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Étude du comportement de gaz rares dans une 
matrice céramique à haute température : 

modélisation par approches semi-empiriques. 



Étude du comportement de bulles de gaz rares confinées dans une matrice 
céramique à haute température : modélisation par des approches semi-

empiriques 
 

 
 
Le dioxyde d’uranium UO2 est utilisé en tant que combustible standard dans les réacteurs à eau 
pressurisée (REP). Pour cette raison il est très important de bien connaître ses propriétés 
mécaniques, thermiques et physico-chimiques dans les conditions de fonctionnement normales ou 
accidentelles (600K - 2000K). Lors des réactions de fissions de l'uranium, des gaz rares tel que le 
Xe et Kr sont générés. Ces atomes présentent une très faible solubilité dans la matrice 
combustible et vont donc soit être relâchés, soit former des bulles de gaz (intra ou 
intergranulaires) au sein de l’UO2. La présence de ces bulles modifie les propriétés 
thermomécaniques du combustible. Les enjeux en terme de sûreté, liés à la présence de ces 
bulles, ont donné lieu à d'importants travaux, tant sur le plan expérimental que théorique, afin 
d'accroître notre compréhension de l'ensemble des propriétés physiques et du comportement du 
combustible. L’objectif de ces travaux est de mieux comprendre l'impact de bulles de gaz 
intragranulaires sur le comportement du combustible au moyen de modélisations atomistiques. 
Dans un premier temps, l'impact de cavités intragranulaires sur les propriétés thermomécaniques 
(comportement élastique, dilatation thermique et conductivité thermique) ont été étudiées par des 
approches semi-empiriques. Un soin particulier a été porté à l’étude des effets d’interfaces pour 
ces cavités nanométriques. Dans un deuxième temps, nous avons procédé à un remplissage 
physique des ces cavités par du xénon et nous avons étudié la microstructure et les pressions 
régnant au sein des bulles.  Le confinement par la céramique conduit à des pressions dans les 
bulles beaucoup plus importantes qu’estimé jusque là.  
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Ejection
Surface

Recul direct
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Surface microscopique

Surface Géométrique
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(V − nb) = nRT = .A a '"& )% .!"&%!&' -',-3"'!&%& 4' ('" ;.-'"%&&-%& 4'" '& b℄= %##!' (' '" ':,-'"" .!" !' !.#" "'2E)' %(%,&3' B )% ('"- ,& .! (' E#))'"('!"'" (' :3!.!/L' !.#4'))'" 36#%& .!" (<3&%& ,.#- )' :3!.! ".#" +%#&' ,-'"" .! '& +%#&' &'2,3-%&#-' .!& 3&3-3'22'!& (34').,,3'" HMN= OP℄/ Q','!(%!& '" 3&#('" !37) 7'!& )'"  !&'-%& .!" '!&-' )' 7%8 '& )%2%&- ' 6# .!& ) '# %#:  !&'-;%'" R'S'& (' .!1!'2'!&T '& 6# ,'#4'!& U&-' &-5"  2,.-&%!&'" HOI℄/ !"##$%& '(&# )( *(+!$" - ().)# (&+/!$".!#F.#- %)#)'- )'" .!&-% !&'" '& )% ,-'"" .! B )< !&'-;%' 2%&- 'VE#))'= )'" 2.(5)'" 2 -.23%! 6#'"#& ) "'!& #!' 36#%& .! (' %, ))%- &3 R). (' W%,)%'T @X! -37 2' !.2 !%)= .! ,."&#)' '! 73!3-%) 6#' )<36# ) E-' 23%! 6#' '!&-' )% E#))' '& )% 2%&- ''"&  !"&%!&%!3/ W<36#%& .! (<36# ) E-' ('" ,-'"" .!" "<3- & " 2,)'2'!& @
Pint = Pext +
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H = Tee + Uee + Tnn + Unn + Une D !"E4O Tnn (, Unn 34+, '(3 4?)-%,(5-3 ./)+(-6&( &+),&<5( (, ./)+(-6&( ./&+,(-%,&4+ (+,-( '(3 +49%582FT



Tee  ! Uee " # $%&'(! )'# *+&, '-. .,&!.0)  ! *+&, '-. *+.,! '(!.$,  ,!' " # &" !'$,#  ! Uneee * "+&0)(!.$, P3Q3 > # 5&!<$* # #$,! %'&.# #6 %$)' % ) 0) " #1#!85 &!)*.&#$.! *(,# " # $,*.!.$,# *+(%%'$2.5(!.$, * "( 5&!<$* )!.".#& 6 5(.# #$,! !'8# $R! )# #  , ! 5%# !  , ' ##$)' * (")"3 S"  2.#! * ,$5@' )# # (%%'$2.5(!.$,# %'$%$#& # %$)' &:(") ' " ! '5 
Uee



 !"#  ! " #$%&'$( )*+(,$-. &'+ $/$-.$0'+ '. 1-3-/*-1'-.+ 4'+ ,*.534'+ 4' $&(& 46*-')01' *&'7.)3-18(' */38(*'+!
9:



U(r1, r2, ...) = E0 +

n
∑

i

E1(ri) +

n
∑

i,j

E2(ri, rj) +

n
∑

i,j,k

E3(ri, rj , rk) + ...  !"!#$% & '() *' &$+,-' ./0)$+'( ') ri *'1-( $$-.$&&3'("4' )'-+' Eo
Epot(r1, r2, ...) ≃

∑

i,j

E2(ri, rj)  !"J#K'( 6&)'-0)6$&( ($&) )-06)3'( '& .'1? >0-)6'( I 1&' >0-)6' >1-'+'&) 3*')-$()0)651' :06(0&)6&)'-7'&6- *0 -3>1*(6$&L0))-0)6$& '&)-' &$;01? >$-)0&) 1&' =0-9' qi ') 1&' >0-)6' +$.3*6(0&) *'(6&)'-0)6$&( '&)-' &109'( 3*')-$&651'(" !"#$%"'(!) *+#"$()"%"',-#) . )(//%"'(! 0123%+0 #" )(//%"'(! 0# 4(+54' >$)'&)6'* 3*')-$()0)651' -'>-3('&)0&) *'( 6&)'-0)6$&( '&)-' *'( =0-9'( >$&)1'**'( >'1) (/3-6-'($1( *0 :$-+' (1670&)' I
Ecoul =

∑

i

∑

j

qiqj
4πε0rij

 !"M#$% qi@ qj -'>-3('&)'&) *0 =0-9' .'( >0-)61*'( ') rij *0 .6()0&' (3>0-0&) *'( >0-)61*'("
Ecoul '() *' )'-+' .$+6&0&) >$1- *'( +0)3-601? 6$&651'(  >$1- */EF2 *0 >0-)6' .' */3&'-96'3*')-$()0)651' '() .' */$-.-' .' NOGPOQ#" 4/6&)'-0)6$& $1*$+,6'&&' 096) A *$&91' >$-)3' ') +0*9-3(0 :$-+' (6+>*'@ */370*10)6$& .' ' )'-+' '() )-<( $R)'1(' '& )'+>( .' 0*1*" K'*0 '() .R 01 :06)51' +H+' (6 */3&'-96' ./6&)'-0)6$& $1*$+,6'&&' '&)-' .'1? 6$&( .3-$S) '& 1/r@ *' &$+,-' ./6$&(A >-'&.-' '& $&(6.3-0)6$& 70-6' '& r2" 4' 0*1* .' *0 >0-)6' 3*')-$()0)651' $&7'-9' .$& )-<(*'&)'+'&)  '& -30*6)3 *0 $&7'-9'&' '() 0))'6&)' ('1*'+'&) ($1( '-)06&'( $&.6)6$&(#" D'( +3)=$.'($&) 3)3 .37'*$>>3'( 08& .' -3($1.-' ' >-$,*<+'"4'( >*1( 1)6*6(3'( ($&) *0 ($++0)6$& ./TU0*. VNW℄ ') *0 ($++0)6$& .' Y$*: VNZ℄δ"K'))' :$&)6$& 0 >$1- )-0&(:$-+3' .' ]$1-6'- 1&' :$&)6$& $&()0&)' (/3)0*0&) .0&( )$1) */'(>0'JN
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α4M-,'#)(F %- +N%')( '-( +') ( 1#,) #.')#%- 3+',,#(--( 1( 0;0( 8+ 3( &'( *+ $+ )#'*(4 G(, #-)( +H)#%-, 2%-) ($(-1+-) +2%# *#(' (-) ( *(, 8+ 3(, $%-)'(**(, () *(' $ %$ ( O#0+3(P 3+',,#(--(F (,#-)( +)#%-, -( ,%-) $+, $8Q,#&'(, () 1%#2(-) ;) (  ()# !(, *% , 1' +*'* 1' $%)(-)#(* !*() %,)+)#&'(4L+ ,%00+)#%- 1DMR+*1 ,( 1!%'$( 1%- (- ) %#, )( 0(, SB '- )( 0( Ureel %  (,$%-1+-) +'= #-)( +)#%-, (-) ( 8+ 3(, $%-)'(**(, ! +-)!(, () +*'*!1+-, *D(,$+(  !(* J '-( 1#,)+-( 6=!( +')%' 1( 8+&'( 8+ 3(F D(,) J 1# ( +')%' 1D'-  +Q%-1( %'$' ( ,$8! #&'( S
Ureel =

1

4πε0

∑

i=1

∑

(rij<Rcut)j>i

qiqj
rij

erfc(αrij) >?4TA%U erfc (,) *+ 9%-)#%- 1D(  (' %0$*!0(-)+# (F rij (,) *+ 1#,)+-( (-) ( *D+)%0( i () j ()
Rcut *(  +Q%- 1( %'$' (4 L+ 9%-)#%- (  (' ( 9 (,) 1!6-# 1( *+ 0+-#/ ( ,'#2+-)( S

erfc(x) =
2√
π

∫ +∞

x
exp−t2dt >?4VAB W- )( 0( UFourier +*'*! 1+-, *D(,$+(  !#$ %&'( () %  (,$%-1+-) J *+ %-) #.')#%- 1(,3+',,#(--(,  ($ !,(-)+-) *+ 8+ 3( 1( 8+&'( $+ )#'*(4 UFourier (,) +*'*!( +' 0%Q(- 1(*D!&'+)#%- 1( <%#,,%- S

UFourier =
1

2V ε0

kmax
∑

k

exp(−k2/4α2)

k2
|
∑

i

qie
−ik.ri|2 >?4XA%U kmax (,) *( -%0. ( 1( 2()(' , 1D%-1( k %-,#1! !, () ri *+ $%,#)#%- 1( *D+)%0( i Y@Z
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Uauto =

1

4πε0
(
α

π1/2
)
∑

i

q2i 89:;<= 5.%#*% '$ $, #%)*, $>5%$,,*)", )" )?#*$"# /$ #$%&$ @"./ '$ /. ,)&&.#*)" '1AB./' 7
Ecoul = UFourier + Ureel − Uauto 89:C<D. %0./*,.#*)" '$ /. ,)&&.#*)" '1AB./' E.*# *"#$%6$"*% '$-> 5.%.&F#%$, *&5)%#."#, 7 α $# kmax:

kmax )%%$,5)"' + -" %.G)" '$ )-5-%$ '.", /1$,5.$ %0*5%)H-$I $# α )%%$,5)"' + /. /.%4$-%'$, '*,#%*?-#*)", '$ 3.%4$, 4.-,,*$""$,: J$ '$%"*$% 5.%.&F#%$ 5)"'F%$ /. 6*#$,,$ '$ )"6$%4$"$'.", /1$,5.$ %0$/ $# %0*5%)H-$: K/-, α $,# 4%."' $# 5/-, /. )"6$%4$"$ $,# %.5*'$ '.", /1$,5.$%0*5%)H-$ $# /$"#$ '.", /1$,5.$ %0$/ $# *"6$%,$&$"#:  !""#$%!& '( )!*+D$, &)#*6.#*)", '$ /. ,)&&.#*)" '$ L)/E ,)"# *,,-$, '1-"$ 5.%# '- '0,*% '106./-$% /$, *"#$%.#*)",0/$#%),#.#*H-$, 5.% -" 5)#$"#*$/ '$ 5.*%$ '$ E)%&$ r−1 + /1*"#0%*$-% '1-" %.G)" '$ )-5-%$ Rcut85%)?/F&$ '$ M.'$/-"4< $# '1.-#%$ 5.%# '$ )&5%$"'%$ 53G,*H-$&$"# )&&$"# /. ,)&&.#*)"'1AB./' 5)-6.*# %0,)-'%$ -" 5%)?/F&$ '$ )"6$%4$"$ 53G,*H-$ 5.% -" .%#*@$ &.#30&.#*H-$ 8L)/E5%0,$"#$ $ ., )&&$ -"$ E)%&$ ,*$"#*@H-$ '$ N&.4*$ ")*%$O P;Q℄<: D$, N.,#-$,O -#*/*,0$, '.",/. ,)&&.#*)" '$ L)/E ,)"# /$, ,-*6."#$,: D. 5%$&*F%$ $,# '1*&5),$% .%#*@*$//$&$"# /. "$-#%./*#0+ /1*"#0%*$-% '$ /. ,53F%$ '0@"*$ 5.% /$ %.G)" '$ )-5-%$ Rcut )S ,)"# ./-/0$, /$, *"#$%.#*)",0/$#%),#.#*H-$, '1-" .#)&$ i
ECoulomb

i (Rcut) ≈ EElec
i (Rcut) − Eneut

i (Rcut) 89:\]<)S Ecoulomb
i $,# /10"$%4*$ 0/$#%),#.#*H-$ )-/)&?*$""$ #)#./$ '$ /1.#)&$ iI EElec

i /10"$%4*$ 0/$2#%),#.#*H-$ /*0$ .-> *"#$%.#*)", '$, .#)&$, )"#$"-, '.", /. ,53F%$ '$ #%)".#-%$ .-#)-% '$ /1.#)&$U]
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 !"#  !" # $&'() * +,-. +/(,01/201 +, 3) 0,-45)3/1)4/20 +, &)56, * 37/04'5/,-5 +- 5)820 +, 2-9-5,
Rcut! :0 201/+'5)04 ;-, 3,1 52/. 52-6,1 1204 +,1 &)56,1 921/4/<,1 ,4 3,1 =2-3,1 =3,-,1 +,1 &)56,10'6)4/<,1> 3) 1-5?), +, 4520)4-5, 9211@+, A &)56,1 0'6)4/<,1 ,.'+,04)/5,1! B,1 52/. ,042-5',1255,1920+5)/,04 )-. &)56,1 /()6/0)/5,(,04 +')3',1 <,51 3, 5)820 )C0 +, 0,-45)3/1,5 3) 19&@5, +,4520)4-5,!
i> ,4 Eneut

i ,14 37'0,56/, '3,45214)4/;-, 3/', )-. )42(,1 C4/<,(,04 93)'1 )- 0/<,)- +- 5)820 +,2-9-5, 92-5 0,-45)3/1,5 3) &)56, +, 3) 19&@5, +, 4520)4-5,! D, +,50/,5 4,5(, 9,-4 17'5/5, )/01/ E
Eneut

i (Rcut) =
1

4πε0

qi∆qi(Rcut)

Rcut
F !GGH2I qi ,14 3) &)56, +, 3) 9)54/-3, i> ,4 ∆qi 3) &)56, 632=)3, +, 3) 19&@5, +, 4520)4-5, +, 5)820

Rcut ,4 ,045', 1-5 37)42(, i! B7'0,56/, '3,45214)4/;-, 424)3, +- 1814@(, 9,-4 +20 17'5/5, 12-1,44, ?25(, E
ECoulomb

tot (Rcut) ≈
1

4πε0

1

2

N
∑

i=1

∑

i<j

(rij<Rcut)

(

qiqj
rij

− qi∆qi(Rcut)

Rcut

) F !G H2I J ,14 3, 02(=5, +7)42(,1 +- 1814@(, ,4 rij 3) +/14)0, ,045, 3,1 )42(,1 i ,4 j! K3 ,14 9211/=3,+, <2/5 37&8924&@1, +, 0,-45)3/1)4/20 12-1 -0 )-45, )063,! L2-5 ,3)> /3 ,14 0',11)/5, +, 5')55)06,5()4&'()4/;-,(,04 37';-)4/20 95''+,04, 2((, ,/ E
ECoulomb

tot (Rcut) ≈
1

4πε0

1

2

N
∑

i=1

∑

i<j

(rij<Rcut)

qiqj

(

1

rij
− 1

Rcut

) F !GAHD,44, ';-)4/20 5'<@3, 3, 20,94 9&81/;-, +, 3) 0,-45)3/1)4/20 +, &)56, )- 0/<,)- +, 3) 1-5?),!L2-5 &);-, &)56, qj * -0, +/14)0, rij +7-0 )42(, i> -0, &)56, M/()6, N ,14 952O,4', )- 0/<,)-P 



 !"#  !" # $%&'()(*&+&,-% .' /0*12+&,-%  !34! 5-2( &-2&' 7+(8' qj 9 2%' .,:&+%' rij .02% +&-;' i2%' 7+(8' ,;+8' −qj ':& )(-<'&*' +2 %,='+2 .2 (+>-% .' -2)2(' Rcut ?@"℄!.2 (+>-% .' -2)2(' 9 2%' .,:&+%' Rcut .' /0+&-;' i
erfc(αrij) + erf(αrij



 !"#  !" # $%&'()& *+&-'./-0-)12& 3&/ 0-.4&/ 352'0%)24 &% 6.%-).% 32 '07.% 3& .282'&9 3&40%):'& 82'&4&%- .2+.4;)&%%& <.2';& %.)'&9 =0+&2'/ 3)=)/*&/ 80' >?@9 0+2+*& 0=& +5A78.-A:/&3& %&2-'0+)/0-).% 3& A0'(& <.2';& '.2(&@ &- 0=& +5A78.-A:/& 3& %&2-'0+)/0-).% 3& A0'(& B 6.%-).%3504.'-)//&4&%- <.2';& =&'-&@!
ECoulomb

tot ≈ 1

4πε0

1

2

N
∑

i=1

∑

i<j

(rij<Rcut)

{

qiqj

(

erfc(αrij)

rij
− erfc(αRcut)

Rcut

)} < !>C@
− 1

4πε0

(

erfc(αRcut)

2Rcut
+

α

π1/2

) N
∑

i=1

q2i

+
1

4πε0

1

2

N
∑

i=1

∞
∑

j

qiqjerf(αrij)

rijD0%/ &--& 6.'42+0-).%9 +& 3&'%)&' -&'4& 3& +5*120-).%  !>C &/- 0//)4)+* E 2% -&'4& 3& .''&-).%.%/)3*'* 8&-)- =)/FEF=)/ 3&/ 3&2G 02-'&/ &- &/- 3.% %*(+)(*! !"!#$%"&'!%&() *+ ,! '(##!%&() *+ -(,.H2' +& 4I4& 8')%)8& 12& +0 /.440-).% 35JK0+39 +0 /.440-).% 3& L.+6 %*&//)-& +& 80'04*-'0(&3& 3&2G =0+&2'/ M +& '07.% 3& .282'& Rcut &- α! N50O2/-&4&%- 3& &/ 80'04:-'&/ /& 60)- 3& +0 4I4&40%):'&! P.2/ 3)/2-&'.%/ 8+2/ &% 3*-0)+ 3& +5)48.'-0%& 32 -&'4& .''&-)6 &- 3& +0 80'04*-')/0-).%3& +0 /.440-).% 3& L.+6 30%/ +& A08)-'& Q!R &% 60)/0%- +& +)&% &%-'& /.440-).% 35JK0+3 &- 3& L.+6!S&--& 3)/2//).% .%/-)-2&'0 2%& 80'-)& )48.'-0%-& 3& %./ -'0=02G!N0 /.440-).% 3& L.+6 8.//:3& +50=0%-0(& 3& %& 0+2+&' +5*%&'()& ECoulomb
tot 1250=& 3&/ )%F-&'0-).%/ 3& 80)'&/9 E +0 3)T*'&%& 3& +0 /.440-).% 35JK0+39 & 12) 8&'4&- 3& 0+2+&' +5*%&'()&*+&-'./-0-)12& 80' 0-.4&! S& 3&'%)&' 8.)%- &/- -':/ )48.'-0%- 82)/125)+ 8&'4&- 35*=0+2&' -':/ '08)3&FUU



℄8KOP℄ !# KOQ℄H6 D!/ #'%&%1? *! R)&!'/KLS℄ !# R!"-KLL℄ )"#  )"#', 01! $! 3)#!"#(!$ *! T%/%U *,'(&%(#)''!#! !"# $!/ ("#!'%#()"/ !# $!/ -'%"*!1'/  %')/)3(01!/ )E/!'&,!/ *%"/ $+VW2 ")#%  !"# @2%1#! #! 3,'%#1'!6 7! 3)#!"#(!$ !/# ,-%$! !"# #'%"/;,'%E$! @ *!/ /#'1#1'!/ ,$)(-",!/ *! $% ;)' !X1)'(#! 3%';%(#! ! 01( !/# $%('! !"# $! %/ %1 &1 *!/ 3)')/(#,/ 01! ")1/  )*,$(/)"/ *%"/ ")/!$$1$!/6 D! 3)#!"#(!$ *! T%/%U KYZ℄ '!3)/! /1' $!/ !?3'!//()"/ %"%$4#(01!/ *! T1U("-2% C[($$G3)1' $!/ ("#!'%#()"/ VCV8 WCW !#8 !" 3%'#(!8 $!/ ("#!'%#()"/ VCWH !# *! >)'/! G3)1' $% *!1?(5 !3%'#(! *!/ ("#!'%#()"/ WCVH *,&!$)33,!/ (C*!//)1/6 =("/(8 $+,"!'-(! 3)#!"#(!$$! /+,'(# /)1/ $% ;)' !/1(&%"#! \
EPair = ECoul + EBuck + EMorse GZ6YPH  !"#$%&'(%!) "*& +!,*& "* .') /*, 0''$& 1 2!(*)(%*$ "* 345%)67'89:%$$D!/ -%] '%'!/ /)"# 1" E)" !?! 3$! *! /4/#5 ! 3',/!"#%"# *!/ ("#!'%#()"/ ")" 31'! !"# ()"(01!/6)̂1/ $!/  ) !"#/  1$#(3)$%('!/ *+1" -%] '%'! /)"# "1$/6 _,%" )("/8 /( ")1/ ,#1*(()"/ $!/ ("#!'%#()"/!"#'! *!1? %#) !/ *+%'-)" ")1/ &!''()"/ 1"! &%'(%#()" *! $+,"!'-(! 3)#!"#(!$$! %&! $% *(/#%"! 01(/,3%'! !/ *!1? %#) !/6 J$ !?(/#! *)" E!$ !# E(!" *!/ ("#!'%#()"/ !"#'! $!/ %#) !/6 D!/ *,&(%#()"/ *!) 3)'#! !"# 3%' '%33)'# @ 1" -%] 3%';%(# G/%"/ ("#!'%#()" !"#'! 3%'#(1$!/H ;)"# /)1&!"# ',;,'!"!%1? ;)'!/ *! %̀" 9!' :%%$/6 I)1'  )*,$(/!' !# 01%"#(a!' *! #!$$!/ ("#!'%#()"/8 ")1/ 1#($(/)"/ $!3)#!"#(!$ *! T1U("-2% C[($$6 7! 3)#!"#(!$ ) 3'!"* *!1? #!' !/ \ 1"! ;)"#()" *,'(&%"# $!/("#!'%#()"/ ',31$/(&!/ @ )1'#! 3)'#,!8 @ $%01!$$! !/# %b)1#, 3)1' $+("#!'%#()" WCW8 1" #!' !*+%##'%#()" *! %̀" 9!' :%%$/ !" 1/r6 \
EBuck(r) = Aexp(−r

ρ
) − C

r6
GZ6YMH9%"/ $% ;)' ! %"%$4#(01! *1 3)#!"#(!$ *! T1U("-2% C[($$8 ($ !?(/#! 1"! 3%'#(! ")" 324/(01!@ #'5/ )1'#! 3)'#,! ("*1(#! 3%' $% 3',/!"! *1 #!' ! −C

r6
6 = ;%(E$! *(/#%"!8 $! 3)#!"#(!$ *!&(!"#!?!//(&! !"# %##'%#(; 3)1&%"# % !"!' $! /4/#5 ! @ ( 3$)/!'6 I)1' !/ 3!#(#!/ *(/#%"!/ G+!/# @*('! 3)1' *!/ *(/#%"!/ ("#!'C%#) (01! (";,'(!1'!/ @ 1"! &%$!1' rbornH8 $! 3)#!"#(!$ *! T1U("-2% C[($$ /!'% '! 3$%, 3%' 1" 3)#!"#(!$ *! ;)' ! T)'"C>%4!' G;6 a-1'! Z6LH6SQ



 !"#$%"'(! )#*+ )#*, )#*)#
rborn -./ 012 010 013 !"# 410 5 6%7#8$9 :# 7% :'9"%!# rborn ;(8$ 7#9 '!"#$%"'(!9 <=!(!*>%"$'#1
EBornMayer(r) = Aexp(−r

ρ
) -4102/?#9 ;%$%>@"$#9 :# #""# A(!"'(! 9#$(!" %787=9 B ;%$"'$ :#9 ;%$%>@"$#9 :# 7% A(!"'(! C8D'!EF%>*G'77 #! '>;(9%!" :#9 (!:'"'(!9 :# (!"'!8'"= -A(!"'(! #" :=$'H=# :# 7% A(!"'(!/1 ?($9 :# !(99'>87%"'(!9I !(89 %""%F#$(!9 8!# E$%!:# '>;($"%!# B # J8# 7#9 :'9"%!#9 %$%"=$'9"'J8#9 :89K9"@># B 7L=J8'7'M$# -:'9"%!# #!"$# %"(>#9 ;%$ #<#>;7#/ 9('#!" 98;=$'#8$#9 B rborn1 ?#9 H%7#8$9 :## ;%$%>@"$# ;(8$ 7#9 '!"=$%"'(!9 <=!(!*>%"$'# 9(!" :(!!=9 :%!9 7# "%M7#%8 4101

$%&# 412 5 N<#>;7# :# ;("#!"'#7 C8D'!EF%>*G'77 :'H#$E#%!" #" :8 ;("#!"'#7 C($!*O%K#$ %P89"= %8;("#!"'#7 '!'"'%71  ' 7# $%K(! rborn #9" :L#!H'$(! 01Q .1  !"#$%&'(%!) "* $%'%&!)& !,'$*)(*& - .!(*)(%*$ "*  !/&*?% (8$M# :L=!#$E'# ;("#!"'#77# ;(8$ 8!# 7'%'9(! F'>'J8# 9"%!:%$: ;#8" R"$# $#;$=9#!"=# %!%*7K"'J8#>#!"1 S# "(8"#9 7#9 A(!"'(!9 8"'7'9=#9 ;(8$ >(:=7'9#$ #""# (8$M#I #77# 98EE=$=# ;%$ O($9##9" ;%$"'87'@$#>#!" 8"'7# :%!9 7# %9 :#9 7'%'9(!9 '(!(*(H%7#!"#91 T# ;("#!"'#7 #9" $#;$=9#!"= 98$ 7%UE8$# 41V1 ?# ;("#!"'#7 :# O($9# #9" :# 7% A($># 98'H%!"# W
Emorse(r) = D[1 − exp(β(r∗ − r))]2 − 1 -410V/(X S #9" 7% ;$(A(!:#8$ :8 >'!'>8> :# 7L=!#$E'# ;("#!"'#77# -#" :(! 7% A($# :# 7% 7'%'9(!(H%7#!"#/I β :=$'" 7% (8$M8$# :# # ;("#!"'#7 #" r∗ #9" 8! ;%$%>@"$# :=$'H%!" 7% :'9"%!# :8QY



 !"!#$%"&'  !("& )*)  !("& +*+  !("& +*), -&./ 0122324 5463768 142397: -&. · ;6/ 2348< * *
ρ -;−1/ <3257<55 <3257<55 <3257<55= -&./ * * <387768
β -;−1/ * * 03189
r∗ -;/ * * 53214 !"# 535 >  !"!#$%"&' ?@ AB%&C%(&D ?& E!'!F3#(C(#@# GC&"HG%(I@&3

℄3 :& AB%&C%(&D@%(D('& D! TB"#& E@F(CHQ!#*R(DD3 WD ! G%G %&'%G &% B#A!"G A!" ]&D&! [4<℄ !L& ?&@N !@%"&' AB%&C%(&D'67



 !"#$"%#& '# ()*)+ ,-.℄ 0)&#12* #3452%6#$")&#* ,78℄
C11 9:4); <=7>- ?78>?
C12 9:4); @->. --7>A
C44 9:4); B8>B B8>AC 9:4); -A@>8 .=<>=4)2)6D"2# '# &) 6)%&&# 9E; B><B< B><A !"# .>? F G!64)2)%*!$ '# 42!42%5"5* 5&)*"%H1#* )I# &# 4!"#$"%#& '# ()*)+ #" )I# '#* '!$$5#*KLM !1 #3452%6#$")&#* N Cij O !$*")$"#* 5&)*"%H1#* P C Q R!'1&# '# !642#**%S%&%"5 TU'2!*")"%H1#>K5V)1"* :2%6#* 6!'%W5 :#$X Y)+*!$ 0)&#12  ! "#"$"% ,8-Z 8.Z 8?Z 8<℄[$"#2*"%"%#& -A>- ..>7 .=>? 8>A-N-.>=-\)1$# ']12)$%16 B>7 B>7 A>= ->8BNB>AA\)1$# ']!3UXD$# -?>< -8>@ -A>= A>B?N8>-<(%&)1$# ^_ <>7 B>? @>- ->BBM2%&)1$# ^_2 9[; <>8 B>= B>8 B>?8M2%&)1$# ^_2 9[[; <>? <>8 B>@ B>-@M2%&)1$# ^_2 9[[[; ?>A <>7 B>. =>-7NB>-B !"# .>< F G!64)2)%*!$ #$"2# &#* 5$#2X%#* ']%$!24!2)"%!$ '1 35$!$ ')$* '%`52#$"* *%"#* '# &)6)"2%# ^_2>&)2X#6#$" 1"%&%*5*Z &# 4!"#$"%#& '# :#$X ,77℄ #" &# 4!"#$"%#& '# aY)+*!$ .a ,7<℄> \]5$#2X%# ']%$!2N4!2)"%!$ '1 35$!$ ')$* '%`52#$"* *%"#* '# &) 6)"2%# ^_2 ) 5"5 !$*%'525# !66# &# 2%"D2# 4!12!64)2#2 #* 4!"#$"%#&*Z '#* 25*1&")"* %**1* '])442!T#* KLM *#2I)$" '# 25V52#$#> \# 4!"#$"%#& '#:2%6#* '!$$# 1$# 6#%&&#12# 5I)&1)"%!$ '#* 5$#2X%#* ']%$!24!2)"%!$ '1 b# H1# &#* )1"2#* 4!"#$"%#&*9V> ")S> .><;> !12 &#* %$"#2)"%!$* 35$!$c35$!$ '#13 4!"#$"%#&* 9(2#)2&#U ,8B℄ #" M)$X ,8@℄;Z #13 )1**% '#V!26# (1+%$XT)6Nd%&&Z !$" 5X)&#6#$" 5"5 "#*"5* 4)2 Y#&#) ,8=℄ *12 &# )&1& '# #2")%$#* 42!42%5"5*4TU*%H1#* !66# &) 42#**%!$ #$ V!$"%!$ '# &) '#$*%"5> \# 4!"#$"%#& '# (2#)2&#U *#6S&# '!$$#2 '#6#%&&#12* 25*1&")"* #" #Z 6e6# f T)1"# '#$*%"5 ,8A℄> G]#*" '!$ *12 # 4!"#$"%#& H1# $!"2# T!%3*]#*" 4!2"5> \#* 4)2)6D"2#* '# # 4!"#$"%#& )%$*% H1# #13 '1 4!"#$"%#& '# :2%6#* *!$" '%*4!$%S&#*')$* &# ")S&#)1 .>B>  )2)6D"2#*  )%2# b#N_  )%2# b#N^  )%2# b#Nb#g 9#0; B87>= @-?8>-@ <8?<>-=?G 9eV · E6; A->7< -=7>?7 .8A>B

ρ 9E−1; =>?< =><.BA =>?B@ !"# .>B F  )2)6D"2#* '#* 4!"#$"%#&* 35$!$c6)"2%# #" 35$!$c35$!$> !"!" #$%&'%()*+ ,' (-./- ,- &0-+(.*1)- $)2.%()*+-&&- 1%. &% ,3+%/)4'- ,-5.65-%'7 .)5(%&&)+5\]1"%&%*)"%!$ '# 4!"#$"%#&* %$"#2)"!6%H1#* 4#26#" ']5I)&1#2 &]5$#2X%# %$"#2$# '1 *U*"D6#> K)$* &#)* ']1$ *U*"D6# !h &) 4!*%"%!$ '#* )"!6#* $# I)2%# H1])1"!12 '# &]5H1%&%S2# 94)* '# 4T5$!6D$# '#<7



 !"#$!%&'( )* +*,-!. .&-,%+!/#.  . )01&.,2!. -%-*). .$-  #. *#3 4!5,*-!%&$ +,1$.&-.$  *&$ ). 6*-1,!*#78. -.,6. +.#-  %& :-,. %5-.&# +*, #&. *&*);$.  .$ 6% .$ +,%+,.$  . 4!5,*-!%&  # $;$-<6.7=& ,*++.) %6+).- $#, ).$ %& .$ 1)*$-!/#.$  *&$ #& 6!)!.# ,!$-*))!& .- $#, )* &%-!%&  . +>%&%&.$-  %&&1 .& *&&.3.7 ? +*,-!,  .$ ,.)*-!%&$  .  !$+.,$!%& ω(k)( %& %5-!.&- #&. @ .&$!-1@  . +>%&%&$4!5,*&-$ A )* +#)$*-!%& ω .& $%66*&- -%#$ ).$ 6% .$ +,%+,.$ ω *++*,*!$$*&- +%#, >*/#. 4.-.#, 0%& . B7 8.--.  .&$!-1  01-*-$ C%# DEF G  .&$!-; %H $-*-.' $.,* &%-1 +*, )* $#!-. n(ω)7

 !"# I7JK L F>16*  . )* $%66*-!%&  .$ 6% .$  . 4!5,*-!%& /#! *5%#-!- A )* ,1*-!%&  . )*  .&$!-1 01-*-$7M0.&-,%+!.  . 4!5,*-!%& F .$- %5-.&#. A +*,-!,  . )*  .&$!-1  01-*-$  . +>%&%&$ n(ω) NOP℄ G
S = kB

∫ ωmax

0

[

hω

2kBT
coth

(

hω

2kBT

)

− ln

(

2 sin

(

hω

2kBT

))]

n(ω)dω



℄ :
Epot(r + δr) = Epot(r) +

δEpot

δr
δr +

1

2!

δ2Epot

δr2
(δr2) + ... KL7LMN,@ r ,%%$+(,# 3 ). (,+'/',#  $+ ./,2$+ $/ δr *#$ C.%'./',#  $ ). (,+'/',# r78'O"%$#/+ .)&,%'/62$+ ($*C$#/ E/%$ */')'+"+ (,*% %".)'+$% ). 2'#'2'+./',#  !"#$%&'$7 F$ 6,'4$#/%$ $+ .)&,%'/62$+ $+/ 9.'/ (.% %.((,%/ 3 ). /.'))$  * +0+/12$> ). .(.'/"  $ 2"2,'%$  * .)*<)./$*% $/ 3 ).  '+/.#$ $+/'2"$  * +0+/12$ 3 ). (,+'/',#  !"?*')'-%$752)&*62+ *+ 7+8')/9:0;(,)/P# */')'+.#/ )!"?*./',# (%"" $#/$ .*  $*4'12$ ,% %$> ).  "%'C"  $ )!"#$%&'$ (,/$#/'$))$  * +0+/12$

E′pot(r) ($*/ +!"%'%$ ,22$ +*'/ :
E′pot(r + δr) = E′pot(r) + δrE′′pot(r) KL7LLNQ* (,'#/  !"#$%&'$ 2'#'2*2 r0 = r + δr : E′pot(r0) = 08,# :

E′pot(r0) = E′pot(r) + (r0 − r)E′′pot(r) = 0 KL7LRNQ* A#.) :
r0 = r −

E′pot(r)

E′′pot(r)
KL7LSNT' ,# . U  '2$#+',#+> ). 2./%'$ ,%%$+(,# .#/ 3E′′pot(r) $+/ ). 2./%'$ V$++'$##$ V  $  '2$#+',#U2> )$ C$/$*% ,%%$+(,# .#/ 3 E′pot(r) $+/ )$ C$/$*% &%. '$#/ −→g  $  '2$#+',# U $/ )!"?*./',#(%"" $#/$  $C'$#/ :

−→
δr = −H−1−→gT' )$ (,/$#/'$) "/.'/ (*%$2$#/ 6.%2,#'?*$> )$ 2'#'2*2 +$%.'/ ,-/$#* $# *# +$*) (.+7 =$//$60(,/61+$ 6.%2,#'?*$ $+/ *#$ -,##$ .((%,4'2./',# (%,6$  * 2'#'2*2> +'#,# ). (%," *%$ $+/%"("/"$ W*+?*!3 ,#C$%&$#$7 F. ()*+ &%.# $ ,#+,22./',# $# /$2(+  $ .)*)  !*# (.+ (%,C'$#/  $)!'#C$%+',#  $ ). 2./%'$ V$++'$##$7 F. ,#+/%*/',# $/ )!'#C$%+',#  $ ). 2./%'$ 6$++'$##$ (%,+%'C$#/)!*/')'+./',#  $ $//$ 2"/6, $ (,*% )$+ &%,+ +0+/12$+ K()*+  $ RXXX ./,2$+ .C$ #,/%$ $#C'%,##$2$#/ $ .)*)N7 YX



 !"#$%& %' ()*%+&," $,.'('! !"#$%'() *% %''% +,'-"*% %.' *% +(/(+(.%0 1!,/%02(%3 %/ '%/4/' "+5'% *%. (/)"0+4'("/. *%. 54.50,,*%/'.6 7/ -%0-% 8 +(/(+(.%0 14 )"/'("/ Epot(
−→r ) "9 −→r %.' :/ ;%'%:0 8 N "+5".4/'%.67/ .:55".% <:% 1!"/ "//4=' 1% ;%'%:0 −−→gradEpot %/ '":' 5"(/' −→r 6>/% +,'-"*% .(+51% *% +(/(+(.4'("/ "/.(.'% 8 -"(.(0 :/ 5"(/' *% *,540' −→r0 3 "/ *,?/(' :/%*(0%'("/ −−−→

Epot,0 = −−−→
gradEpot(

−→r0) %' :/% :/(', l <:% 1!"/ 5%:' %.'(+%0 8 540'(0 *!:/% "//4(..4/% !"#$"# *: 50"#1@+%6 7/ "/.'0:(' 41"0. 1% 5"(/' −→r1 = −→r0 − l
−−→
gradEpot(

−→r0)6  %. 5"(/'. −→r0 %' −→r1"/.'(':%/' 1%. 5"(/'. 4;% 1%.<:%1. 14 +,'-"*% %.' 4+"0,%6  4 +,'-"*% *: 204*(%/' "/$:2:, ;441"0. *,514%0 1% .A.'@+% 8 540'(0 *: 5"(/' −→r 1 $:.<:!8 :/ 5"(/' −→r2 *4/. :/% *(0%'("/ −−−→
Epot,1 "#'%/:%%/ "/$:24/' −−→gradEpot(

−→r1) %' −−−→Epot,0 B)6 ?2:0% C6DDE6
−−−→
Epot,1 = −−−→

gradEpot(
−→r1 ) + γ1

−−−→
Epot,0 BC6CFE"9 γ1 %.' :/ .414(0% *"//, 540 G

γ1 =

−−→
gradEpot(

−→r1 ) · −−→gradEpot(
−→r0)

−−→
gradEpot(

−→r0 ) · −−→gradEpot(
−→r0)

BC6CHE7/ 41:1% % 5"(/' −→r





〈A〉 /;'(" 1*)(/"'* 3-5%$2'" A .++" %'$&
〈A〉 =

∑

i

Ai ∗ pi @H9HIAD8" Ai !) 8)!"'* /" A !.*%2'" !" +$*.7%5%&=+" "%& /)(% !;,&)& i "& pi !) 3*.<)<$!$&, 2'" "&,&)& )33)*)J%%" "& K ∑ !"!# $ piµV T A9E"% 2')&*" "(%"+<!"% 8.(& +)$(&"()(& >&*" <*$=8"+"(& /,*$&% )$(%$ 2'" !" 3.&"(&$"! &-"*+./57PH



�*& &.) -& >/%( #( /% -& '(& -(& -& *12 &(B#& !% .4.)5"& ./%. >/("& -& ,!*&%( '/%("!# )& #( .! )&"'2(!)%(& / .)! )&6 9! . &) & .&"3*& *& '/)& )#&* ),&("/-4 !"#$%& '&()# & ) E"# #"#.&( &.) *12 &(B#& *#3(& F -2F #& -& *! "! #5(& .%#0! )& H
F = U −

G = U + PV − TS IJ6JPL  !"#$%&# 3),!4+,!*!'-.# /µV T0Q .4.)5"& -! . *1& .&"3*& B(! -;! / #$%& &.) & / )!) !0& % (2.&(0/#( !0& *&$%&* #*2,! B&  / .&%*&"& ) -& *12 &(B#& I,!*&%(L "!#. !%..# -&. '!()#%*&.6 =&. '!()#%*&. -& & (2.&(0/#(./ ) E '/)& )#&* ,#"#$%& µ / .)! )6 <&) 2)!) 2 &(B2)#$%& 0! M/%&( % (�−→ri &) 0#)&..&.−→vi -&. '!()#%*&.A -! .  /)(& !. -&. !)/"&. i



 ! "#$%&'()* )%%) ,-%./0) /!1&1%) 0$!1 (! "#),&)# %),"1 2 0-#&#) 3$ %#$4)%/&#) 0)1 $%/,)1)! #-1/35$!% 3)1 -'($%&/!1 0( ,/(5),)!% 2 "$#%&# 0) 3$ #)3$%&/! 6/!0$,)!%$3) 0) 3$ 07!$,&'() )!,-$!&'() 8)9%/!&)!!) :
−→
Fi =

N
∑

j 6=i

−→
fij = mi

d2ri
dt2

;<=>?@/A∑N
j 6=i

−→
fij )B"#&,) 3$ 1/,,) 0)1 6/#)1 1C)B)#D$!% 1(# 3C$%/,) i )%mi 1$ ,$11) = E3 )1% !-)11$&#)0C&!%-F#)# )1 -'($%&/!1 "/(# /!!$G%#) 3$ "/1&%&/! )% 3$ 5&%)11) 0) %/(1 3)1 $%/,)1 & $( /(#1 0(%),"1=H)1 $3F/#&%.,)1 0C&!%-F#$%&/! 0)1 -'($%&/!1 0( ,/(5),)!% (%&3&1)!% 3$ ,-%./0) 0)1 0&I-#)!)1J!&)1* /A 3$ 5$#&$%&/! &!J!&%-1&,$3) C0%C 0( %),"1 )1% #),"3$-) "$# (!) 5$#&$%&/! J!&) C∆tC= K/!!$&1L1$!% "/(# .$'() "$#%&(3) 1$ "/1&%&/! ri(t) )% 1)1 0-#&5-)1 0C/#0#) M )% < ;3$ 5&%)11) −→v i )% 3C$-3-L#$%&/! −→a i@ 2 (! &!1%$!% %* 3) 1.-,$ 0C&!%-F#$%&/! ")#,)% 0) /!!$G%#) 3)(#1 5$3)(#1 2 (! &!1%$!%(3%-#&)(# t + ∆t= E3 )B&1%) "3(1&)(#1 5$#&$!%)1 0) 3$ ,-%./0) 0)1 0&I-#)!)1 J!&)1* 3C(!) 0)1 "3(1(%&3&1-)1 -%$!% 3C$3F/#&%.,) 0) NO)3/&%7 O)#3)%N P$1- 1(# 3) 0-5)3/""),)!% )! 1-#&) 0) Q$73/# 0) 3$6/!%&/! ri(t) :

−→r i(t+ ∆t) = −→r i(t) + −→v i(t)∆t+
1

2
−→a i(t)∆t

2 + ... ;<=>M@H$ 6/#) $F&11$!% 1(# 3$ "$#%&(3) C&C 2 3C&!1%$!% t+ ∆t* )1% 0/!!-) "$# 3) F#$0&)!% 0) 3C-!)#F&) "/L%)!%&)33) :
Fi(t+ ∆t) = −δEpot

δri
;<=><@ ! /!!$&11$!% 3$ 6/#)* /! ")(% $3(3)# 3C$-3-#$%&/! −→a i(t+δt) 0) 3$ "$#%&(3) )% 0/! 1$ 5&%)11) :

−→v i(t+ ∆t) = −→v i(t) +
[−→a i(t) + −→a i(t+ ∆t)]

2
∆t ;<=>>@H$ 1&,(3$%&/! )1% $,/#-) "$# 3) ./&B 0)1 5$3)(#1 &!&%&$3)1 : −→r i(0),
−→v i(0)=HC$3F/#&%.,) "#-1)!%- &L0)11(1 #)"/1) 1(# 3) "#&!&") 0) 3$ /!1)#5$%&/! 0) 3C-!)#F&) 0( 171%R,)*3C-!)#F&) %/%$3) 0( 171%R,) Etot = Ecin + Epot 0/&% 0/! #)1%)# /!1%$!%)= S$# /!%#)* 3C-!)#F&)&!-%&'() Ecin /( 3C-!)#F&) "/%)!%&)33) Epot



 !"#$%&'$ () *+*,-.$ /0+*'1)$ *)'2(#,  $ (*4 5(#*  $* ( ) * *'.) (#, 6$* $7/"%'$#$* 8 ,$./"%(9,)%$ :#*,(#,$ ;5+#(.'1)$ <: ") ('%$ 6(#*  !$#*$.= $ NV T > NPT :) µV T ?>  $ ,0$%.:*,(, $*,%$/%"*$#," /(% 6'@"%$#,* .:6- $* .(,0".(,'1)$* %$/%:6)'*(#, 6$* :#6',':#* %"$  $*4 A:#%-,$.$#, $ :#,%� $ 6$  ( ,$./"%(,)%$ *!$@$,)$ $# (&'**(#, *)%  !'./) *':# −→pi 6$* (,:.$*4 C:)%  $* $#*$.= $*:D  ( ,$./"%(,)%$ $*, :#*,(#,$> ' $7'*,$ ,%:'* /%'#'/()7 .:+$#* 6$ :#,%� $%  ( ,$./"%(,)%$ 6)*+*,-.$ E i) $# (// '1)(#, )#$ :#,%('#,$ F ii) $# $@$,)(#, )# :)/ (&$ *,:0(*,'1)$ (2$ )# =('#6$ ,$./"%(,)%$ F iii) $# (&'**(#, *)%  $* "1)(,':#* 6) .:)2$.$#,45(#*  $ /%$.'$% (*>  $ =), $*, 6$ %$#6%$  !"#$%&'$ '#",'1)$ :#*,(#,$ $# %"(G)*,(#,  $* 2',$**$*/(% %(//:%, 8 )#$ ,$./"%(,)%$ 6$ %"H"%$#$ ;,0$%.:*,(, 6$ I$%$#6*$# /(% $7$./ $?4 J$* 2',$**$**:#, .) ,'/ '"$* /(% )# H(,$)% λ 1)' 6"/$#6 6$  ( ,$./"%(,)%$ T (t) 8  !'#*,(#, t $, 6$  ( ,$./"%(,)%$'./:*"$ () *+*,-.$ T0 6$  ( .(#'-%$ *)'2(#,$ E
λ =

√

T0/T (t
P = exp(νt) ;K4LO?:D νs *)// ".$#,('%$ %$/%"*$#,(,'H 6) =('# ,0$%.'1)$ (2$  $1)$  $ *+*,-.$ $*, :)/ "4 S' ()**'>)# %"*$%2:'% 6$ 0( $)% :#,%� $  ( ,$./"%(,)%$ 6) *+*,-.$ (2$  $1)$ ' '#,$%(&',4 J( ,$./"%(,)%$T),)$ (),:)% 6!)#$ 2( $)% 6$ %"H"%$#$4 J!"0(#&$ 6$ ,$./"%(,)%$ *!$@$,)$ /(%  $ ='('* 6!)#,%(#*H$%, 6!"#$%&'$ '#",'1)$ () .:+$# 6!)# :$U'$#, 6$ H%',':# ξ 1)' 6"R#', 6$ 1)$  $ H(V:#  $=('# ,0$%.'1)$ '#,$%(&', (2$  $ *+*,-.$4 J$* #:)2$  $* './) *':#* W %$#:%.( '*"$*X *!:=,'$##$#, 6$$,,$ .(#'-%$ E
∂−→pi

∂t
=

−→
Fi − ξ−→pi ;K4LY?J$ :$U'$#, 6$ H%',':# ξ $, s *:#, %$( ) "* 8 0(1)$ H:'* 1)$  $ ,0$%.:*,(, '#,$%2'$#, /:)%%""2( )$%  ( ,$./"%(,)%$ 6) *+*,-.$4

∂ξ

∂t
=

1

Ms

(

N
∑

i=1

−→pi
2

mi
− gkBT

)  !"#$%&&



∂ln(s)

∂t
= ξ  !"#$%&' Ms ()* +, -,))( .*01( 2( +, 1,30,4+( s 560 2(*(3-07( +, 83956(7( : +,56(++( +( *;(3-&)*,*9;,7<( 2( +, ;,+(63 ,1( +( )=)*>-(? g = 3N + 1 ()* +( 7&-43( 2( 2(<3>) 2( +04(3*9 26 )=)*>-( (*

∑N
i=1

−→pi
2

mi
&33()@&72 : +, *(-@93,*63( 07)*,7*,79( 26 )=)*>-("A() 3(+,*0&7) &7)*0*6(7* +( *;(3-&)*,* 2( B&)9CD&&1(3" E7 @,3,->*3( 0-@&3*,7* 26 *;(3-&)*,*()* +, -,))( .*01( Ms" F7 (G(* 67( @(*0*( 1,+(63 2( +, -,))( (G(*01( (7*3,H7( 67( @(*0*( 07(3*0(26 4,07 *;(3-056(? I()* : 203( 2() J6*6,*0&7) 2( *(-@93,*63( 3,@02()? (* @(6* 2,7) (3*,07) ,)79())0*(3 67( 20-076*0&7 26 @,) 2( *(-@)" K6 &7*3,03(? 67( <3,72( 1,+(63 2( +, -,))( (G(*01(&33()@&72 : 67( <3,72( 07(3*0( 26 4,07 *;(3-056( (* (7*3,H7( 2() J6*6,*0&7) 2( *(-@93,*63(+(7*()" L, 1,+(63 &@*0-,+( )I&4*0(7* 56,72 +, 83956(7( 2I9;,7<( 2( ;,+(63 ()* (7 39)&7,7( ,1(+, 83956(7( @3&@3( 26 )=)*>-(? )&0* @&63 M Ms ≈

gkBT

ω2
µ?T?S%" F++(@39)(7*( +I,1,7*,<( 2I,4&32(3 +() 20G93(7*) 9*,*) ,())04+() 26 )=)*>-( @;=)056( (7 (U@+&3,7* +()9*,*) )(+&7 +(63 @3&4,40+0*9 2I,@@,30*0&7 (* ( 2( -,70>3( ,+9,*&03("L( 8,0* 2( 10)0*(3 2() 9*,*) 2( 8,V&7 ,+9,*&03( @(3-(* 2I,1&03 67( -(0++(63( 3(@39)(7*,*0&7 2I67-0+0(6? (7 +I&63(7( +I()@,( 2() @;,)()? 56I,1( 67 W9;,7*0++&77,<(X @39C29.70" A( ,3,*>3(,+9,*&03( 2() 9*,*) 10)0*9) ()* *3>) 0-@&3*,7*? 0+ &7)*0*6( +( 8&72(-(7* 2( +, -9*;&2( O&7*(CA,3+&"Y+ ()* @&))04+( 2( )I(7 &71,073( <3Z( : 67 (U(-@+( *3>) )0-@+( 2( O&7*(CA,3+&"  !"$" %& "! '!"&$( pi )!( *+,-&. !("+ &- &/!0-1 %& +,'&(2&,& %$ !"$"A&7)0293&7) 67 ,339 2,7) +(56(+ ()* 07)30* 67 (3+( 2( (7*3( O" R7 @(6* 91,+6(3 +, 1,+(63 2(

π (7 &77,0)),7* +( 3,@@&3* 2( +, )638,( 26 (3+( Scercle )63 +, )638,( 26 ,339 Scarre M
Scercle

Scarre
=
π

4
 !"#[%Q,3 67 9;,7*0++&77,<( 2( @&07*) : +I07*930(63 26 ,339? 0+ ()* @&))04+( 2( 29*(3-07(3 +, 1,+(63 2(() )638,()" N(6U 9;,7*0++&77,<() @(61(7* P*3( &7)02939)" E7 9;,7*0++&77,<( W29.70X 560 &7)0)*(: 56,230++(3 +, )638,( @+6) &6 -&07) .7(-(7*? &6 40(7 (7 *03,7* ,+9,*&03(-(7* +() &&32&779() 2(@&07*) 2,7) +( ,339  .< !"\!%" L() @&07*) ,07)0 <97939) )&7* &7)02939) &--( 9*,7* : +I07*930(6326 (3+( )0 +(63 20)*,7( ,6 (7*3( 26 (3+( ()* @+6) @(*0*( 56( 1" LI956,*0&7 !"#[ 2(10(7* ,+&3) M

Npcercle

Nptot
=
π

4
 !"]^%_`



 !"#  !" # $%&'()%*+,+-.* /%) /-0%')%) 1,*-2'%) /3(5,*+-66.*%' 6, )7'8,% /7 ,''(!.9 Npcercle %)+ 6% *.1:'% /% &.-*+ ; 63-*+('-%7' /7 %'6% %+ Nptot 6% *.1:'% +.+,6 /% &.-*+)<(*('()! =.7) &.70.*) /.* .1&,'%' %) 1(+5./%) /3(5,*+-66.**,<% %* *.7) -*+('%)),*+ ; 6,0,6%7' /7 *.1:'% π .:+%*7% %* 8.*+-.* /7 *.1:'% /% &.-*+) <(*('() >?<  !"@A!

 !"#  !"@ # B.1&,',-).* /7 ,676 /% 6, 0,6%7' /7 *.1:'% πpi /3.7'%*% /37* (0(*%1%*+ %)+ /-'%+%1%*+ &'.&.'+-.**%66%RS



 !"# $#%&'(% Ei )
pi ∝ e−βEiρi %2 ρjS 3%! ;&":7:(3(2$! 9482&% &%!;%2(6%<%#2 97#! 34$272 ( %2 5 %2 Pij37 ;&":7:(3(2$ 947%;272("#, T3 !1U2 9% 7313%& 37 9(P$&%#% 94$#%&'(% ∆E = Ej − Ei 91 !=!2><%%#2&% !"# #"16%3 $272 5 %2 !"# 7#(%# $272 (, V( ∆E ≤ 0S 4%!2M M9(&% !( 3% #"16%3 $272 ;%&<%2 9%A7(&% :7(!!%& 34$#%&'(% 91 !=!2><% 3% &7;;&"D7#2 1# ;%1 ;31! 9% !"# $272 94$G1(3(:&%S 73"&! Pij = 1%2 "# 7%;2% 2"15"1&! 37 ;&";"!(2("#, V( ∆E > 0S 73"&! ρj < ρi %2 37 2%#272(6% %!2 7%;2$% 76% 37;&":7:(3(2$ )

Pij =
ρj

ρi
= e−β(Ej−Ei) *+,-+/"W β =

1

kT
X# 2(&% 73"&! 1# #"<:&% 73$72"(&% η "<;&(! %#2&% Y %2 ., T3 !1U2 947%;2%& 37 ;&";"!(2("#!( η ≤ Pij %2 9% 37 &%A1!%& !(#"#,I% ;&"$9$ %!2 !D$<72(!$ !1& 37 C'1&% +,.-, I%2 %#!%<:3% %!2 12(3(!$ ;"1& '$#$&%& 1#% <"=%##%!272(!2(G1% "&&%2% 9% '&7#9%1&! ;D=!(G1%! 91 !=!2><% %# %R;3"&7#2 73$72"(&%<%#2 9%! ;"(#2! 9%34%!;7% 9% ;D7!%! 7(#!( G1% ;"1& &%37R%& 3% !=!2><%, @# %R%<;3% 2=;% 94$6$#%<%#2! 797;2$!  %22%&%37R72("# %!2 3% 9$;37%<%#2 9472"<%! ;&>! 9% 3%1& ;"!(2("# (#(2(73%,  !"#$ %&'(! )&"* (+$"*$,-($ 7'&") %&"!"/01$H"1! 6%#"#! 9% ;&$!%#2%& 37 <$2D"9% E"#2%MI7&3" 97#! 34%#!%<:3% 7#"#(G1%, I%2 %#!%<:3%#4%!2 ;7! 797;2$  37 !(<1372("# 9%! ;D$#"<>#%! 9479!"&;2("#S "1 9% &%<;3(!!7'% ;1(!G1% 3%!$D7#'%! 9% ;7&2(13%! 76% 1# &$!%&6"(& #% !"#2 ;7! 712"&(!$!, N473'"&(2D<% 9% E%2&";"3(! ;%1282&% $2%#91  34%#!%<:3% '&7#9 7#"#(G1% %# 3% <"9(C7#2 ;"1& %#'%#9&%& 9%! $272! G1( "#91(!%#2 9%! Z12172("#! 9% 34$#%&'(% %2 91 #"<:&% 9% ;7&2(13%, [%1R #"16%33%! $27;%! !"#2 75"12$%! ;"1&%#'%#9&%& 9%! $272! 91 !=!2><% 76% 9%! #"<:&%! 9472"<%! 9(P$&%#2!, J D7G1% ;7! 9% !(<1372("#%2 9% <7#(>&% 73$72"(&%S 1# 9$;37%<%#2 9472"<% %!2 2%#2$ *;7! 7#"#(G1%/ "1 :(%# 37 &$72("# 941#72"<% "1 37 9%!2&12("# 941# 72"<% 9$5 %R(!27#2, V1;;"!"#! 1#% ;&";"!(2("# 9% ;7!!7'% 941# $272

i  N ;7&2(13%!  1# $272 5  N + 1 ;7&2(13%! "&&%!;"#97#2  1#% 67&(72("# 9% 34$#%&'(% Ej − Ei91 !=!2><%, N7 ;&":7:(3(2$ 947%;2%& 37 #"16%33% "#C'1&72("# %!2 \]]℄ )_`



 !"#  !"# $ %&'('*+ ,- .+/. ,+ 01.&2*23'/ *2-& -(+ /'4-35.'2( 02(.+675&32!
Pij =

V

Λ3(N + 1)
e−β[µ+(Ej−Ei)] 8 !#9:5;+ <

Λ =
h√

2πkBTm
8 !##:2= Λ +/. 35 32(>-+-& ,?2(,+ .@+&4'A-+ ,+ B+ C&2>3'+ ,+ 35 *5&.'-3+ 2(/',1&1+! D?5+*.5.'2(,+ 35 &15.'2( ,+ *5&.'-3+ 5'(/' *&2*2/1+ /+ E5'. ,+ 35 4F4+ 45('G&+ A-+ +33+ ,?-( *5/ 5(2('A-+!H( &+45&A-+ A-+ Pi,j ,1*+(, I 35 E2'/ ,+ 35 ;5&'5.'2( ,?1(+&>'+ +. ,- *2.+(.'+3 @'4'A-+!B+ 45('G&+ 5(532>-+ 35 *&2J5J'3'.1 ,+ ,1.&-'&+ -(+ *5&.'-3+ +K'/.5(.+ /?1&'. <

Pij =
Λ3N

V
e−β[(Ej−Ei)−µ



�.% ('1*&$!)$"!)2 )*$&% #$,"%D6-.,-/0102 0'&21/5)+2 %2 *)2$!)$%2 #.!2$(=,%2 &%1&#2%)$%)$ .! "#&(L#% 2%*)"% "% .+#)%&-(% 1!& &!11*&$ 0 .! "#J*&'!$(*)
ǫ T

Cij =
1

V

∂ U
∂ǫi∂ǫj

7EDUV;"#&(L!)$ !()2( .! &(-("($# W'#!)(=,%X ", '!$#&(!, 2*,'(2 0 ,)% "#J*&'!$(*) ǫ



!"#$%&&'(')'*+ %&* #),& -.')% / 0+*%$"'1%$ 2,% )%& !1&*.1*%& +).&*'2,%&3 41 %5%*6 &' ). &*$,*,$%0, ".*+$'., +*,0'+ %&* ,1% -!1*'!1 0% ). #$%&&'!16 !1 #%,* $%)'%$ )% 7!),"% %* ). #$%&&'!1 #.$,1% -!1*'!1 08+*.* 0!1* )% "!0,)% 0% !"#$%&&'(')'*+ %&* ,1 #.$."9*$%3 :1 #%,* +;.)%"%1* )'%$)%& #$!#$'+*+& +).&*'2,%& <=6 > %* 4 %?#$'"+& %1 >@.A .,? !1&*.1*%& +).&*'2,%& 0.1& ,1 "')'%,'&!*$!#% #.$ )%& $%).*'!1& 0'* 0%  !"#$% &,'7.1*%& B
K =

1

9
[C11 + C22 + C33 + 2(C12 + C13 + C23)] <C3DEA

G =
1

15
[C11 + C22 + C33 + 3(C44 + C55 + C66)− C12 − C13 − C23] <C3DFA

E = C−2
11 + C−2

22 + C−2
ω(k) / ,1% -!1*'!1 )'1+.'$% B ω = vson ·k!P vson %&* ). 7'*%&&% 0, &!1 %* !$$%&#!10 / ). #%1*% 0% %**% !,$(%3 Q%& 0%,? ($.1K%& .!,&*'2,%&!$$%&#!10%1* .,? 7'($.*'!1& )!1;'*,0'1.)%& %* *$.1&7%$&.)%&6 0!1* )%& #%1*%& !$$%&#!10%1* .,?7'*%&&%& )!1;'*,0'1.)%& %* *$.1&7%$&.)%& <-3 R;,$% C3NSA3

 !"# C3NS T J.),) 0% ). 7'*%&&% 0, &!1 #.$ )%& !,$(%& 0% 0'&#%$&'!1 B 0'$%*'!1 UNVV℄3XN



 !"#$%# &' ') &'*+ ,%$'))')- %. ')$ !/))%0.' &' ".*.'# *1' ,%$'))' "/*)$%2*' 3/4'11' 5Vson6'1 3/4'11"1$ .') ,%$'))') ./17%$*&%1".') 5Vlongitudinale6 '$ $#"1),'#)".') 5Vtransversale68
Vson =

1

3
(Vlongitudinale + 2Vtransversale)91 *$%.%)"1$ '$$' 3:$;/&'- &'*+ "!!#/+%3"$%/1) )'#/1$ <"%$')8 =/*$ &>"0/#&- .' ".*. &')/*#0') &' &%)!'#)%/1 ')$ #:".%): ? @A8 B'." )%71%C' 2*' 1/*) /1)%&:#/1) ." ,%$'))' &* )/1 /33':$"1$ %1&:!'1&"1$' &' ." $'3!:#"$*#'8 D' !.*)- .') /*#0') &' &%)!'#)%/1 )/1$ #:".%):') !/*# *1'&%#'$%/1 #%)$"../7#"!;%2*' &/11:'8 E/*# ",/%# *1' ,%$'))' &* )/1 7./0".' 1/*) 3/4'11'#/1) .'),%$'))') &* )/1 &"1) .') $#/%) !#%1%!".') &%#'$%/1) #%)$"../7#"!;%2*') F GH@@℄- GHH@℄ '$ GHHH℄8  !"#$$# %& $'( ) +,&, -+. ,#$ -.'-.!/"/$ /,+$"!0&#$J. '+%)$' &"1) ." .%$$:#"$*#' &%,'#)') </#3*.') !/*# ".*.'# ." ,%$'))' &* )/1 7#K' "*+ /1)$"1$')'$ "*+ 3/&*.') :.")$%2*') GH@@- H@H℄8 91 /1)%&:#"1$ 2*' 1/) '..*.') )/1$ &') *0') &>UO2 /1$'1"1$*1' !/#/)%$:- 1/*) !/*,/1) *$%.%)'# .') '+!#'))%/1) )*%,"1$') F
Vlongitudinale =

√

C11

ρ
5L8M@6

Vtransversale =

√

C44

ρ
5L8MH6/N .') Cij '$ ρ #'!#:)'1$'1$ #')!'$%,'3'1$ .') :.:3'1$) &' ." 3"$#%' &') /1)$"1$') :.")$%2*')5kg ·m−1s−26 '$ ." &'1)%$: 5kg ·m−36891 /1)%&:#"1$ '$$' </%) .' )4)$O3' :$*&%: /33' %)/$#/!'- ." ,%$'))' &* )/1 !'*$ P$#' ".*.:'-? !"#$%# &') 3/&*.') :.")$%2*')- &' ." 3"1%O#' )*%,"1$' F

Vlongitudinale =

√

3K + 4G

3ρ
5L8ML6

Vtransversale =

√

G

ρ
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α =
1

V (T )
·
(

∂V (T )

∂T

)

P

5L8MS6/N T ')$ ." $'3!:#"$*#' '$ V (T ) ')$ .' ,/.*3' &>:2*%.%0#' /##')!/1&"1$8 E/*# :,".*'# .') &:#%,:')!"#$%'..') &* ,/.*3' '$ &' ." $'3!:#"$*#'- %. ')$ 1:'))"%#' &' &%)#:$%)'# .') $'3!:#"$*#') /1)%&:#:')UL
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v 9%" :("+*("  % $! +%.21-!+'-% %+  % $! ;<= 0*>-!+*("%$$%  ' #6#+?.%3 @! !2!*+1 !$(-*7/'% 2!-!+(.% %#+  17"* 2!- ABCD℄ (..% 1+!"+ F

Catomique
v = 3kB

∫ νmax

0
n(ν)

(

hν

2kBT

)2(

coth2

(

hν

2kBT

)

− 1

)
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 !"#$% &% !()%* + , - .
Esurf−[100] /012 304/ 3042 3033
Esurf−[111] /033 /03, /03, /03, !"# +0+ 5 67%$89% &% *($:;% %7 :!7<9!7 &( 7!"#$% &% !()%*0&%* ;=(=* 9**(* &% *9"(=;<9!7* (<9=9*;7< &%* >!<%7<9%=* &9?@$%7<* ;97*9 A(BC &%* ;=(=* DEF0 G7%@7%$89% &% *($:;% %*< &@H79% !""% @<;7< =B@7%$89% A(B9= :;(< ;>>!$<%$ C (7 *I*<J"% >!($ $@%$ %<<%*($:;%0 K!($ ;=(=%$ %<<% @7%$89% &% *($:;%L (7% M<$;7)%M 97H79% &BUO2 N*=;#O ; @<@ "!&@=9*@%0PB@7%$89% &% *($:;% %*< &@H79% !""% *(9< Q

Esurf =
(Eslab − Eparfait)

2Sslab
N+03O!R Esurf %*< =B@7%$89% &% *($:;% NJ/m2OL Eslab =B@7%$89% &( *I*<J"% !7<%7;7< =; *($:;% NJOL

Eparfait =B@7%$89% &( *I*<J"% >;$:;9< NJO %< Sslab %*< =; &9"%7*9!7 &% =; *($:;% Nm2O0D9S%$*%* *9"(=;<9!7* &% ;S9<@* 97<$;8$;7(=;9$%* C =B@)%==% ;<!"9A(% !7< "9* %7 @S9&%7% (7:;%<<;8% &% =%($ *($:;% T/-℄
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Esurf−[100] ,56, +57, 895,7 ,56: ,5;;
Esurf−[111] +5+; 95;+ 95<7 +5+; +5=< !"#$"%#&' >?'2#3  !"!# @5 -!&5 AB$5 @5 )&?&)"%!$' C5>5
Esurf−[100] ,5<+ $%$$ ,59+ +59= +5<,8+5;D
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∑
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∑
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+

∑
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∑
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∑
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{
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−

(
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∑
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∞
∑
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qiqjerf(αrij)

rij
 !"(%)*++, -*./ 0, 1*2*-/3 0$ 4$567, 58,00, 9, 0$ /*++$67*- 9:;<$09 !"#$ *55,/4*-9 = 0$ 45,+7>5,4$567, 9, 0$ /*++$67*- 9, ?*0@ !"($" A, 6,5+, B

−erfc(αRcut)

Rcut45*17,-6 9, 0$ -,.65$07/$67*- 9, C$5D, .6707/8, 4$5 ?*0@ 4*.5 7-767,5 0$ *-1,5D,-, 9. $0.09:8-,5D7, 80,65*/6$67E.," A$ 4$567, $.6*F*5580$67*- !"# *55,/4*-9 8D$0,+,-6 = .-, 4$567, 9, 0$/*++$67*- 9, ?*0@ !"(&" G- 2 5,65*.1, $.//7 0$ -,.65$07/$67*- 9, C$5D, $1, 0, 6,5+, $99767*-,0 B
erfc(αRcut)

2RcutH*.5 I-753 0$ 4$567, 58745*E., 9, 0$ /*++$67*- 9:;<$09 !"# *55,/4*-9 $. 6,5+, 9:,55,.5 !"( 9,0$ /*++$67*- 9, ?*0@ *++, 0, +*-65, 65>/ &7,- JK#℄ ,6 JMM!℄"),7 -*./ 4*.//, = 4,-/,5 E., 0$ /*++$67*- 9, ?*0@ -:,/6 E.:.-, /*++$67*- 9:;<$09 9*-60$ 4$567, 58745*E., ,/6 -8D07D8, $1, .-, +86C*9, 9:$8085$67*- 9, *-1,5D,-, 9$-/ 0$ 4$567,58,00,3 @$7/$-6 9:,00, .-, +86C*9, ,N$, 4*.5 9, D5$-9/ /2/6>+,/ *O ,66, 4$567, 58745*E., ,/6-.00," P0 /,5$76 7-685,//$-63 9$-/ 0, @.6.53 9:86.97,5 9:$.65,/ +86C*9,/3 *++, 0$ +86C*9, 9, Q$R.&JMMS℄ *. 9,/ +*2,-/ 9, +*97I,5 0$ /*++$67*- 9, ?*0@ *++, 0:*-6 58$07/8 ,56$7-/ $.6,.5/ JMM!℄"T8$-+*7-/3 9$-/ 0$ /.76, 9, ,66, 86.9, /,.0, 0$ /*++$67*- 9:;<$09 /,5$ .6707/8,"
UM
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 !"# ?(@ A B*//!$# .- 2* !".'#%8%#0 #7-$,%3'- 02-#$!"%3'- /*$ $*//!$# 4 2* !".'#%8%#0 #7-$C,%3'- /7!"!"%3'- .- 25UO2 :$%##0 D@@E℄(G%H0$-"#-1 ,0#7!.-1 -6%1#-"# /!'$ 08*2'-$ 2* !".'#%8%#0 #7-$,%3'- .-1 ,*#0$%*'6( ;"- &$I8-.-1$%/#%!" .- #$!%1 .-1 ,0#7!.-1 2-1 /2'1 -,/2!J0-1 1-$* :*%#- -" /$0%1*"# 2*3'-22- 1-$* '#%2%10--# /!'$3'!%( ;"- .-1$%/#%!" /2'1 .0#*%220- .- 2* ,0#7!.- 7!%1%- 1-$* -H-#'0- /*$ 2* 1'%#-( K-1#$!%1 ,0#7!.-1 1!"# L 2* ,0#7!.- .- M$--" N'&! D@OP= @@= @OQ= @OE= @OR= @SE℄ -# 2* ,0#7!.- .%#-T.%$-#-U D@O?= @S= @SR= @VS℄= 3'% '#%2%1-"# #!'#-1 .-'6 2* GJ"*,%3'- W!20'2*%$-( )* #$!%1%I,- -1#2* ,0#7!.- %"0#%3'-( !"!" #$%&'() *+)),-./0'G*"1 '" 1!2%.- 4 2503'%2%&$-= 2- X'6 .- 7*2-'$ X'#'- *'#!'$ .- Y0$!( G*"1 2* ,0#7!.- .- M$--"CN'&!= 2* !".'#%8%#0 #7-$,%3'- -1# $-2%0- *' #-,/1 3'- ,-# 2- 1J1#I,- 4 .%11%/-$ '"- X'#'*#%!"(K-##- ,0#7!.- -1# 8*2*&2- /!'$ .-1 ,*#0$%*'6 %1!#$!/-1 -# /!'$ .- :*%&2-1 X'#'*#%!"1 *'#!'$ .-2503'%2%&$-( )* !".'#%8%#0 #7-$,%3'- -1# .!""0- /*$ L
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−→q = −κ∇−→T IJ;KL ! −→q "$# ," E40 ." ?-,"4& "# ∇−→
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κ =

1

3
vlCv =O:O@'R Cv =S · T−1· (−3@ %#* $! !+!)*, !$'-)G/.% +!- .")*, &% 2'$.(%0 l =m@ $% $)8-% +!-'.-#('7%" &%# +3'"'"# %* v =( · #−1@ $! 2)*%##% &. #'" &!"# $% (!*,-)!.:A! '"&.*)2)*, *3%-()/.% κ &,+%"& !"!$7*)/.%(%"* &% $! *%(+,-!*.-% !. *-!2%-# &% $! !+!)*,!$'-)G/.% Cv0 &. $)8-% +!-'.-# ('7%" l %* &% $! 2)*%##% &. #'" v: A%# B-!"&%.-# +37#)/.%# =Cv %*
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 !"#  !" # $%&%()* %+,-(./01 &%- %),21 3 4,+021 ,56)%5) 15 7,5)(,5 81 +% )12&*-%)0-1 &,0-8(9*-15)16 &,&0+%)(,56 8:%),216 8%56 051 1++0+1 &,-1061 ;1++0+1 <=<=< %41 051 %4()* 81 >? @A!;B>C 3 &%-)(- 81 D??EA! F%56 5,)-1 %6G +1 5,2H-1 8:%),216 15 60-7%1 16) 81 +:,-8-1 81 >?CG (+7%0) 8,5 &,58*-1- 1) 191) &%- +1 )%0= 8:%),216 15 4,+021 &%- -%&&,-) 3 +% 60-7%1!I+ 7%0) *J%+1215) 6,0+(J51- /01 +% %&%()* %+,-(./01 %+0+*1 &+06 K%0) 16) 051 %&%()* %+,L-(./01 &%- %),21! M% J-%5810- &1-)(515)1 0)(+1 8%56 +:*/0%)(,5  ! G 1) /0( %-%)*-(61 5,6 1++0+16G16) +% %&%()* %+,-(./01 &%- 05()* 81 4,+021! F%56 05 6N6)O21 &,-10=G +% 8156()* 8:%),216 16)&+06 H%661 /01 1++1 8:05 6N6)O21 -(6)%++(5 &%-7%()! M% %&%()* %+,-(./01 &%- 05()* 81 4,+021 4%8,5 8*-,P)-1 +(5*%(-1215) %41 +% 8156()*! Q(56(G %0 &-12(1- ,-8-1G 15 60&&,6%5) +:%H6151 81 4%L-(%)(,5 81 4,+021 1) 15 5*J+(J1%5) +% 4%-(%)(,5 816 %),216 8()6 81 H0+R &%- -%&&,-) 3 10= 80 -(6)%+&%-7%()G +% %&%()* %+,-(./01 4,+02(/01 8:05 6N6)O21 &,-10= ;Cv(poreux)A &10) S)-1 1=&-(2*1 3&%-)(- 81 +% %&%()* %+,-(./01 8:05 6N6)O21 -(6)%++(5 &%-7%();Cv(cristal)A J-T1 3 051 6(2&+1 -OJ+181 &-,&,-)(,55%+()* &%- -%&&,-) 3 +% &,-,6()* 7 U
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 !"#  !" # $%&'((' )* (+, -',+-./0%(1' ', 2+,&%+, )' 0/ 4+-+(%&1!)14',)/,' ', 4+-+(%&1 '& ', &'.41-/&*-' )'( +,(&/,&'( 10/(&%5*'( 4'*& 6&-' /44-+71' 4/- *,'2+,&%+, /8,' /9' *,' 4-1%(%+, +.4-%(' ',&-' : '& ;<!
C11 = 408.64 − 0.030T − 10.1f = !>?
C44 = 59.73 − 0.0073T − 1.3f = !@?A'&&' /44-+7' 4'-.'& )+, )' -'0%'- /,/0B&%5*'.',& 0/ 9%&'((' )* (+, C 0/ &'.41-/&*-' '& 0/4+-+(%&1! D, 'E'&F +, 4'*& %,(1-'- '( 'G4-'((%+,( )'( +,(&/,&'( 10/(&%5*'( )/,( '00'( )' 0/ 9%&'((')* (+, =9+%- 0'( 'G4-'((%+,( ;!HI '& ;!H:? 4+*- +J&',%- *,' 'G4-'((%+, vson = f(T, ρ) K
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1

3

√

59.73 − 0.0073T − 1.3f

ρbulk ∗ (1− f)
= !"?+L ρbulk '(& 0/ )',(%&1 )* ./&1-%/* ,+, 4+-'*G! !"!# $%&'( )*',-'. /,0(1M+-(5*' 0N+, 4/-0' )' 0%J-' 4/-+*-( .+B', =l?F %0 '(& ,1'((/%-' )N%,&-+)*%-' /* 4-1/0/J0' 0/,+&%+, )' +00%(%+,! O+*( /9+,( 9* )/,( 0' 7/4%&-' : 5*' 0N+, 4+*9/%& /((%.%0'- 0'( 47+,+,( C)'( 5*/(%P4/-&%*0'(! A'( 4/-&%*0'( 4'*9',& ',&-'- ', +00%(%+, 0'( *,'( /9' 0'( /*&-'(! M' 0%J-'4/-+*-( .+B', )N*, 47+,+, '(& 0/ )%(&/,' .+B',,' 5*' 4/-+*-& '&&' 5*/(%P4/-&%*0' ',&-' )'*G+00%(%+,(! O+*( )%(&%,Q*'-+,( )%E1-',&( &B4'( )' +00%(%+,( 5*% +,&-%J*'-+,& %,)14',)/..',& /*0%J-' 4/-+*-( .+B', &+&/0!# 0'( +00%(%+,( 47+,+,P47+,+, ,+&1'( lph−ph R:I:



 !"# %!!&#&%'# ()%'%'*+,-./0 '%0,"# ld 1 !"# %!!&#&%'# ()%'%'*&'0"2-." '%0,"# lb34" !&52" (.2%/2# 6%7"' 0%0.! ("/0 802" "9(2&6, %66" #/&0 :
1

l
=

1

lph−ph
+

1

ld
+

1

lb
;<3=> !"!#!$ %&'() *+(-.(/ 0-1)2 3&4 +.5 -33&/&-2/ *6-2-27*6-2-2 )8 *6-2-2794:+.8?.'# !. !&00,2.0/2"@ !"# +%'',"# +" !&52" (.2%/2# 6%7"' lph−ph +" !AUO2 #%'0 2.2"# BC<<@ C<D℄3?" (!/# !A"##"'0&"! +"# 02.F./9 (%20.'0 #/2 !" .!/! +/ !&52" (.2%/2# 6%7"' lph−ph -%'0 ,0.0+A"9(2"##&%'# (.2.6,02,"#3 G"# ,0/+"# /0&!&#"'0 +"# +%'',"# +" %'+/0&F&0, 0)"26&H/" "9&#0.'0"#(%/2 .I/#0"2 !A"9(2"##&%' &',0&H/" ;"H3<3<> "0 %50"'&2 .&'#& !" !&52" (.2%/2# 6%7"' lph−ph BC<J@ C<K@C<L@ C<=@ C<<@ C<D℄3 G"& (%#" /' (2%5!M6" (/&#H/"@ N !A&'F"2#"@ '%/# #%/).&0%'# (%/F%&2 %50"'&2 !"!&52" (.2%/2# 6%7"' "0 .&'#& .!/!"2 !. %'+/0&F&0, 0)"26&H/"3 O! "#0 0%/0"-%&# (%##&5!" +A/0&!&#"2!. 6,0)%+" +" P2""'*Q/5% %/ !. 6,0)%+" +&2"0" (%/2 .!/!"2 !. %'+/0&F&0, 0)"26&H/" +.'#/' #7#0M6" UO2 (/2"6"'0 2&#0.!!&' ;#.'# (%2%#&0,>@ %/ 5&"' /0&!&#"2 +"# +%'',"# "9(,2&6"'0.!"#+" %'+/0&F&0, 0)"26&H/" +AUO2 2&#0.!!%R2.()&H/"6"'0 (.2-.&0 "0 ,F.!/"2 .&'#& !" !&52" (.2%/2#6%7"' lph−phlint> +,2&F.'0 !"# &'0"2.0&%'# ()%'%'*()%'%' "0 ,R.!"6"'0 ()%'%'*+,-./0 "0+,2&F.'0 +%' !" +&%97+" +A/2.'&/6 F&"2R" -2&00,3 4A/0&!&#.0&%' +" +%'',"# "9("2&6"'0.!"# !&,"# N+" !AUO2 F&"2R" -2&00, 2"'+ +%' "00" ,0/+" (!/# .+.(0.5!" N +"# .# 2,.!&#0"#3 V&'#&@ "' /0&!&#.'0" !&52" (.2%/2# 6%7"' &'02&'#MH/"@ '%/# (%/22%'# ,0/+&"2 !A&6(.0 +"# .F&0,# &'02.R2.'/!.&2"# #/2+" !AUO2 2,.!&#0"3 W' ("/0 2,,2&2" !" !&52" (.2%/2# 6%7"' %66" #/&0 :
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κporeux = κcristal 1− f

1 + βf
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κporeux

κcristal
=

1/3 ∗ Cporeux
v ∗ vporeux ∗ lporeux

1/3 ∗ Ccristal
v ∗ vcristal ∗ lcristal

 !"#!%J9*) 4- +-33-) &*40+0&*)( 39 46.-*49*- -* .&,&)0+6 4-) &*)+9*+-) 639)+085-) 4- 3CUO2 9 6+6619356- 49*) -,+90*) +,9195;  KLM( #N!℄%" B-) &*)+9*+-) 639)+085-) .-51-*+ F+,- -;.,026-) 90*)0 I
Cporeux

ij ∼ (1 − 2f)Ccristal
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v = Cbulk
v ∗ (1 − f)"V5 W*93( -* &2>0*9*+ -) -;.,-))0&*) -+ -* *6<30<-9*+ 3-) +-,2-) 4C&,4,- Q &5 )5.6,0-5,  f2(

f3"""% *&5) &>+-*&*) I #S!
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∼ (1 − f) ∗ (1 − 1

2
f) ∗ l

poreux

lcristal
∼ 1 − f

1 + βf
∗ l

poreux

lcristal
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a0 · x+ a1
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