤ Ndof
F̄

HI = |Ω0| Π̄ : πI 0 ≤ I ≤ Ndof
F̄
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− ∂FI

∂q#

∣∣∣∣
(q#

i+1)k

= − ∂FI

∂q

∂q

∂q#

∣∣∣∣
(q#

i+1)k

0 ≤ I ≤ Ndof
u

� �
� � � � �

� � � � 	 � �  � � � � � � � � � � � � � � � � � � � � � 	 � 	 � �

q = q# + Rel(d̄) · Xd
� �
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� �
Rel ∈ RNdof

u × Rm � � � ! � � 	 � � � $ � 	 �  � % � ! � � � � Xd
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q
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Π
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− ∂FI

∂q

∂q

∂q#

∣∣∣∣
(q#

i+1)k

= − ∂FI

∂q

∣∣∣∣
(q#

i+1)k

=

τ∑
e=1

∫
Ke

0

∑
0≤J≤Ndof

u

(
M

tg
rig : ∇ϕJ

)
: ∇ϕI

0 ≤ I ≤ Ndof
u
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(
Kk

F

)
IJ

=

τ∑
e=1

∫
Ke

0

(
M

tg
rig : ∇ϕJ

)
: ∇ϕI 0 ≤ I, J ≤ Ndof

u
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(
Ck

F

)
IJ

=

τ∑
e=1

∫
Ke

0

(
M
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amort : ∇ϕJ

)
: ∇ϕI 0 ≤ I, J ≤ Ndof

u

(
Kk

G

)
IJ

= −
τ∑

e=1

∫
Ke

0

(
M

tg
rig : ∇ϕJ

)
: πI 0 ≤ J ≤ Ndof

u 0 ≤ I ≤ Ndof
F̄(

Ck
G

)
IJ

= −
τ∑

e=1

∫
Ke

0

(
M

tg
amort : ∇ϕJ

)
: πI 0 ≤ J ≤ Ndof

u 0 ≤ I ≤ Ndof
F̄
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− ∂FI

∂d̄
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d̄k

i+1

= −
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e=1

∫
Ke

0

∂FI

∂q

∂q
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∣∣∣∣
d̄k
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τ∑
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∫
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(
M
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rig : ∇(πJ ·X)
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=
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(
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rig : πJ

)
: ∇ϕI

0 ≤ I ≤ Ndof
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Dk

F

)
IJ

=

τ∑
e=1

∫
Ke

0

(
M
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rig : πJ

)
: ∇ϕI 0 ≤ I ≤ Ndof

u 0 ≤ J ≤ Ndof
F̄(

Lk
F

)
IJ

=
τ∑

e=1

∫
Ke

0

(
M

tg
amort : πJ

)
: ∇ϕI 0 ≤ I ≤ Ndof

u 0 ≤ J ≤ Ndof
F̄(

Dk
G

)
IJ

= −
τ∑

e=1

∫
Ke

0

(
M
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rig : πJ

)
: πI 0 ≤ I, J ≤ Ndof

F̄(
Lk

G

)
IJ

= −
τ∑

e=1

∫
Ke

0

(
M
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amort : πJ

)
: πI 0 ≤ I, J ≤ Ndof

F̄
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F = Ck

G Dk
F = Kk

G
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(
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q#q#

)−1 (
wk

q# ˙̄d

)−1

(
wk

˙̄dq#

)−1 (
wk

˙̄d ˙̄d

)−1
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